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UNIT E: /ntegers 
MODULE 1: Numerals, Numbers, and Operations 








OBJECTIVES: 


2 


Se 


After completing this module, you should be able to: 
ale 


Interpret or write numerals using some ancient 
numeration systems. 

Give the place value of the digits in a decimal 
numeral and round whole numbers to a given 
place. 

Recognize the basic principles for whole 
numbers. 

Write powers of numbers using exponents. 
Add, subtract, multiply, and divide whole 
numbers. 

Estimate sums, differences, products, and 
quotients of whole numbers. 

Write a base-two numeral for a base-ten numeral 
or convert a base-two numeral to a base-ten 
numeral. 

Perform calculations using base-two numerals. 


Ancient Numeration Systems 


Investigating the Ideas 


Symbols for numbers are called numerals. 


Some ancient numerals as well as the 
present-day Hindu-Arabic numerals are 
given in the table at the right. 





How many of these questions 
Can you answer by writing the 
numeral indicated? 








What is your age in years? (Egyptian) 


[A] 
[e] 
[p] 


Discussing the Ideas 


What is the year of your birth? (Roman) 










1 10 100 1000 10000 100000 1000 000° 
| a q az r C SS, 
Egyptian hieroglyphic numerals, 3300 B.c. 











1 ca Sy BOs = ac ene 
’ < v Ya é 


Babylonian cuneiform numerals, 2000 B.c. 














1 “5 440... 50-400 = 500 = 4000 
[LR a ea 
Early Greek numerals, prior to 300 B.c. 

1 $.- 405-250: = 100-500. 1000 

[ee Ve heed C D M 

Roman numerals, 100 A.D. 

OS 8 See eee Gee 8d 

Hindu-Arabic digits 











What is your height in centimetres? (Babylonian) 


What is the number of people in your classroom? (Greek) 


1. The Egyptian numeration system was an additive system. 
The numbers for the symbols were simply added together. 
For 23, they might have written 111A or AA IIl or Vi 
What are some other numerals you might have written for 


your age for question a above? 


2. The Babylonians wrote in clay 
witha stylus). B.—— ae 
The figure shows how they might 
have represented 172. (For the 
numbers less than 60, the values 
of the numerals were added.) 
What Babylonian symbol would 
represent 215? 








— 


Hindu-Arabic’ Babylonian 
Za \ 
100 +70 +:2%>.27 60 750.2 








. The Greek system did not use place value either. 


Like the Egyptian system, it was an additive system. 
What number would HHAAAT'I! represent? 


. The early Roman system was also an additive system. 


Later it also had some subtractive phases. Thus 


nine, once written as VIIII, became IX. 


What is the Roman numeral for the present year? 


Using the Ideas 


. Write the Hindu-Arabic numeral for each Egyptian numeral. 


A ae ake) We poe Oe ee 81 
Bi pyle tl ee 
co 7 && SGIIII reostenetieans Owe 8SSad di {i 


. Write the Hindu-Arabic numeral for each Babylonian numeral. 


AAL vvy <<vY < 
Avy EO a Oe > Ve 


. Write the Hindu-Arabic numeral for each Greek numeral. 
RANGA Stale eePre Ste tes. Z lee SoS DCE LIE IA A Aaa 


. Write the Hindu-Arabic numeral for each Roman numeral. 


A V Dp X G LX J CD m MCLIX 
B VI E Xl H XL K MC N CLXXVIII 
c lV F IX 1 DC tL CM o MCMLXX 


. Write the numeral 247 using 
A Egyptian hieroglyphics. B Greek numerals. c Roman numerals. 


. The Romans often used an abacus to calculate 
and then recorded their answers using numerals. 
The answer to a problem is shown on the abacus. 
Record the answer using Roman numerals. 


aural 


The Mayan Indians of Yucatan 
used a system based on 20 and 
wrote their numerals vertically. 








The diagram at the right shows how the 
Mayans utilized place value. Because 
they were interested in astronomy and 
used 360 for the number of days ina 
year, they used 18 - 20 in the third place 
instead of 20 - 20. The symbol was 
used as a zero to show an empty place. 


> 18-20-20 = 7200 
-18 - 20 = 2160 
- 20 =~ 60 

=_ 12 


This Mayan numeral represents a famous 





Decimal Numerals 
Investigating the Ideas 


We use whole numbers {0, 1, 2,3, 4,5,6,. . .} when we count. 
We use Hindu-Arabic digits to record our counting. Counting 
is the most basic aspect of mathematics. 


Can you count and [A] cece eeee cece inses Meenemrestsileess 
record the number oo00 0000 e000 cc0e cove coos 


of dots that are 


in set A and in olheone 


set B? EA Cet eis MAROC eo fee 
here. Poegee. “0 8 88 oe 





Discussing the Ideas 


1. A How many dots are in set a? 
B Why are they easy to count? 


2. A How many dots did you find in set B? 
B Can you describe a way to make the counting easier? 


3. Our system of writing BASE TEN 
numerals to represent 
numbers is called 
the decimal system. 

The word decimal comes 
from the Latin word 
decem which means ten. 
By using ten as a base, 
the idea of place value, 
and the ten Hindu-Arabic 
digits, we can write 
numerals for every 
whole number. 
A Give the names of the next three places beyond the 
thousands’ place in the base-ten diagram above. 
B In the numeral in the diagram, the three digits 
2, 7, and 8 tell how many thousands and thus make 
up the thousands’ period. Give the names of as many 
periods beyond the thousands’ period as you can. 
c Read the base-ten numeral shown in the diagram. 


<— 


<— 





E-4 


Base-ten 
numeral 


Place-value 
names 


1. Give the missing number for each ||lll. 
A In 6287, the 2 means 200. 
B In 72964, the 9 means ||l|j.. 
6 In 84 760, the 4 means |l||. 
Dp In 684 219, the 6 means |||. 
E In 65 728 134, the 5 means |||. 
2. Write a base-ten numeral for each sum. 
A 800+ 70+4 bp 100000 + 100 + 1 


B 3000 + 600 + 90 + 1 E 60000 + 7000 + 80 
c¢ 20000 + 8000 + 400 + 30+ 7 F 3000 000 + 700 000 


3. The names for the first 12 periods are given in the table. 





















septillions 














units, tens, ‘trillions 
hundreds 
thousands quadrijlions octillions 
millions . quintillions nonillions 
billions sextillions decillions 
; soul 











Use the information in the table to write the Hindu-Arabic 


numeral for each number name. 5 periods 
EXAMPLE: 3 trillion ANSWER: 3 000 000 000 000 

A 6 quadrillion c 276 septillion E 439 octillion 

B 73 billion Dp 1 decillion F 89 million 


4. The value of the gross national product in the United States 
for-a certain year was one trillion dollars. Write a base-ten 
numeral for the amount. 


Suppose that in a certain newspaper the total 
number of digits used to number the pages of © 


the newspaper was 111. How many pages were 
in the newspaper? 








Basic Operations 
Investigating the Ideas 


The function machines will help you to review the operations 
of addition and multiplication for whole numbers. 


For each input pair (addends), FUNCTION RULE 
this addition function machine i 
produces a unique output 


number (sum). peut ane 
Se ti 15 

For each input pair (factors), 

this multiplication function 

machine produces a unique TineuT pJouTeuT| 

output number (product). Factors 
PP F 4,9 36 
4:9=36 





How many different pairs of addends can you find to have a 


sum of 15? How many different pairs of factors can you find 
to have a product of 36? 





Discussing the Ideas 


FUNCTION RULE 





1. What is the missing addend 
for this function machine? 





2. You can think of subtraction as an 
operation in which you know the 
sum (s) and one addend (a) and 
find the other addend. 

What is the missing addend n? 


3. What is the missing factor 
for this function machine? 





4. You can think of division as an 
operation in which you know the 
product (P) and one factor (F) 
and find the other factor (F). 
What is the missing factor n? 





Using the Ideas 


1. These function tables show a way of recording input and 
output numbers for function machines. Complete the tables. 

































Function Rule Function Rule Function Rule 
Add Add Multiply 
input output input 
a (8,6) | Ill lll.s) | 13 M 
2 (9.4) | il 7, iil) | 12 N 
c (19,6) | ili 1 ((lll, 16) ° 
> (50,30) | Il 5 p 
e (99,101) | il K a 
F (324,976) | _ ||| L R 





2. Think about finding the missing addend or factor. 
Then solve each subtraction and division equation. 











16-7= 63 + 9= <j 29 =-C 
bp 270=+30=t E 105—98=d F 3600 = 40=w 
G 1000 — 498 = x H 10°=+107=s 1 2268 + 36=y 
3. Give the number for the point above each letter. 

300 50 7 500 30) 38 
ara | ge WiefisoNotigh eNiice-deviowni SM QDE ANA 
—-_o—____________o___@——__@—_ > oe SSS SS 

429 A B C 765 D Er 
6 50 300 eae 200 
aes Se —~r™~ 
ee — —— WS StS 
eH G 863 Lak J Dileyi 





A Review of Basic Principles 


The basic principles for addition and multiplication can be used 
to explain the computational rules used for the whole numbers. 
In the table below, the letters a, b, and c refer to any whole number. 






Commutative principle: Commutative principle: 
a+b=b+a a-b=b:a 


Associative principle: Associative principle: 
a+(b+c)=(a+b)+c a:(b-c)=(a-b)-c 


Zero principle: One principle: 
a+0=a a-1l=a 


Distributive principle: a-(b+c) = (a-b)+(a-c) 





Answer each question below. Then check your answers 
with the inverted answers at the bottom of the page. 


1. Does the commutative principle for addition deal with order of 
addends or with grouping of addends? 


2. Does the associative principle for multiplication deal with order 
of factors or with grouping of factors? 


3. The number zero is called the identity element for addition. 
What is the identity element for multiplication? 


4. Which principle involves both addition and multiplication? 


5. If the answer to A is correct, 


47 + 86 + me 
what is the answer to B ? 86 + 92 + 13 = 238 


92 + 47+ 13+ 86= |llll 
(42 -69) -37 = 107 226 


6. If the answer to c is correct, 
(69 -37) 42 = lll 


what is the product for p? 


50 B p> 


7. Give the number for n and the name of the principle illustrated. 


A 89+ n= 46+ 89 dp 9- (8-10) = (9:8)-n 
B 97-42=n-97 E 5/:1=n 
cn+0=12 F (8-30) + (8:4) =8-n 









BAIINQUISIPD ‘pE 4a‘QUO ‘7G a :(x) BAI}EIDOSSe ‘O| a 
‘O19Z ‘ZL 9: (x) SAI}E}NWWOD ‘Zp a ‘(+) BAI}E}NWWOD ‘Op Vv “LZ 9¢2z ZOL “9 
Bez °S BAIINQIYSIP “pb L “€ Buidnoib *% JapsO “kL ?SHYAMSNV 








some Special Function Machine Rules 


































































Each function table below shows Multidub 
an interesting operation made up 
by various students. Complete LInpuT BjouTPuT 
each table. 1 
he Function Rule 2: Function Rule 3: Function Rule 
Multidub Doubleadd Advide 2 
Input Output Input | Output Output 
ono 2 200 14 
(2, 3) (2,5) | 
A (3,4) | Ill A (4,5) | Ill A i 
Bp (5,12) | fill B (10,7) | Illl B (4,36) | Ill 
ce (10,10) | lll ¢ (25,20) | Illi ¢ (17,39) | Ill 
4. Function Rule 5. Function Rule 6. Function Rule 
Dubfirst, add Greaterplus diff Admul 3 





Output 
hs 
24 
il 


I 
hh 





Output Input Output Input 
(322) 4 : 


(100, 2) | 198 

A tl a (8,5) | Illi A 
B Ul B (25,20) | Ili e | 
c Hil c (500, 200) ih cen a74 


























% 7. Study the function table. Then 
give a name for the function rule. I nuUpU 

Function Rule Find n and p. Then explain 

the pattern shown. 

(43-6 = nny 4p 

24-65 (nn) Jp 

3.5-°7= (hn) 1p - 





+11 = (n-n) — ' 





Exponents 


Investigating the Ideas 


Each small cube me 


represents a room in 
the Block Building. 





How many rooms 


are in the 
Block Building? 





Discussing the Ideas 


ie How many rooms are in each row? 


A 
B How many rooms are on each floor (or story) of the building? 
c How many floors (stories) are in the building? 

D Explain how you found the number of rooms in the building. 


2. When the same number is used as a factor several times, 
you Can use an exponent to show how many times the 
factor (base) is used. 


a How many times is 10 EAponent he eee 

used as a factor in 10°? Base——> 10°= 10: 10- 10-10-10 = 100 000 
B You can read 10° as ‘‘ten to the fifth power.” 

How would you read 6*? 58? 97? 


3. Express the number of rooms in the Block Building using 
an exponent. 


4. The process of finding 
the area of a square 
and the volume of a cube SQUARE 
suggests a reason why 
4? is called ‘‘four squared”’ 
and 4? is called ‘four cubed.”’ 
Give this reason. 





CUBE 


5. You can discover a rule for 
writing the decimal numeral 
for any power of ten. 
Explain this rule. 





E-10 


Using the Ideas 


. Write each product using an exponent. 


fail fll De 1010-10710 G5°5 
BS: Gand El 65S vO 8.3858 rr StS BS WOR SS aS PN 
CG. 2h 2a wee 2 Bod) 1.0210 10 210 1 4-4-4 


. Tell how many times ten is used as a factor in each part. 
A 10° B 10? c 10° Dp 10’ Ew 10"? F 10° G 101000 


. Give the usual numeral. EXAMPLE: 102= 100 
Asit0O? B 105 c.105 pb 108 —E 10° F 10? G 10' 


. Write the product as a power of ten. 
EXAMPLE: 107: 10'= (10-10) - 10 = 10° 
A710 234107 O10" 107 G 10°- 10? 
BBO sa 0 eee 02-10" H 10*- 10° 
on10e 102 Fei0?* 10! 110-102 





. Write the quotient as a power of ten. 


EXAMPLE: 10*= 10?= eee = 100 = 10? 
A> 10° B 10°] 102 Ca103—. 105 pb 107= 104 


. Give the number for each |llll. 
Ape oe B10‘ 10°= 104" c 104 10; ote 


. Since 10¢+ 10¢= Oe = 1 and 104+ 104= 104 *= 10% 
we define 10°= 1. Similarly, 7°= 1 and 3°= 1. 

In general, if n is a non-zero number, then n°= 1. 

The symbol 0° is undefined. 

Which part is not a symbol for 1? 


A 8° B 10° 10° cit? Dp 2':2° 





. Base-ten numerals can be written in expanded notation. 
EXAMPLE: 3764 = (3- 10%) + (7-107) + (6-10') + (4- 10°) 
Write each base-ten numeral in expanded notation. 
A 27 B 473 c 507 D 9625 E 87 034 F 4632 470 


More practice, page S-2, Set 1 E-11 


Rounding Whole Numbers 
Investigating the Ideas 


The middie number of each set of three numbers is always 
between the other two. 

















A|280 c (4500s E 500 000 
278 46 083 43-96-37 
270 46 000 400 000 

B/3200 p | yeoman F Laeaegegro sero 0 
3192 755 298 53 644 139 
Sa i 1750 000 53 000 000 











Can you find which of the other two numbers is closer 


to the middle number in each set? 





Discussing the Ideas 


1. Because 278 is nearer to 280 than to 270, you can say 
“278 rounded to the nearest ten is 280.” 
To round 278 to the nearest hundred, you must decide 
whether 278 is nearer to 200 or 300. 
What is 278 rounded to the nearest hundred? 


2. In part B above, what is 3192 when rounded to the 
nearest hundred? 


3. Describe the rounding for each of the parts ¢ through F above. 
4. Why do you think it is helpful to be able to round numbers? 


5. The number 2500 is halfway between 2000 and 3000. 
In cases such as this, we agree to round ‘‘up.”’ 
What is 2500 rounded to the nearest thousand? 


6. a Estimate the number of students that attend your school. 


B Find the exact number of students in your school and 
round it to the nearest hundred. 


c How close was your estimate to the rounded number for part B? 
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Using the Ideas 


1. a Is 6287 nearer to 6000 or 7000? 
B What is 6287 when rounded to the nearest thousand? 


2. Choose the number that best compietes the sentence. 

2.857 450. 

2 857 460. 

2 857 400. 

2 857 500. 

2 857 000. 

2 858 000. 

2 850 000. 
2 860 000. 


2 800 000. 
2 900 000. 


A 2 857 456 rounded to the nearest ten is | 
B 2 857 456 rounded to the nearest hundred is 
c 2857 456 rounded to the nearest thousand is 
D 2 857 456 rounded to the nearest ten thousand is 


E 2857 456 rounded to the nearest hundred thousand is 


3. Round each number in the 
table to the nearest 
thousand. 


Alberta : 437 150 
Ontario 2 083 951 


Quebec 1 639 335 
P.E.I. 30 648 


o © 8B P 





4. The area of Canada is 
9 976 185 square kilometres. 


A Round this number to the nearest thousand. 
B Round this number to the nearest million. 


5. The highest active volcano is Guallatiri in Chile. 
It is 6060 metres high. 


A Round the height to the nearest hundred metres. 
B Round the height to the nearest thousand metres. 






6. The population of Mexico City in 1970 was 8 541 070. 
A To the nearest hundred thousand, what was the population? 
B To the nearest million, what was the population? 





More practice, page S-2, Set 2 E-13 


Estimation 
Investigating the ideas 
One of the more useful skills in mathematics is the ability 


to make a reasonable estimate of the answer to a problem 
before actually computing the exact answer to the problem. 


Can you make estimates to one or more of these problems? 











a of the ages of: | : la 4 would you take: in . ae 
the studentsin | | ed? | | — walking a distance 
lass? — at two kilometres? 





piedigcine ne ideac 


1. In Bob’s eighth grade math class there are 29 students. 
Bob is 13 years old. 


A ls 300 too low an estimate for the total age 
of all the students? 


B Is 600 too high an estimate? 


c How would you make an estimate of the total age 
of all the students in Bob’s class? 


2. Explain your estimate for Investigation question B. 


3. Explain how you made your estimate for Investigation 
question C. 


4. To make estimates, you can round the numbers to the - 
nearest multiple of 10, 100, or 1000. 
Explain how to round the numbers and estimate the 
answers to each of these problems. 


A 219+ 398 + 134 + 372 B 63: 589 ce 39)1611 
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1. 


Using the Ideas 


Use multiples of 10, 100, or 1000 for each |||. 

A To estimate 297 + 609, you can find the sum 300 + ||i]. 

To estimate 684 -9, you can find the product ||| - 9. 

To estimate 63 - 78, you can find the product 60 - |||. 

To estimate 2139 ~ 69, you can find the quotient 2100 = |||. 
To estimate 692 — 176, you can find the difference |||] — 200. 
To estimate 6 - 4195, you can find the product 6 - ||llj. 

To estimate 524 + 395, you can find the sum ||| + 400. 

To estimate 63 - 295, you can find the product 60 - ||. 

To estimate 78 + 63 + 91, you can find the sum 80 + 60 + |lil. 
To estimate 8199 + 2411, you can find the sum ||| + 2000. 
To estimate 381 - 714, you can find || - 700. 


RAenwrtonntmoee ses 


. Give an estimate for the answer for each part in Exercise 1. 


. Give an estimate for each of the following problems. 


A” %2 (2695 Dp 32:77 G 1984 + 6911 da O2os oLo 
B 843+ 275 E 7/8=4 H 78+ 24+ 98 K 7684 + 3211 
C2629 1/9 F 71-688 1 213-498 L 566-32 


Exercises 4 through 6, give an estimate for the answer. 


. The area of Alaska is 1 519 809 square kilometres (km?). 


The population in 1970 was 302 173. About how many 
square kilometres per person are there? 


. In 1971, the average salary of 2 061 000 public school 


teachers was $10 100. About how much total salary was 
earned by these teachers in 1971? 


. The USSR has an area of 22 402 200 square kilometres and 


a population of 242 612 000. Canada has an area of 

9 976 185 square kilometres and a population of 21 830 000. 
A About how many Russians per square kilometre? 

B About how many Canadians per square kilometre? 

c Which country is more densely populated? 


More practice, page S-3, Set 3 E-15 


Computing with Whole Numbers 


Investigating the Ideas 


Can you compute the answers to these problems 
and then check your answers by breaking the code? 


Ahsearwaunstisset Seb 


296 hight oN eo Bai ©, 


874 -J74 966 
A287 
+1099 





Coded answers: 1.GIAAB 2.GUJJDIA 3.GDBJH 4.ICBrilE 


Discussing the Ideas 
1. What are some shortcuts you can use in addition problems? 


2. Explain why the subtraction 


problem is incorrect even 62 UT 
though the screens cover —3 8llil 
some of the digits. 3 ili iil 


3. How can you check your work for a subtraction problem? 


4. Estimate the product for the multiplication 
problem 274 - 308. 


5. Explain why this 
student did not 
get the correct 
answer. 





6. Which is the best estimate of the quotient 64 )38 954? 
A 60 B 600 c 6000 


7. Find the quotient and remainder for Exercise 6. 


8. How can you check your work in a division problem? 
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Using the Ideas 


1. A palindrome is a numeral which represents 


the same number if the digits of the numeral EXAMPLE: 
are written in reverse order. Examples of number > 178.3 
palindromes are 171, 2662, and 35653. The reverse B74 
example at the right shows how to get a Rape 
palindrome by reversing the digits of a Ogee is, 
number and adding. Find the palindrome for reverse > +9401 
each number using the addition method. sum — 10450 
Atotc c 692 E 3587 reverse — + 05401 
B 813 Db 1962 F 57919 palindrome — 15851 





2. Study and complete part a. Then perform the same 
operations with the numbers given in the other parts. 


A 8 7 6 < number B 624 c 902 D 753 
—6 7 8 < reverse 
19 8 < difference 
+891 < reverse 


I I | <~ Se 


3. Find the products. They may be interesting to compare. 


A 96 B 69 Cmeoe? dD 223 
x 46 x 64 x 669 x 966 








4. Find the quotients and remainders. 
A 52)2704 B 123)456 789 ¢ 1001)839 839 


5. Copy each problem, replacing the screens by digits 
so that the answers are correct. 


a iii 8 Ii 7 a = 4 Kil 7 c Mw I a CA 
+9 6 7Illl = IM 9_8 Till x9 99 76 DIM TT 
ll 5 ll 45 1018 I I 

I In 
IY I 6 
4 7 |i i i! 4 0 


More practice, pages S-3,4,and 5, Sets 4,5,6, and 7 E-17 


Powers of Two 


Investigating the Ideas 


Try this game with a classmate. 


RULES: A Make seven cards like 





the ones shown. 
B Name any number less than 128. 
c Your opponent gets one minute 
(or less) to choose the cards 
whose numbers give your an te 
number for their sum. 
bp Your opponent scores one point if he gets the number. 
—E Your opponent then challenges you with a number. 








1. 


2. 


3. 


4. 
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Can you play the game to 10 points with a classmate? 


Discussing the Ideas 


Do you think there are some numbers from 1 through 127 
that cannot be formed from the seven cards? 


What is special about the set of cards for these numbers? 
A 63 B 31 c 15 Dd 7 E 3 


Give the missing exponent for each power. 
A 64 = gill c16=—oilll E 4=—9illll Gc 1 — oil 
B 32= oil p 8= oll F?2= oil 


Mary Binary, who was very good at the game, made a table 
like the one below to help her find the correct cards 
quickly. She tallied a “‘1” if a card was needed and 

a ‘‘0” if it was not needed. 


What are the numbers for A, B, and C in the table? 








1. Complete the ‘tally sheet’ for each number. 


3. The symbols below represent tallies from the charts above. 
Give the number that each tally represents. 


4. Make a tally for each of these base-ten numbers. 
A7 c 26 E 42 G 61 1 73 
B 13 — bd 30 F 50 H 67 J 80 


Using the 








ideas 
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The Binary System 
Investigating the Ideas 


Study the base-two and base-ten tallies 
that show the number of dots in set A. 


[a] 





Can you show base-two and base-ten tallies for the number 


of dots in set B? 





Discussing the Ideas 


In the decimal system of numeration, we group by tens in order 

to write numerals for numbers. In the binary system (base-two), 
we group by twos. The diagram below should help you understand 
the binary system. 





Place 

4 ~“/<\—\ values 

is et 
i oe es " Me nme 


644+ 32+0+8+4+0+1= 109 < Base-ten 


numeral 


1. In the decimal numeration system, the place-value names 
are powers of ten. What powers are the place-value names 
in the binary system? 


2. In the base-ten, or decimal, system of numeration, we use 
the digits 0 through 9 to write numerals for any whole 
number. In the base-two, or binary, system, what are 
the only digits needed? 


3. We write 101,,, to show 1 -2?+ 0:214+ 1-22 
The symbol 101,.,is read as ‘‘One zero one, base two.” 
This means one group of four, zero groups of two, and one. 
Read and give the meaning of each of these base-two numerals. 


A 11.) B 100,,) Callle D0 ° 1011.) E 10101,,) 
E-20 


Using the ideas 


1. Complete each sentence concerning the digit printed in color. 
EXAMPLE: 1101,., >The 1 in the fours’ place represents 1 x 27 
A 1011, — The inthe ? place represents ?. 
B 110101, — The 1 inthe ? place represents ?. 
c 1000001,,,— The 1 in the ? place represents ?. 


2. Write the base-ten numeral for each base-two numeral. 
A le Cc i Bir E NO Liss G Tess | TOO Tras K 10117; 
BY '10,.; pb 100, Feu 0,., H 1100.) eel 1 Oa ed dl didias 





3. Copy and complete the table for powers of two. 


; : : Powers of two 
You will need the results in later exercises. 











= || 27 = Ill 
4. Expand each base-two numeral as shown in the example. 2'= || 2° =i 
Then use the table of powers of two and calculate the 2?= |i! 2° = ili 
base-ten numeral that represents the same number. 23 = ill 210 — jl 
EXAMPLE: at. = Wee) ashlee) 4072") rd 24 = || 21 = ll 

= 8 + 4 + 0 +1=— a ae 
Aid Ogpecare 1 100gjaq Edn G@ 1110111.) iran uk 
B 1000. 100002 F 100000,,  10101010,, [2 =! 2°='llll 





5. Write a simple base-two numeral for each part. 


RTP Hay 295) 

B (172°) 4 (0- 2°) = (17 2°) 

fee es) ie 22} (0-2) (0 129) 
Daibta2?) wadOu24)-hil ie) eerie. 22) +97 EO 2°) 


6. Convert these base-ten numerals to base-two numerals. 
Refer to the powers of two table in Exercise 2. 


A 156 c 539 E 900 G 1279 
B 3/2 dD 684 F 1023 H 1584 


(duu 


Examples a and B show a shortcut 









for converting a binary numeral [4] : : : i na al es Ih cen 
_ to a base-ten numeral. Can you 
_ discover how to use the shortcut 
; op ABO ad ei 0 Ogi Va 7, 
and use it to give the base-ten oe CRUE ROI aoe eh y pak 





iy numerals for these numerals? 


1, B 10000101, © 11100001 ., E 110110001.) | 








D TPT tye 


E-21 


Using the Binary System 


investigating the Ideas 


Each digit of a binary numeral 
is called a bit. Suppose the 
letters of the alphabet were 
coded in order with five-bit 
binary numerals as shown in 
the table. For example, the 
binary code for MATH would be: 


01101—M 
00001— A 
10100 — T 
01000 — H:- 








Discussing the Ideas 


di 
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Since E is the fifth letter of the alphabet, what 
five-bit binary numeral would be the code for E? 


. The code for M is 01101. What base-ten numeral 


gives its position in the alphabet? 


. Each group of five-bit binary numerals is a coded 


name. Decode each name. 





. Explain how this palindromic message could be written in 


five-bit binary code: 
N EiV Bah OD Dt OoR Evo nN 


. What is the largest number of symbols that could be coded 


using five-bit binary numerals? 


. How many symbols could be coded with six-bit numerals? 


Using the Ideas 


The Mariner spacecraft (1965-1971) took 
pictures of the planet Mars which were 
radioed back to earth and produced with 
the help of a computer and binary numerals. 
The computer received the ‘‘pictures”’ in 
the form of binary numerals consisting 

of six bits. Each group of six bits 
determined the shade of one dot in the 
















final picture. The shading of the dots White 000000 
varied in 64 different shades from Almost white — 2 000001 
completely white to completely black as oe 
shown in the table at the right. All binary Cee ee 
numerals representing numbers between Almost black | 111110 

0 and 63 represent various shades of gray | Black |: 





between white and black. 


. A Which number from 0 through 63 is represented by 101001 ? 
B Does this number represent a shade of gray closer to white or to black? 


. In the picture transmission just described, what binary numeral 
would represent the darkest shade of gray that is not black? 


. Which binary numeral would represent the lighest shade of gray? 


. Give two binary numerals that would represent shades of gray 
midway between white and black. FS 4G G7 





@/01:11:11/11,11,11,01 

. Suppose that an imaginary spacecraft, b 1011100 1110 11 01 

Sparrow I, was sent on a close flight oe 144119111111110141 01 

past an imaginary planet Nova. After Pesta audios 

taking pictures, radio signals were pee ck 

sent back and amplified to give this pd AALS LAL LL LL BL 

array of two-bit binary numerals. f jO111111111.1101 

Use this array, and the code below 9 [01 010110 10 01 01 

to convert the numbers into a picture Grid 

: U2 FS (4 RSF. O80 
on a 7-by-7 grid as shown. 


Code 


Base-ten 
numeral 
O0o— 


1- 


2- 


3- 


(Toy aed Xe) ie i Ae © gia +) 





E=23 


Computing with Base-two Numerals 
Investigating the Ideas 


In order to compute efficiently using 
base-ten numerals, you must know a 
large number of basic addition and 
multiplication ‘‘facts.”’ 


To compute using the base-two numerals, 
you need to know only the eight facts 
for the base-two tables. 





Can you copy and complete the base-two 


addition and multiplication tables? 





Discussing the Ideas 


1. The only “hard” addition fact is 1) + 1) = 10,). 
Are any of the multiplication facts ‘‘hard”’ ? 


2 Here is the way a student showed 
an addition problem using base-two 
numerals. Can you explain how 
the sum was found? 


3. What is 10.) — 1,2)? 





4. How would you complete this 1 de 
subtraction problem? ell we 
(2) 
5. Explain the steps in this thls lies 
multiplication problem. x1 Te) 
jain 

er ES, 
1.0. 4.04452, 


6. Try this division problem. 10,,)10110,, 
Check your work by using multiplication. 
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4. 


* 5. 


Using the Ideas 


All numerals in the exercises are base-two numerals. 


























. Find the sums. 
Ae 10 "Bhatt cee 11 pe, 101 E 100 F 111 
pa at0 Stan |. 110 Agia 11 
111 110 el 
| or +101 
. Find the differences. 
Awe 1 BeeelOn co) 100 .op ©1101 E 110110 F 1000 
cata mul! ar ae 21011 aA 011 = 1 
. Find the products. 
Ayalt Cea E 100 G 101 1 100 Ki2 4101 
x1 x 10 x 100 eal) x 110 x 111 
B 10 pd 100 F 11 He 411 J 111 L 101 
200 210 abs Ua. con ANNO 
Find the quotients. 
aA 1)101 B 11)110 ¢ 10)10110 pb 110)110000 
Write a base-two numeral for the number n in each equation. 
Attn = 101 bp 101:n=1111 G 11-n=1100 
Buti) n= 110 E 110—10=n H n+ 100 = 1000 
c 10:n=100 F n—11=1011 § 1000 —-n=111 


Falta 


The duodecimal system (base twelve) requires two extra digits. 
Suppose we use the digits and names shown in the diagram. 


0 1 2 3 4 5 6 7 8 9 D € 


o 623) o © 
OO 
gy, on 


ip °. co & az 
Ky) 4 4 fe} 
6 % } % eS 


( from ) ( from ) 
decade eleven 


. Count from 1,42) to 100,,.,. For example, for the number after 10,,.,, you would 


say ‘one one.’ For the number after 99,,,,, you would say ‘‘nine dek.”’ 


. Complete two duodecimal charts (one for multiplication and one for addition) 


similar to the ones for base two. You will need to use twelve digits 
{0,1,3,..., 9, D, e} across the top and down the side of each chart. 
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REVIEWING THE IDEAS 


. Write a Hindu-Arabic numeral for 
each numeral. 


Ale 6 (lll 


B XPHPASM II! 
¢ MCDLXIV 


. Write a base-ten numeral for 
each number. 
A 3 billion B 748 million 
. Which digit in the numeral 
634 396 863 represents 

30 000 000? 


. Write a subtraction equation 
that can be used to find the 
missing addend n in the addition 
equation 27 + n= 53. 


. Write a division equation that 
can be used to find the missing 
factor y in the multiplication 
equation 9- y= 234. 


. Which principle is illustrated in 
each of the following equations? 


A7+9=9+7 

3462 - 1 = 3462 
(2°3\. haa (223) 
(9+16)+4=9+ (16 +4) 
42+0=42 


mo oo @ 


. Write each product using an 


exponent. 
aA 6:6-6 c 10-10 
B4:4:4-4-4 pb 2-2-2-2-2-2-2 


. What is the missing 


exponent? 10" = 4 


10. 


11. 


2s 


13. 


14. 


15. 


16. 


17. 


. Solve the equations. 


A 10?-10°=n DiiGseoe—an 
B22 324—7n E n= 7?2=/73 
c¢ 1043108 n F 104‘+10%=n 


Round 7 463 487 to the nearest 


A hundred B thousand  c million 


Which number is the best estimate 
for 179 - 73? 
A 16000 B 


14 000 ce 12000 


Estimate the quotient for 58 )29 437 
to the nearest hundred. 





Compute. 

A 9685 B 8007 c 805-496 
+8796 2369  » 87)21503 

Write a base-two numeral * ° ° © ® 

that tells how many dots 4 5 i 

there are in this set. eee 


Write each base-ten numeral as a 
base-two numeral. 
AGS cms 
B 12 D 29° 


E 32 
F 66 


Give the base-ten numeral for each | 


base-two numeral. é | 
A 110, c¢ 1000,,) Esti: 
6 1014;,,; Dp 11011,,, F 1010114; 


Compute in base-two. 
Av +111e~ © Bak 100002 


toh Nias cae PUB 


D 10,.,)10010,.) 


111) 
5101 sy 


EST YOURSELF 


6. Estimate the product 385 - 83. 


oe S 7. Compute. 
“In rhe decimal nue al 537 426, A. 596 B 33091 Cc 389 - 167 
the digit 3 stands oes 8129 — 28 747 
A thousands . Oo. + 2748 8 63/2088 
-B tenthousands. 
¢ hundred thousands. 8. Write a base-two numeral for each 
| base-ten numeral. 
3. Write the product 6-6-6: a le A 13 B 37 


— 9. Write each base-two numeral as a 
_ 4. Round 347 896 to the nearest ten base-ten numeral. 


- thousand. A 11010,, B 101111, 


= 5. Which equation illustrates the . Compute and write the answer using 
distributive principle? base-two numerals. 


A 2° (7-4) = (2:7) -4 A 10116) : B 1101, 
B 2° {7/+4) =2-7+2:-4 Tile; X Ile 
¢ (2-7) 4=4. (2-7) + 1101.2) 





RESEARCH PROJECTS 


A Amethod of computing called ‘finger C The duodecimal system (base twelve) 
reckoning’ was practiced in the 14th requires two extra digits (one for 
century in Europe. Find out how to ten and one for eleven). Using bp 
use your fingers to find products. for ten and e for eleven (See page 
(See From Fingers to Computers by E-25), make up some addition and 
Margaret F. Willerding; Pasadena: multiplication problems in base twelve. 
Franklin Publications, 1968; Grolier.) (See Understanding Arithmetic by 

Robert L. Swain; New York: 

B_ A binary abacus has only one counter Rinehart and Company, 1957; Holt, 

in each peu. Rinehart and Winston.) 





(i 7 tT Tt) D_ The binary system is utilized by 
: modern electronic computers. Find 


out about them and make a poster. 


p te (See Mathematics by David Bergamini 
Make a model of a binary abacus. and the Editors of Life, Life Science 
Learn how to add and subtract using Library; New York: Time, Inc., 1963; 
binary numerals with the abacus. General Learning Corporation.) 
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A BASE-TWO CARD SORTER 


You will need 32 index cards, a paper punch, and 
some scissors for this project. 











Cut off one corner and punch five 
holes through an index card as shown. 
Use this card as a pattern to cut 

and punch the other 31 cards. 









Cut slots to the appropriate holes so that each 

card represents one of the base-two numerals from 
Oren tHFOUGN 31¢ten)- 
Number the cards. . 
You can select any 16's 8's 4's 2's 1's 
number from 0 

through 3ten) in five 
sortings performed 
as follows: 














Suppose that you wish to select card 19 (en. 19 en= 10011 


Use a paper clip. Put one end through 
all the holes in the 16’s place. Retain 
the cards that do not stay on the clip. 
These have a slot in the 16’s place. 
Discard those on the clip. Put the paper 
clip through the holes in the 8’s place. 
Keep the cards that stay on the clip, discard the others. 
Put the clip through the hole in the 4’s place, retain 
those cards that stay on the clip. Put the clip through 
the 2’s place. Keep the cards that do not stay on the 
clip. Put the clip through the 1’s place. The card that 
comes off has a slot in the 16’s place, the 2’s place, 
and the ones’ place; therefore, it must be 19 

















(ten)* 






Try to locate other cards by this method. 


eM oO ORE 


TEST 1. 1976 3.64 4. 350000 6. 32 000° 
YOURSELF 7. 411473; B 4344; ¢ 29564:0 368. A ae B T0010) 
Answers 9. A 26; B 47 


10. a 11111,.,; 8 Lal rena 


E-28 





UNIT E: /ntegers 
MODULE 2: Sets, Equations, and Inequalities 








OBJECTIVES: 
After completing this module, you should be able to: 
ny 
2. 


3. 


oe 





Use the basic language and symbols for sets. 
Evaluate expressions, given the replacement set 
for the variable in the expressions. 

Solve equations and inequalities. 

Solve equations using the zero, one, and 
distributive principles. 

Solve word problems by writing and solving an 
equation for the problem. 

Use “or” and “‘and”’ correctly in inequalities. 
Find ordered pairs of whole numbers for 
functions, equations, and inequalities, and draw 
their graphs. 


Sets —Language and Symbols 


Investigating the Ideas 


The language of sets can be found throughout all of 
mathematics. Some examples are given below. 


[a] The set of whole numbers: {0, 1,2,3,4,5,6,...} 
[s] The set of points on a line: «<————____+> 
[c] The set of even whole numbers less than ten: {0, 2, 4, 6, 8} 


Can you show or list the sets described below? 


[1] The set of odd whole numbers. 
[2] The set of points inside a circle. 
[3] The set of numbers that are the squares of the whole numbers. 


Discussing the Ideas 


1. The three dots in set A indicate that the numbers in the 
set continue forever in this pattern. The set of whole 
numbers is an infinite set. If a set is not infinite, 
then it is finite. What kind of a set is each of the 
three sets that you found for the Investigation question? 


2. In set © above, we say that 2 is an element of the set and 
write this as 2 « C. The number 3 is not an element 
of sete and we write 3 ¢ C. 
A Is8«C? B Is7«C? © |Isi2eCe 


3. If X= {1, 2,3, 4,5,6} and Y= {2, 4, 6}, then 
Y is a subset of X because every element in Y is an 
element in X. We write: Y C X. 
Which of these sets are subsets of X? 


A= {0, 1, 2, 3} B= {4,5} C = {3,5, 7} DE N4 253.4 ONO 


4. The set which has no elements is called the empty set 
and is denoted by { } or d. The set of whole numbers 
greater than 4 and less than 5 is the empty set. 
Describe the empty set in other ways. 


5. The empty set is a subset of every set. Does the 
empty set have any subsets? 
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* 9. 


. A Venn diagram is used to show 


. What are the relationships between 


. Suppose J C K and K C L. What 


. If AC Band B C C, what can you 


Using the Ideas 


. Tell whether each set is infinite or finite. 


A The set of multiples of 3. 
B The set of points on the sides of a square. 


c The set of whole numbers that are less than or equal 
to one trillion. 


pb The set of men who have walked on the moon. 


. Suppose A = {0,1,2,3,4,5,6}, S= {2, 4,6}, and T= {0, 1, 2,3, 4}. 


Which statements are true and which are false? 
A4eR Ce5 - eul Es lee i, Gi So G.A th ear 
B5eS bp Oe S FRCS HMMS Ci Se Er 


. List all of the subsets of S in Exercise 2. 


. How many subsets does a set of four elements have? 


me x 


: : Z is not a subset of X. 
relationships between two or more ay ea BY, 0) > 


sets. Think of the ovals or circles are also in X. 
as enclosing the elements of the sets. 






Describe three relationships between 
sets A, B, and C shown at the right. 


sets M, N, and Q shown by the Venn 
diagram at the right? 


other relationship must be true? 


conclude? 


neseww = 0ale233. 445, G72. }, 
the whole numbers, is an infinite set. 
A Give a subset of W which is 
also an infinite set. 
B Give a subset of the subset 
for Part a which is also an) - 
infinite set. 
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Union and Intersection of Sets 
Discussing the Ideas 


1. The union (__) of set A and set B 
is the set containing all the 
elements in A or in B or in both 
A and B. WewriteA - B 
for the union of A and B. 

A In the Venn diagram, what parts of circular regions A 
and B represent the union of set A and set B? 

B If A= {5,6, 7,8,9, 10} and B = {7, 8, 9,10, 11, 12}, 
which elements are in set A U B? 





2. The intersection (I) of set C and 
set D is the set containing all the 
elements that are common 
to both C and D. We write C ‘) D 
for the intersection of C and D. 

A In the Venn diagram, what parts of circular regions C 
and D represent the intersection of set C and set D? 

B If C= {5,6,7, 8,9, 10} and D = {7,8,9, 10, 11, 12} 
which elements are in C M D? 





R S 

3. If set R and set S have no elements 

in common, their intersection is the 

empty set. R and S are disjoint sets. 

Suppose X = {1 2,3, 4,5}, Y= {2, 4, 6, 8},. RN S=¢6 

and Z = {6,7, 8,9}. Which pair of sets are 

disjoint? 

P 
Q 

4. Suppose sets P and Q are such that Q C P. 

A Describe P U Q. 


B Describe P/M Q. 
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Using the ideas 


. If A= {3,6,9,12} and B= {1,3, 5, 7,9}, give the elements 
in each of the following sets: 
ADA UB BANNB 


Pipi 10; 1720s 4eo oO 13, 4,.5,6,7}, ancer='"7) 8, oF) 
list the elements in each of the following sets. 
ALAS hd py Seg & c SUT op AMS BEA OYh FS OT 


. Use the sets R, S, and T of Exercise 2 to form the following sets. 
A WARS) tie 7. ERAS) UU (A 7) P PSES CRICK T 
Jerri tort) 1. 





8 (AS) Wek FAW (S fT) 
c tA @ Sitar, q (Am Ff) use) (hee o) 0 (7 i179) 
BD (AS) 4 (AR, UT) H(A FF) ene (S. Cin) mth Og. 01S 
. Draw a Venn diagram that will show how the three sets of 
Exercise 2 are related. 
. A Let S be the subset of the whole numbers which are 
exactly divisible by 4. List several numbers in S. 
B Let 7 be the subset of the whole numbers which are 
exactly divisible by 6. List several elements in this set. 
List several numbers in S f T. 
p What special properties do the numbers in S M T have? 
I UUAU 





1. Use the numbers in set 
Xe Ao. 4; Oe On770,.97 10} 
to replace the || in sets A, B, and C so that 


A each number in X is used exactly once 
and (Ail 


B the sum of the numbers in each of the A B 
sets A, B, and C is 27. 








2. Repeat Exercise 1 making the sum in each 
set 22. 
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Evaluating Expressions 


Investigating the Ideas 


In algebraic problems, you must often 
evaluate expressions like these. ———————_» 





To evaluate the expression, you 
replace the letter with a number. 
Suppose that you replaced x in 
expression A with each of the 
numbers in the set {0, 1, 2, 3, 4, 5,}, 


you would get ———_——____—__—> 


x=0—-0+6=6 
x=1—> 17-6=7 
X= 2-727 0=5 
X=3-> 37-09 
x=4—>4+6=10 
x=5—-5+6=11 


Can you evaluate expressions B and € using the | 


numbers in the set {0, 1, 2,3, 4, 5,6}? 





Discussing the Ideas 
1. Explain how you evaluated expression B. 
2. What did you do to evaluate expression c ? 


3. The set of numbers {0, 1, 2,3, 4, 5} that you used 
is called a replacement set. Each number in the set 
is a replacement for the variable x. Any letter can 
be used as a variable in an expression. 
What are the variables in each of these expressions? 


Ayt+1 By Soy nia. Cari Dz+4 


4. Evaluate each expression for the replacement given. 
aA lf a=7, then 2-a='ll. If t= 8, then 13 — t=]. 
B If r=3, then 11—r= |lj. If q= 35, then q+ 7='llll. 
c If s=10, then3-s+13='ll. If n= 5, thenn?—5=|lll. 
p If y=6, then y2— 4=l]. If w= 15, then 8- w=[lll. 
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i. 


Using the ideas 


Evaluate the expression x + 9 for each number 
in the set {1, 2, 3}. 


Evaluate 12 — y if the replacement set is {5, 6, 7, 8}. 
Evaluate 3-x— 2. The replacement set is {0, 2, 4, 6}. 


Find the missing number for each part. 


A lfs=2, then8+s='|ll. E If n=6, then (5-n) —1=|llll. 
If w=9, -w= |i. 4s 

B If w=9, then 6 - w= Il if t= 2, then 22=! — jy 

c Ifz=12, thenz+4=lllj. : 

pb Ifx=7, then x-x= lll. G If a= 24, then a+ 3='ll]. 


H If d=7, then (6-d) +~7=lllll. 


Suppose the replacement set for 4-n— 13 is {1, 2,3, 4, 5, 6,7, 8,9, 10}. 
What is the replacement for n that will make the value 
of the expression 19? 


In the expression x? — x, each x must be replaced with the 
same number from the replacement set. 


If x= 3, then x?— x= 37- 3=9—-3=6. 
Evaluate n?+n-+ 1 for each replacement in the set {0, 1, 2, 3, 4}. 


A Evaluate y?+ 2-y+1 using the numbers in set {1, 2, 3} 
as the replacement set. 

B Evaluate (y + 1)? using the numbers in set {1, 2,3} as 
the replacement set. 
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Open Sentences 
Investigating the Ideas 


In algebra, equations and inequalities 
such as those at the right are often 
called open sentences. These sentences 
can be either true or false depending 
upon the replacements for x, y, and z. 
For example, if the replacement set 

fora is {0, 1, 2, 3}, we think: 





If x= 0, then (3- x) + 1=7 becomes (3: 0) + 1 =7; which is false. 
If x= 1, then (3- x) + 1=7 becomes (3: 1) + 1=7; which is false. 
If x = 2, then (3- x) + 1=7 becomes (3: 2) + 1=7; which is true. 
If x= 3, then (3: x) + 1=7 becomes (3: 3) + 1=7; which is false. 


Can you use the replacement set {0, 1, 2,3} for sentences 


B and c and decide when they become true or false? 





Discussing the ideas 


1. The numbers which replace the variable in an open sentence to 
form true statements are solutions of the sentence. The solution 
set contains all the numbers of the replacement set that are 
solutions to the sentence. The solution set for sentence A is {2}. 
A What is the solution set for sentence B ? 

B What is the solution set for sentence c ? 


2. If the replacement set for open sentence x < 6 is 
{0, 1, 2,3, 4, 5,6, 7,8,9}, what is the solution set? 


3. If the replacement set for x +5 =0 is {0, 1, 2,3, 4, oh, 
are there any solutions? 


4. If every replacement of the variable in an open sentence 
gives a false statement, the solution set is the empty set. 
Which open sentences below have empty solution sets if 
{0,1,2,3, 4,5} is the replacement set? 


ASS? Xs 111 BB) XaSi7. Cc x+2=7+x 
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Using the Ideas 


1. Solve each equation. The replacement set 
Is 1.0a44-2231455,.6, 7,8,9, 10}. 


A x+3=11 dp 8-r=8 G (2-y) -3=11 
B n-6=30 En R22 H 3:n=4-n 
c 21-y=7 F x+5=2 1! xt+x+x=3:x 


2. Find the solution set for each inequality using 
{0,1, 2,3, 4, 5,6, 7, 8,9} as the replacement set. 


AUX A D x:3>14 G t?< 40 
BoSer ie nie Eyre. / He2Zaa 3 = 100 
c n+n <1 FedO1r34i5 ene — rE 20 


3. If every element in the replacement set is a solution for 
an inequality or an equation, the equation or inequality 
is said to be a generalization with respect to the 
replacement set. 


EXAMPLE: Replacement set: {0, 1, 2,3, 4, 5} 
2+n=n-+ 2 is a generalization. 
x—5=5-—x is not a generalization. 


Determine which equations or inequalities are generalizations. 
Use {0, 1, 2,3, 4, 5,6, 7, 8,9, 10} as the replacement set. 


A X7+42x+3 —e x+9< 15 1 x°-x=x 
B X+x=x? F (4-x)+(3°-x)=7-xX wd X=x=1 
c 1:x=x G O0+x=x wK xX: (x+1)=x?+x 
D (2:x)-5=x-:10 H 8-x=(7-x) +x will ae(Gbx)-a(2axp=3 


4. Which generalizations in Exercise 3 would also be generalizations 
if the replacement set were the set of all whole numbers? 
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Solving Equations 


Investigating the Ideas 


When the replacement set for an 
open sentence is the set of all 
whole numbers, then it is impos- 
sible to try every number as a 
possible solution. Instead, you 
can often find the solutions by 
thinking about missing addends, 
sums, factors, or products. 





Suppose the hand in each equation covers the number 
that makes each sentence a true statement. 


Can you find the number that is covered by the hand in each equation? 


Discussing the Ideas 


1. a In equation A above, did the hand cover a missing 
addend or a sum? 


B What was the number covered by the hand? 
c In what way is equation A like the equation 7 + x= 15? 


2. A In equation B, did the hand cover a missing addend 
orasum? 


B What was the number covered by the hand? 


3. A In equation C, does the hand cover a factor or a product? 
In equation D, does the hand cover a factor or a product? 
c¢ What are the numbers covered in equations C and D? 


4. We often omit the multiplication symbol between a numeral 
and a variable or between two variables. 
Instead of 6 - x, we write 6x. 
Instead of r- s, we write rs. 
Instead of 5- (a + 4), we write 5(a + 4). 
How would you write each of the following without using 
the multiplication symbol? 


A 8-y B ¢-w C. (Zchi2Z) iw, D 6timesr 


5. Why would you not write a product like 3-7 without using 
the multiplication symbol? 
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Using the Ideas 


The replacement set for the equations on this page is the 
set of whole numbers. 


1. Give the number for each |||]. Then give the number for n. 


Ay Soa n= i2 B 3n= 21 Con-—8=—3 
n= 12 -|lll n=|(|+3 n=3 + lll 
n=? n=? n=? 

D n-—6—3 E 9n= 45 F 13—n=6 
n=3 -|lll n= 45 = |lll 6+ n=|lll 
nis ne st, 


2. Solve the equations. 


Ax+5=9 E 7d=56 ' 10+ m= 100 Mr-3=8 
B 7+a=13 F 8+ b=34 J 10n= 100 N 9=28—a 
c 20=m+1 G 56=18+ 9g K 6a=/72 o 5=15-+s 
D s+9=10 H 10w= 70 L 49=7+¢C P q—8=4 


3. Study the example. 
EQUATION: 4x—5=19 
SOLUTION: 





— 
oo tA A 
4x—5=19 mm 4x=24 mom x=6 


Give the number for the |||. Then give the number for x. 


A 2x -3=11 © 2x+4=24 E 2x+3.=-1/ 
2x = Ill 2x = Ill 2x = Ili 
x= ? x=? Nine 
B 4x—3=1/7 Dp 3x—5=13 Bl 25 = "0 40K 
4x = Ill 3x = lll lil = 5x 
x= ? x= ? ?=x 


4. Solve the equations. 
A 4x+1=21 ec 5x—1=14 E 2x+9=11 
B 3x+7=37 D 8x+3=3 F 6x—5=31 


More practice, page S-6, Set 10 
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Using the Zero and One Principles 


Investigating the Ideas 


The zero principle and the one principle are examples of 
generalizations because they are true statements for every 
whole number. 


FOR EVERY WHOLE NUMBER X, 
A4O=H ZERO PRINCIPLE 
a1 =x - ONE PRINCIPLE — 
EXAMPLES: 36+0-0 © Le O26 
IE 74K = 17, THW HO ME EE Y= 46; THEN Y =/ 


How many of the these equations are generalizations? 
A x—x=0 Cc x+ x= 2x E x= l=x 


B x:-0=0 DX 0— x F x+x=1 





Discussing the ideas 


1. Are there any equations in a through F above that are 
not generalizations? Explain. 


2. A In equation F, if x is replaced by 0, you have 0 + 0=1. 
Is this a true statement? 


B Is equation F true if x is replaced by any whole number 


except 0? 

3. Explain how to find the lf 21 + (x= 5) = 21, 
number for each screen. then x — 5 = ll 
Think about the zero and then x = | 
principle. 

4. Explain how to find the If 8 (x=3) = 8, 
number for each screen. then x — 3 =| 
Think about the one and then x = || 
principle. 
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1. Give the number for each |ll|. Then find the number for x. 


aA 6+ \(x=1)=6 Ee 13+ (xi = 13 


x—1=Ill x—11=Illl 
x=? x=? 
8 7 (SK) =7 F 7 — (BBY =o 
3 — x= Illi x+3='lll 
Xi? x=? 
© 4(K=i2) 0 a 8+ (ate) 1 
x— 2=Ilil x + 2= Ill 
x? Xt 
p 9(5=x)=9 H 6x+ 18=18 
5 — x= lil 6x = Ill 
Y=? X=? 


2. Copy and solve the equations. 
Be AS AX) 17 Dp 7(3x—6) =0 
B 6(x'"4)=— 6 E (xt 3) = 110 
c 3(x—5)=0 F 3(x-—5)=3 


JpuupU 


Try this Addition Mystery Trick on a friend. Ask 
your friend to write a four-digit number. You look 
at the number and then write the Mystery Sum on 
another piece of paper. Ask your friend to write 
two more four-digit numbers. Then you quickly 


write the last two numbers to give the Mystery Sum. 


1. Study the example and explain the trick. 


Using the Ideas 


1 (x=8)—3=0 
x— 8 = Ill 


x=? 


1 (RB) 10=1 


x 


+3=Illl 


x= 72 


K (x3) + 10 = 25 
x+3= Ill 


x=? 


L 9 (FREER - 54 


12+ 


G 5(2x—1 


x=6 
x=)? 
0) =0 


H 9+ (2x—12) =9 


1 8—(5— 


4728 
3524 
6953 
6475 
3046 
24726 


x) =7 





Friend 
Friend 
Friend 

You 

You 

Mystery Sum 


2. What would the Mystery Sum be if the first number were 2369? 
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The Distributive Principle 


Investigating the Ideas 


Can you evaluate 2x + 3x for each of the 
numbers in the set {0,1, 2,3, 4,5}? 





Discussing the Ideas 


1. 





Describe any pattern that you see in the set of numbers 
you found when you evaluated 2x + 3x. 


. A Do you think 2x + 3x = 5x is a generalization for 


the set {0, 1, 2,3, 4,5}? 
B Do you think 2x + 3x = 5x is a generalization for 
all whole numbers? 


. The distributive principle can help you understand 


why 2x + 3x = 5x is a generalization. Use this principle 


to give the number for each screen. 


ba+ca=(b+c)a 


VE Wy Of 
2x + 3x = (lll + lll) x = lx 


. Use the distributive principle to give the number for |. 


A 6x + 2x = ix c 4x + 5x= I|ll|x E 1x+ 4x=|llllx 
B 3x + 7x=|lllx D 7x + 6x='llllx F 8x+ 3x=|ll|x 


. The distributive principle can be extended to more than two 


addends. Thus, ax + bx + cx= (a+ b+ c)x. Use this 
extended form of the distributive principle to find the sums. 


A 2x + 5x + 6x B 3x + 4x + 10x c 9x + 9x + 9x 


. Multiplication also distributes over subtraction: 


ba—ca=(b-—c)a 
A What is 5x — 3x? B What is 10x — 4x? 
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1. Find the sum or difference. 


Using the ideas 


A 5x + 7x E 10x — 3x 1 6x + 6x + 6x 

B 2x + 9x F 7x+1x J 7x + 10x + 4x 

C 8x — 2x G 6x — 5x K 8x + 3x+ 12x 

D 4x + 8x H 2x + 4x + 3x LL Av X 12x) 4+°3x 
2. Since x-1=1-:x=-x for all x, we often omit the 

numeral 1 before the variable. Find each sum or 

difference. 

Ax +72Xx —E 10x—x 7X 23x) =X 

B XX Xx F xXt+x+x+x JX d-(8xr— 5x) 

c 3x-xX G x+x+6x K x+ 2x+ 3x+ 4x 

D 5x+x H~(x + 9x) — 2x Lox (10x— x) 
3. Give the expression for each |||. 

A 8x = 3x + lll D ||| + 6x = 13x H 3x — ||| = 2x 

ANSWER: 5x E 4x = 6x — | 1 6x +l] + 3x = 15x 

B 9x =|[l| + 5x F 9x — |llll = x J lll + x + 2x= 4x 

c 2x + ||] = 10x G x + || = 2x K (5x —|llll) + 2x = 6x 
4. Evaluate each expression. 

A 7x+ 2x when x=5 7 G 10x — 3x when x=2 

B 4x + 6x when x=9 H xX + 5x when x= 10 

c x+ 8x when x=7 1 9x—x when x=0 

D 11x — 5x when x= 8 J 10x — 10x when x=3 

E 23x + 7x when x= 4 K 5x — 4x when x=5 

F 15x — x when x= 10 L (3x — 2x) +x when x= 1 





E-43 


Solving Equations Using the Distributive Principle 
Investigating the Ideas 


Study the equations below. 


ONG 2 APS san 
Win: f Zo = 


Nha & wt = 72 
Ankh Lae 


4 
Can you find the numbers for a and b? 


Discussing the Ideas 





1. A How did you find the number for a? 
B How did you find the number for b? 


2. Complete each step in the 
solution of this equation: 5x + 3x = 56 


8x = Il 
x = Ili 


3. Explain each step in the 


solution of this equation: 9x — 4x = 40 
5x = 40 
x=8 


CHECK: 9:8—4:8=72— 32= 40 
4. Explain how the check of the solution was made. 


5. Check the solution you found for the equation 
in the Investigation. 


6. Explain or show how you would solve 
and check this equation. (5x +x) +1=19 
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Using the ideas 


1. Copy the equations, giving the correct number for each |ll| . 


A 2x+ 4x= 18 pe4x -HSxi— 7 
6x = 18 Iilx = 7 
x = lll x = Ill 


B 2x + 3x = 30 


Bt 5X = eX = 12 


@ 2x + 3x + 2= 22 
5x = Ill 
x = Ill 


H 4x+x—5=30 


5x = 30 lx = 12 5x = Ill 
x= Ill x = Ill x = Ill 

c 10x — 4x = 42 F (2x + 3x) + 4x = 27 1 (11x — 4x) —4=10 
6x = 42 9x = Ill 7x = Ill 

x= Ill x = Ill x= Ill 
2. Copy and solve the equations. 
A 3x+ 4x= 14 D 7x—6x=5 G 9x — 2x= 21 
B 5x + 3x = 32 E (8x — 3x) — 2x=15 Hox (3X —.3) 17 


c x+ 5x= 24 


“fl Copy and solve the equations. 


F 11x— 4x= 14 


5x + (2+ 3x) =18 


A (2x + 3x) +2=17 p(x + 5x) +3=39 G 6x= 15+ 3x 
B 4x—x=9 E (8x — 3x) — 2x=15 H 8x = 2x + 30 
CeoX aX) 29 F (10x — 5x) +3=18 ' 26+ 3x=2+ 7x 





The number 5 can be partitioned 
as a sum of whole numbers in the 
seven ways shown at the right. 
Do not count the different orders 


of addends due to commutativity, 
but include the number itself as 
one partition. 

How many partitions does 6 have? 
How many partitions does 7 have? 


More practice, page S-7, Set 17 





“Partitions of 5 
Ade ae 


1+1+1+2 
14143 


{oo 
1 4 
Se 

5 
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Writing and Solving Equations. 


Investigating the Ideas 


The flow chart below suggests an equation. 





LI 


Discussing the Ideas 


1. The equation for the first flow chart above could be 
stated in words as, ‘‘If a certain number n is multiplied 
by 7 and then 8 is added to the product, the result is 50.”’ 
How would you state the equation for flow charts A, B, and C? 


2. A Make a flow chart suggested by the word problem below. 


B Which equation is correct for the word problem? 
A Let n=the number B Let x = the number c Let t= the number 
(3 — n)7= 28 (x — 3) 7= 28 t—3:-7=28 
3. What are the solutions for the equations that you wrote 
for the flow charts in the Investigation? 
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Using the Ideas 





2. Solve each equation for Exercise 1. 


In Exercises 3 through 7, design a flow chart to illustrate each 
problem. Then write and solve an equation for the flow chart. 


3. Five times a certain number plus 6 is 46. 
What is the number? 


4. If 6 is subtracted from a certain number and 
the difference is multiplied by 10, the product 
is 70. What is the number? 


5. Margaret said, ‘If you multiply my age by 3 and 
add 1, you will get my mother’s age.”’ If Margaret's 
mother is 40 years old, how old is Margaret? 


6. Rex had 87 cents. After paying for five candy bars 
he had 12 cents left. How much did each bar cost? 


7. Diane multiplied a certain number by 5. Karl multiplied 
the same number by 3. Then they added the two products 
together and got a sum of 56. What was the number? 


%* 8. Beth is 5 years older than Tina. 
The sum of their ages 10 years 
from now will be 53. 
A What is the sum of their ages now? 


B How old is each girl? 


% 9. Dave is 3 years older than Chuck. 
When Chuck is as old as Dave is now, 
the sum of their ages will be 39. 
How old is each one now? 





More practice, page S-7, Set 12 E-47 


“Or” and “And” in Inequalities 


Discussing the Ideas 


The examples in the display below will help you understand the 

logical use of the words ‘“‘and” and ‘‘or’’ in algebra and how these 
two words are related to the idea of union and intersection of sets. 
The replacement set for these examples is {1, 2, 3, 4, 5, 6, 7, 8, 9}. 





1. The inequality x > 4 and x < 7 is often written 
as 4 < » < 7. You can think of this as meaning 
“all numbers x from the replacement set that are 
between 4 and 7.” 

What does each of these inequalities mean? 


A Ve xe=5 B 8° xX*=’9 Cel =x 2 


2. Does the set of points shown in color 
on the number line represent the 
solution set to inequality A or B? 


A x<4andx>6 B x<4orx>6 


M2 S¥i415. F60t7e-8 189 


3. An inequality such as x < 3 or x =3 is often denoted 
by the special symbol = and written x = 3. It is read 
“x is less than or equal to 3." The symbol = means 
“is greater than or equal to.”’ 
A Using {1, 2, 3, 4, 5, 6, 7, 8, 9} as the replacement set, 
what is the solution set for x = 3? 
B What is the solution set for x = 3? 


4. How could you write each inequality in a shorter way? 


AX< Lorx=/ Cie 5or. x =5 E.xX.< S.andx = 3 
Bx<8andx>6 5 Xeeeand XxX <7 F x=6o0rx>6 


E-48 


Using the Ideas 


1. The replacement set for this exercise is {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 


* 4. 


* 5. 


Give the solution set for each inequality. 


Arex 8 Xeawh x<8andx>5 
A={?} B10 A M<Be=h? 
Bx>2 x <9 x>2andx <9 
C={?} D={714 Cm Dre? 
Caxt= 3 x>7 x = Sor x7 
ae iC = FE OF={ 2} 
Dex =5 x=—2 Xoo OLX = 
G={?} H={?} GUH={? 


. Write the shortened version for each inequality. 
oc x= T1-andx > 0 


A x>2andx< 10 


B x<19andx> 12 DB x>aandx<b 


. Give the solution set for each inequality. 
The replacement set is {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 


A522 x <0 DX 7 
Beso Xk a x4 
C2 Xem3- OR Xe 7 F x26 


Ee x=9orx<9 
FX = 3 OFX — 3 


eo1= vf 
is Bills Sea) Che fl 
+8 -S.4X%2-9 


Give the solution set for each inequality. If the solution set is 
large, give only a description of it. Replacement set: All whole 


numbers. 

PORE BBG orc coer W 

B/4 Sx =19 

c 4997 < x < 5002 


Or 10S Sex e338 
E 1022x205 
Bape. Xt ns 


Find the solution set for each inequality. 
Replacement set: All whole numbers. 


ALO Xe cae. 10 DelOm. x — 212 
BO <x e412 EeS 2 3X 2/ 
CeO eX FeuGO eX 225 


673° = x= 7? 
H 242 < x < 26? 
Ls = Xe 


Goya Kae 4 £0 
HPO Ae x SAV 
be Xe ely 10 
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Investigating the Ideas 


For each input number n from a set of 
numbers, the function machine applied 

a function rule to produce an output 
number. The output number is denoted 
by f(n). This symbol is read: ‘‘f of n.”’ 
The function machine shows that when 
the input number is 3, the output number 
is f(3) =37+2-°34+1=9+6+1=16. 


Can you use this function rule to find the 
output numbers below? 


[ntton+t | 








A f(1) c f(10) E f(21) G f(96) 

B f(2) p f(15) F f(42) H f(100) 
Discussing the Ideas Function Rule 
n?+ 2n+ 1 





1. You can show the input-output pairs 
for a function by a function table. 


How would you complete this function 
table for the other input numbers in 
the Investigation? 












Function Rule 


(n?—1) +8 





2. What pattern can you see concerning 1 
the output numbers? 








3. The function rule has odd numbers 
as inputs. Find the missing numbers 
in the table. What do you notice 
about the output numbers? 


4. Invent a function rule of your own. Khl 
Make a function table for your Ht 
function. 
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Using the Ideas 


In Exercises 1 through 6, copy and complete the function tables. 


le 


x 7. 








































Function Rule 
(ny)? 
4 
aA 101] ill 
B Il 
c Il 
_ Function Rule 
ns oat n2 
n | f(n) 
2 4 
A 3 il 
B O5 Il 
c 8 Hl 
p 101] ill 
What is the function rule 


for this table? 


Function Rule 


I 








2. 


Function Rule 3. 


Function Rule 


7n—n S{5n'=#2) 














36 [ill c 














hl A 
hi B 


I 
Ul 
hi 








Function Rule * 6. 





Function Rule 


— ie 













































I 2 

I a 3 silk 

I Ba 47 _silli 

tt c 65 | ill 
dp 6 | ill 








puna rf 





Dan piled some oranges 
in the shape of a 
triangular pyramid. 
The bottom layer 
was a triangle 
with five 
oranges 

on each 

side. 





How many oranges were in the pile? 
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Graphs of Functions 


Investigating the Ideas 


The input-output numbers for a function can be used as the 
co-ordinates of points in the plane. When you graph the 
points for the co-ordinates, you have graphed the function. 


Function Rule 


12 — (2n) 10 | <0 














f (n) Co-ordinates 








10. (1,10) 
8 — (2,8) 

iil = > (3, Th) 
Ml = —> (4, MMM) 
iil = —> (5, Mil) 
li = > (6, iil) 


O Gil 2 35-4" SF OY aiake Sra 10) 


Can you complete the function 


table and then graph the points 
for the function rule above? 





Discussing the Ideas 


1. Do the points for the input-output pairs of the function 
fall in a pattern on the graph? Describe the pattern. 


2. A Find the missing numbers in the function table. 


Function rule: f(n) =12+n 





ted So lbs sees na Leite Bi diese 
B Draw the graph for the pairs of this function. 
c Do the points in the graph for the function fall on a line? 


3. Invent a function rule of your own. Find some 
input-output pairs and then draw a graph of the function. 
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In Exercises 1, 2, and 3, complete the function tables and 
then draw the graph of each function. 


. Air temperature can be thought 









































1. Function Rule Ds Function Rule 3. 
n?—n+1 (n?+17)—8n 

n | f(a) n | f(n) 

0 1 1 i 10 

1 1 2 | _ilih B 
A 2 sh s 3 iM c 
B 3 [sill e¢ 84/7 sill D 
c 841 sil pn 865 | ih E 








. The function given by the rule f(x) =x is called 


an identity function. Draw a graph of this function 
using the whole numbers 0 through 10 as input numbers. 


. A constant function is a function whose output is just 


one number. Draw a graph of the constant function given 
by the rule f(n) = 7 using the whole numbers 1 through 8 
as Input numbers. 


of as a function of the time of 
day. Make a graph of the 
temperature function given 

in the table below. 





Function Rule 























Temperature 
n f(n) 
(time) (temperature °C) 
11:00 A.M. 20 
12:00 Noon 22 
1:00 P.M. 25 
2:00 P.M. 28 





Using the Ideas 


Function Rule 











> 











6n — n? 
n | f(a) 
0 | iil 
1 Hl 
2 |_ iil 
3 | sll 
4 | ill 
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Graphs of Equations 


Investigating the Ideas 








second 
The co-ordinates for the points am HN 
shown graphed at the right are 10 
related in a special way. 9 
Which one of the statements 8 
below best describes the ; 
relation between the numbers 
for the points? ore? 
5 & 
A The first co-ordinate is greater - 
than the second. 
B The difference of the two co-or- 3 ° 
dinates in each pair is 1. D ‘ 
c The sum of the two co-ordinates 
in each pair is 7. ; , 
D The product of the two co-ordi- Rh ae Ue ae ta RO 
nates in each pair is 7. co-ordinate 


Discussing the Ideas 


us 


2. 
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Suppose x designates the first co-ordinate and y designates 
the second co-ordinate, then the points graphed in the 
Investigation consist of those ordered pairs of whole 
numbers (x,y) such that x + y= 7. 

For (7,0), we have 7+ 0=7. 

For (6,1), we have 6+ 1=/7. 

For (5,2), we have 5+ 2=7. 
What are some other replacements for x and y in the 
equation x +y=7? 


To draw the graph of the equation 2x — y = 10, you can 
make a table of the pairs for x and y and then graph the 
points for the pairs. 

a Find the missing 
numbers in the 
table. 

B List the pairs (x, y) 
in the table. 

c Graph the pairs (x, y) 
in part B. 








‘ 


1. Complete the table of numbers 


for the equation x — y= 2. 


. Make a graph of the equation 


x — y= 2 uSing the pairs (x, y) 
in the table for Exercise 1. 


. Complete the table for the 


equation x + 2y = 15. 


. Graph the equation x + 2y= 15 


using the pairs (x, y) 
for Exercise 3. 


. Complete the table for the 


equation 2x —3=y. 


. Graph the equation 2x —3=y 


using the pairs (x, y) 
for Exercise 5. 


. Make a table of pairs (x, y) 


for each equation. Then 
graph the equation. 


A x—-y=4 
Bx+y=9 
Cc xXx=y 
Dx+2=y 
E x—y=0 
F 2x—y=0 


More practice, page S-8, Set 13 


Using the Ideas 











Graphing Inequalities 


Investigating the Ideas 





How many ordered pairs of whole 4 
numbers can you find which have 8 
a sum that is less than or equal 
to 5? Two such pairs are (1, 3) i 
and (4, 1) 6 
5 
4 
; 3 ¢ 
Can you mark the points 
for the ordered pairs 2 
on a co-ordinate grid? 
1 @ 
x 
0 | Ee SE SRT SEY HR BAS 


Discussing the Ideas 


1. The set of all ordered pairs of whole numbers whose sum is less 
than or equal to 5 is the solution set for the inequality x +y = 5 
The pair (2,1) is a solution because 2 + j = 5is true. 
The pair (5,1) is not a solution because 5+ 1 = 5 is false. 
How many ordered pairs are in the solution set 
for the inequality x + y = 5? 


2. The graph at the right shows 

the set of all ordered pairs 

of whole numbers (x, y) such 

that y < 4. Any ordered pair 

in which the second number is 

less than 4 is a solution for 

this inequality. 

A What does the graph of x < 4 
look like? 

B What pairs (x, y) are in the 
solution set for x < 4 and 
y<4? 





Using the Ideas 


1. Draw graphs of these y 
inequalities. The 
replacement set for 
x and y is the set 
of whole numbers. 


Xe Vat 

Xeae2y ='5 

xt 5 

Vis 

Xe Osan Vi O 

XV Se 
x<4andx+y</7 
x+y<4andx+y <8 


SND GT CG SG) cee 


zronrnmoodsess Pp 
fo) 
nm 
@) 
pas 
on 
rep) 
NI 
foe) 
o 
3 


2. Write an inequality for the set of points 
shown on each graph. 


A B 





» 3. Draw a graph of all ordered pairs of whole numbers 
‘ancy sucn thal 2 <x Gand sea Vy. =) 7. 


%* 4. Draw a graph of all ordered pairs of whole numbers 
x and y such thatx=5and4=y=9. 
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REVIEWING THE IDEAS 


1. X={0, 2, 4,6} and 
Y=7081,2.3,.4,070; 
A |Is2 € X? cls iOsEenXe 
B Is6 € Y? bp) IsXtGey? 


2. Study the Venn diagram, then 
decide whether each statement 
is true or false. 





An ileGoR 
Be LGass 
c J UR=R 
p°-Sin T=¢ 
ECR @ =F 


3. A= {1,2,3,4}, B= {2, 4,6, 8}, 
and C = {1,3}. Find the elements 
in each of the following sets. 
AAUB GaA tUeC EBUC 
BANNB De AuiiiG F. BaacC 


4. Draw a Venn diagram which shows 
the relationships between the 
three sets in Exercise 3. 


5. Evaluate (n + 7) + 4 when n= 17. 
6. Evaluate 5(x?+ 1) when x = 3. 


7. Find the solution set for each 
open sentence. Use {0, 1, 2, 3, 
4,5,6, 7, 8,9, 10} as the 
replacement set. 
A x+17=26 
B 6n= 48 


Ci xXear4 
Oo yo2e 9 


8. Is x: 1 =x a generalization for 
the set of whole numbers? 


9. Solve the equations. 
A 10+ (n—7) =10 
B 5(4—x)=5 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Give the correct number for each |||. 
A 3r+ 8r=lllr 8 17m—8m=|lllm 


Give the correct number for each ||ll| 
in the equations. 


A 5x + 6x = 44 Bp 6x=> 2x=220 
IIx = 44 lx = 20 
x = Ill x = Ili 


Write an equation for this flow chart. 






Solve the equation for Exercise 12. 


Write and solve an equation for this 
problem: 
A certain number is added to 5 and 
the sum Is multiplied by 4. The 
product is 48. What is the number? 


Using {0) 1.2) 37475).0r ie, Oa Ot 

as the replacement set, find the 

solution set for each part. 

A X-=.8.a0nd xX 5 6: xX =.0 OFX 

Bx <—20rnxei9e8 0 3=xX=6d 

A Complete the Function Rule 
function table. 

B Draw a graph 
of the function. n 





n2=3 
f(n) 
i 
i 
I 
Hl 
















— 








WOW} Mm 


Draw a graph of the equation 
2x— y= 1. 


Graph the ordered pairs of whole 
number (x,y) such that x = 4 and 
¥ 3. 


‘TEST YOURSELF 

| 4. C= {0,1,2,3} and 
DaU657) | 

A List the elements in C U D. 

Bs List the elements in C 1 D. 


. Give the number for the ||. 
a lfx=4, thenx+7=|[l]. 
B lfy=7, then 2y—5=|[. 


. What is the solution set for 
the open sentence x < 5? 


eG Write and sole. an et uaton for 
/ this problem: 


If 3 is subtracted froma 

certain number and the differ- _ 
ence is multiplied by 8, 

the product is 16. vine is 

: the number? 


. Suppose the replacement set is 


10. 4.2,.3.4.5.6.7,.8,.9,10). 
what is the solution set for each 


_ part? 


The replacement set is 


< 
40, 1, 2, 3, 4. 5, 6. 7.8.9, 10). Ax<3o0rx>8 cx=6 


 BxX>4andx<9 bp x> 10 
. Solve the equations using the 


set of whole numbers as the : Complete the 
replacement set. | : function rule 


4a 5) 4 table. 
s 9+ (x— 3) =9 


metion Aule 





. Solve the equations. The replace- 
ment set is the set of whole 
numbers. 


A 5x + 2x = 35 B 9x—x=56 


10. Give the missing numbers in the 
chart: _ table for the equation 3x + y= 12. 


. Write an equation for this flow 


EAR IRBESEAES 
wenn 





Multiply Subtract 46 
by 9 8 


RESEARCH PROJECTS 





A_ The Fibonacci sequence 1, 1, 2, 3, 5, 8, B One application of set theory and 
13, 21,..., has many interesting logic involves switching networks. 
properties. Find some of them and Read about these, and make and 
make a report to the class. (See interpret some of your own. (See 
MATHEMATICS, A Human Endeavor by Mathematics and the Modern World 
Harold R. Jacobs; San Francisco: by Mario F. Triola; Menlo Park, 

W. H. Freeman and Company, 1970.) California: Cummings Publishing 
Company, 1973; Addison-Wesley.) 
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7 ‘OPOLO IGICG CAL PUZZLE 


Topology is a kind of geometry which concerns those 
properties of figures which are not changed when the 
figures are twisted, stretched, or deformed in any 

way except by cutting or tearing. The figure below can 
be used for an interesting topological puzzle. 















15 Cn as 


2cm 





10: ¢m———— 





Cut out a shape like this from a strip of paper. 
(The dimensions do not have to be exactly the same 
as shown.) 






It is easy to put the END through the hole in the 
strip to form the shape below. 










Here is the puzzle: 
Try to make the strip look like this when the END 
is first taped to the edge of a table. 







1, W012 5.7); 11, NS oa gag oo 3. {0,1, 2.3.4} 
YOURSELF 4.4 x=6:8 x=3 S.A X=5, Bx s.7 6. 9x. — ae 46 
Answers ids CX 33) 16. x = 5 8. a {0,1,2,9,10}: 9 15.6.7.8): 
e {0,.1.2,3,4,5,6}, > 9. a 33:8 61:6 97 ae - 

10 A6:83:c0 ia 
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UNIT E: /ntegers 
MODULE 3: Number Theory 








OBJECTIVES: : 

After completing this aodule: you oe be able to: 

1. List the factors of a number. ve oh 

2. Identify prime and composite numbers. Eo ee 

3. Find the prime factorization of a composite ve ae 
number. eeu 

4. Determine the greatest common factor of two 

numbers. 

Give the least common nalts of two epee 

Use the divisibility rules for 2, 3, 4, 5, and 9. 7 

Find several terms of a sequence, given the 

pattern or rule for a sequence. 


ere 


Soa 


: 
\ 


ee 


Factors 
Investigating the Ideas 


lf a, b, and c are whole numbers and a: b=c, 
then a and b are factors of c. 

2 and/ are factors of 14 because 2-7 = 14 

1 and 14 are factors of 14 because 1-14 = \4 


No other whole numbers are factors of 14. 
The set of all factors of 14 is {1, 2, 7, 14} 


Can you find the set of all factors 
of each whole number from 1 through 20? 


Discussing the Ideas 








1. What number is a factor of every number? 
2. Which numbers from 1 through 20 had six factors? 


3. Which numbers from 1 through 20 had only two factors? 


4. a Is every whole number 
a factor of zero? 


B Is zero a factor of 
any whole number? 





Which one? 
5. a ls 43 a factor of 731? Why? 41s 
B Is 17 a factor of 918? ! fe ; : 
Explain. Se 
a 
c Is 17 a factor of 497? —G 
Explain. 
29 
6. The division shows that 29)8 43 
29 is not a factor of 843. 5°8 
Can you decide if 29 is a 2.6.13 
factor of 841 without 2° 67 
dividing? Explain. 2 
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aang 


* 7. 


* 8. 


* 9. 


Using the Ideas 


. Solve each equation. 


A 1:x= 84 c 3:z= 84 E 6:s= 84 
B 2-y= 84 Dp 4-r= 84 F 7-t=84 


. Use the results of Exercise 1 to list all the factors of 84. 


. The whole number 9 has exactly three factors: 1, 3, and 9. Find 


a number smaller than 9 that also has exactly three factors. 


. Find the smallest number with exactly four factors. 


. Give the set of all factors of each number. 


A 70 B 66 c 48 pb 150 E 420 


. Use division, if necessary, to answer each question 


yes or no. 
A l|s 7a factor of 91? D Is 89 a factor of 3115? 

B Is 12 a factor of 148? E Is 123 a factor of 1371? 
c Is 37 a factor of 111? F ls 143 a factor of 1001? 


The number 6 is called a perfect 
number because the sum of its 
factors other than itself is 6: 

i 2c = O. 

A Another perfect number is found 
between 20 and 30. What is this 
number? 

B Another perfect number is found 
between 495 and 500. What is 
this number? 


A number is known to have 2, 3, and 5 
among its factors. Give five more 
factors of this number. 


A The number 1365=3:-5:7-13 
has 16 factors. What are these 
factors? 

B The number 2310 has 32 factors. 
What are these factors? 
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Prime and Composite Numbers 


Investigating the Ideas 


The set of whole numbers can be 

separated into different subsets according 
to the number of factors each number has. 
The table at the right shows that 0 has 
every whole number as a factor. The 
number 1 has only one factor. Numbers 
such as 2, 3, and 5 have exactly two factors. 
Other numbers have more than two factors. 





How many numbers less than 80 
Can you find that have exactly 
two factors? 











Discussing the ideas 


1. The whole numbers which have exactly two factors 
are prime numbers. How many prime numbers are 
there that are less than 80? 


2. Is 57 a prime number? Why or why not? 


3. A whole number, other than 0, 
is composite if it has more 
than two factors. 

A Which numbers in the table 
are composite? 
B Which are prime? 








Geel 


4. a |Is 0 either a prime or a composite number? 
B Is 1 either a prime or a composite number? 


5. Are there any even prime numbers? 


6. Which numbers in the set below are not prime numbers? 
{75 17; 20, 374 bl eGl el 81 e oe, 
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Eratosthenes, a Greek mathematician 
who lived over 2000 years ago, invented 
a ‘‘sieve”’ for finding prime numbers. 
The exercises below illustrate the 
Sieve of Eratosthenes. 


1. Make a table of whole numbers 
1 through 100 in six columns. 


2. The first number, 1, is not prime. 
Mark it out. The number 2 is the 
smallest prime. Circle it. Then 
strike out all other numbers that 
have 2 as a factor. What is the 
first number greater than 2 to 
eliminate from the table? 


3. A 


Using the Ideas 








Circle the first number after 2 
that has not been eliminated 
before. What prime number is it? 
Now strike out all the numbers 
that have 3 as a factor. Some 

of these numbers will have been 
eliminated before. What is the 
first number to be eliminated 
from the table twice? What are 
the prime factors of this number? 
What is the first ‘“‘new’’ number to be eliminated 
from the table? 

What is the next number larger than 3 that has not 
been eliminated from the table? 









7 8 9 10 11 42 
13 44 1 76 17 36 





Circle the number 5 in the table, for it is prime, 
and then strike out each of the numbers that has 5 
as a factor. 

What is the first new number eliminated from the 
table this time? 


5. Continue the process above until you reach a point 
where no new number is eliminated from the table. 
The numbers remaining are the primes less than 100. 


* 6. Extend the sieve to find all primes less than 500. 


A Short Table of Primes 


Investigating the Ideas 


The table below gives the first 199 prime numbers. Can you use the 

Using this table, you can find that the 43rd prime table of prime 

is 191, for it is found in the row headed ‘‘4” and numbers to help 

the column headed ‘'3.”’ you complete the 








chart below? 
























































































191 471 1911.23 
Qand100 | il 
701 | 1031) 107) 109 
149 | 151 | 157] 163 100 and 200 il 
197 |i 1994211] 223 | 227 200 and 300 Il 
257 | 263 | 269 | 2711 277 
313 | 317 | 331 | 337| 347 300 and 400 Ih 
379 383 389 397 401 400 and 500 Il 
439 | 443 | 449] 4571] 461 
499 | 503 | 509 | 521 | 523 500 and 600 Kil 
571 | 577 | 587 | 593] 599 
619 | 631 | 641 | 643 | 647 |) 1689 600 and 700 Hi 
683 | 691 701 KO TWAS | Ve 700 and 800 Il 
757 | 761 Lu7eo urza 1. 187 | 797 
811 827 | 829 | 839 | 8531 857 | 859 800 and 900 Ih 
877 | 8811 883 | 887 | 907] 911 | 919 | 929] 937 
947 | 953] 9671 971 | 977 983 | 991 | 997 | 1009 900 and 1000 it 
1019 | 1021 | 1031 | 1033 | 1039 | 1049 | 1051 | 1061 | 1063 1000 and 1100 HI 
1087 | 1091 | 1093 | 1097 | 1103 11109 11117 | 1123 | 1129 
1153 | 1163 | 1171 | 1181 | 1187 11193 | 1201 | 1213 | 1217 1100 and 1200 Hl 











Discussing the Ideas 
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. Between which pair of numbers in the chart did the 


greatest number of primes occur? How many? 


. What was the least number of primes occurring 


between any pair of the numbers in the chart? 


. Using the table of primes, find the following: 


A 125th prime c 147th prime E 80th prime G 127th prime 
B 11th prime D 53rd prime F 182nd prime H 155th prime 


Using the table, determine the relative position of each of the 
following primes. EXAMPLE: 89 is the 24th prime. | 


A 431 B 719 c 101 D 607 E 1181 F 523 G157 


*c Show that the prime 1217 does not have 


Te 


x10. 


Using the Ideas 


. Use the table of primes to find the following: 


A 22nd prime B 41st prime c 75th prime D 92nd prime 


. Is 279 a prime? If not, list all of its factors. 


. Using the table, give the relative position of each prime. 


A 311 B 461 Cas il Dp 659 E 1213 F 991 


. Which numbers in the set {1, 13, 113, 1113} are prime? 


. Which numbers in this set are prime? 
e101, 2077307, 401,501, 601, 701, 801, 90.1. 1001, 1101, 1201} 


. Pairs of primes, such as 11 and 13 or 29 and TAL. 7 





31, are called twin primes because they have : 
a difference of 2. List all the whole 


A List all the pairs of twin primes that are numbers that are 






less than 100. less than 60 and 
B How many pairs of twin primes are there have an odd number — 
between 1000 and 1100? of factors. What 


property does the 
set of numbers have? 





a twin. 





There are three consecutive odd numbers which are prime. 
What are these numbers? 


. The three primes 11, 13, and 17 are three consecutive primes. 


They have the form p, p+ 2, and p+ 6 where p stands for a 
prime. Find another set of primes with this form. 


. For each input number n, the function machine 


multiplies the input number by 1 less than the Riiwtion fale 
input number and then adds 11 to the product. n(n—1) +11 
A Copy and complete the function table. 
B Are all of the output numbers f(n) 


prime numbers? 
3 





Using the function rulen (n—1) +17 
and the input numbers 1 through 20, 
find the numbers for f(n). In each 
case, do you get a prime number for 


f(n)? 



































Prime Factorization 











Investigating the Ideas fs i ‘ehh i 
The factor tree at the right shows that 48 a Sim Amro 
can be expressed as the product 2:3:2:-2-2. \ / * uf 
9 Can you complete these other factor trees for 48? iNet 
are te it ato aki aN als ayia iy cian ey «5 
a cr Air gt il a | 


NaS need Wee FO N08, ih 
yao Sar 


48 


Discussing the Ideas 


1. a Are all of the factors in the top row of each 
factor tree for 48 prime numbers? 
B Except for the order in which the factors occur, 
are the same prime factors found in the top row 
of each tree? 


2. The factor trees illustrate an important theorem in 
mathematics called the Fundamental Theorem of Arithmetic. 
It is also Known as the Unique Factorization Theorem. 


Make a factor tree for 36. What are the prime factors of 36? 





3. When a number is written as a product of prime numbers, we say 
that we have given a prime factorization of the number, or that we 
have factored the number completely. Give the missing number 
for each ||| so that a prime factorization of each number is found. 


a 14=2.-|lll p 8 =2-2- lll G 42=2-3. lll 
B 20=5-2- lll —E 18=3-2. ll H 27=3:°3 - lll 
© 26=2 Il F 30=2-3 - lil 1 44=2-2. lll 


4. Factor each number completely. Use a factor tree if necessary. 
A 60 B 42 ce 140 db 300 E 625 
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* 5. 


* 6. 






Using the Ideas 


. Complete each factor tree. 


a ili - til - Ih B iil - inh - ih - il efi ih ~~ I 
Nae tees aly Ne 
5 - 15 10mg 4 | apap roeaapae 
awery bs ae £ sian 
75 40 225 
. Factor each composite number completely. 
(Ne hs’ ¢ 22 E 50 G 45 1 81 K 66 
B 12 Dp 39 F 70 H 16 J 60 t 100 
. Each composite number is written as the product of two factors. 
Use these factors to help you give prime factorizations of the 
numbers. EXAMPLE: 140= 4 - 35 
Me ah 
140=2:2-5-7 
A 98=2.-49 E 196=14-14 § 240=15-16 
B 63=9:-7 F 150=10-15 J 189=9-21 
c 60=6-10 G 1382=— 11" 12 K 144—16-9 
D 11562212613 H 72=—9:°8 L 490= 10-49 
. Use exponents to give the prime factorizations of the numbers. 
For example, 36 =2 :2 -3-3=2? -3?. 
A 24 pd 81 G 120 J 484 mM 441 
B 72 E 216 H 48 K 288 N 612 
C750 F 1000 1 108 Lees o 1089 


The flow chart below can help you find the number 
of factors of any composite number. 








a mugoibemaeqerepe beret eo 
{1, 2,3, 6,9, 18} 





Give the number of factors of each number. Aral 

AeA en3, pee 2°232 oO] 

B30 25-35 ' E 1000=2°-5? ae 

Cc 100 22-52 Be A002 774145 -13) 1. Divide the figure into three 


pieces that are exactly alike. 
2. Divide the figure into four 
| pieces that are exactly alike. 


List the set of all factors of the 
numbers given in Exercise 5. 


More practice, page S-8, Set 14 E-69 


Greatest Common Factor 
Investigating the Ideas 


Jody's desk top is a rectangle 84 centimetres 
long by 56 centimetres wide. She wants to 
cover the desk top exactly with squares. 

Of course, 1 by 1-centimetre squares could 
be used or 2 by 2-centimetre squares would 
work also. 


What is the largest size square that could 





be used to completely cover the desk top? 





Discussing the Ideas 


1. Peggy said, ‘The squares that fit must have sides 
whose lengths are factors of both 56 and 84.”’ 


A List the factors of 56. 
B List the factors of 84. 


c What are the common factors of 56 and 84? 
Db What is the largest factor common to 56 and 84? 





2. The greatest common factor (GCF) of two numbers is the 
largest number that is a common factor of both numbers. 











Study the information The set of factors of 18: A= {1,2,3,6,9, ae 

at the right. The set of factors of 24: B= it 2,3, 4,5, 8, 1 
The set of common 

ies ie ta factors of 18 and 24: AN B= 4, 2,3;61- 
: . __ The GCF of 18 and 24 is |). 








3. To find the lowest-terms fraction for a given fraction, 
divide the numerator and the denominator by their GCF. 


18 The GCF of 183-6 223 Lowest-terms 


EXAMPLE: 5, 18 and24is6. 924=6 4 “™ fraction 


What is the GCF of the numerator and denominator of 
each fraction? 
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Using the Ideas 


List the set of factors of 12. 

List the set of factors of 18. 

Find the intersection of the sets in Parts a and B. 
What is the GCF of 12 and 18? 


oo B Pb 


List the set of factors of 36. 

List the set of factors of 54. 

Find the intersection of the sets in Parts a and B. 
What is the GCF of 36 and 54? 


00 8B Pp 


3. Find the GCF of each pair. 
A 12, 20 Ce2t, 56 Ee 12 91'6 G 14, 63 im 34, 51 
B 8,18 Dp 30, 45 F 20, 30 H 24,72 J 180, 250 


4. What is the GCF of the numerator and the denominator 
of each fraction? 


A te B 


=_ 
a 


48 
F 7420 
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5. If the GCF of two whole numbers is 1, we say that the numbers are 
relatively prime. Using this definition, decide which pairs of numbers are 
relatively prime. If the numbers are not relatively prime, give the GCF. 

A 4,15 Cabs E 20/33 G 26, 51 § 249, 303 
Bul 5.1.8 p 14,15 F 33, 144 H 87, 74 Jge2ie 247 


6. The examples show how prime factorizations can be used 
to find the GCF of a pair of numbers. 





EXAMPLES: 
[a] 20=2-2-5 60 = lenudks 6 9 eee 
28=2-2*7 106 = a3 ay ee La 
l ' 
GCF= 2-24 GChSi2°3=6 


Give the GCF of each pair. 
A 30=2:3:°5 D231 02 Sr oa 





105=3-5°7 858 = 2-3-11-13 

B 44,952 -41 E 540 = 22-33-5 ° 
42=9.3-7 90 =2-32-5 

© 14=2:7 F 55125= 32-53-72 


84=2-:2:3°-7 BAZ O30 2a 88 koe oe 


More practice, page S-9, Set 15 E-71 


The Euclidean Algorithm 

Investigating the Ideas 
If you wish to find the GCF of two rather large numbers, 
you may find the problem difficult. The flow chart below 
shows the steps of the Euclidean Algorithm, a method which 


simplifies the problem of finding the GCF of two numbers. 


EUCLIDEAN ALGORITHM FLOW CHART 


Can you use the Euclidean Algorithm Flow Chart 
to find the GCF of 1104 and 2507? 





Discussing the Ideas 
1. Explain how to use the flow chart when a= 12 and b= 8. 


2. What is the GCF of 12 and 8? Did you get this number 
as the output number for the flow chart? 


3. The repeated division at the right 3 
shows a shortcut way of arranging [a] 84)308 
the division problems in order to ay 
find the GCF of 84 and 308. 56 ae : 
A Explain what was done in each [e] 28 )56 
step. : 56 
B What is the GCF of 84 and 308? Tr) 


4. Find the GCF of 141 and 376 
using the Euclidean Algorithm. 


E=-/72 


Using the Ideas 
. Find the GCF of each pair by using the Euclidean Algorithm. 


A 14, 210 ‘ p 135, 351 G 368, 80 J 475, 1501 
B 184, 69 EP0,1925 H 259, 888 K 7560, 1232 
¢ 115, 391 F 64, 128 1 2599, 2825 L 38 127; 31 737 


. Prove that 340 and 819 are relatively prime; that is, 
show that their GCF is 1 using the Euclidean Algorithm. 


. Any two consecutive whole numbers such as 8 and 9 
or 342 and 343 are relatively prime. 
A What is the first remainder using the Euclidean Algorithm? 
B What is the second remainder? 


. Are 1001 and 100 001 relatively prime? What is their GCF? 


. There are 256 seventh grade students 
at Edishtron Junior High School. There 
are 224 eighth grade students in the 
school also. The principal of the . 
school arranged the homerooms so that 
both grades have the same number of 
students in each homeroom. Furthermore, 
the number of students in each homeroom 
is as large as possible. 


B How many homerooms are needed? 





Inu 


1. A student chooses a whole number between 1 and 1000. You are to 
discover the chosen number by asking ten or fewer questions of the 
student. The questions must be stated so that they can be answered 
by Yes or No. Can you find the number? 


2. How many questions would you need to find any whole number less 
than a million by asking Yes or No questions? 





E-/3 


Least Common Multiple 
Investigating the Ideas 


Suppose two satellites, Alpha (A) 
and Beta (B), are orbiting the 

earth. Satellite Alpha makes 

one complete orbit in 90 minutes 
and Beta makes one complete orbit 
in 120 minutes. The illustration 
shows the present position of 
Alpha and Beta. 








Can you find how many minutes it 


will take for Alpha and Beta to get 
back together in the same position? 





Discussing the Ideas 
1. Explain how you found your answer to the Investigation question. 


2. Marty said, ‘| counted 
multiples of 90 until 
| reached a multiple of 
120.’’ What number did 
Marty find? 





3. Marty found the least common multiple (LCM) of 90 and 120. 
It is the smallest nonzero common multiple of two numbers. 
Study the eel below. Give the number for the |||). 


Set of nonzero multiples of 8: = {8, 16, 24, 32, 40, 48,5 56, 64,. 
Set of nonzero multiples of 12: = {12, 24, 36, 48,60,.. .} 


Common nonzero multiples of 8 and 12: 4 A B= {24, 48,...} 
The smallest nonzero common multiple of 8 and 12 is |. 
‘The LOM of 8 and 12 is a 





4. Study the example and then find the LCM for the pairs 
of numbers below. 


EXAMPLE: Find the LCM of 8 and 10. 
Nonzero multiples of 8 — {8, 16, 24, 32, 40,48,.. .} 
t 


40 is the first nonzero 


A 6 and 15 B 12 and 20 c 9 and 12 multiple of 8 that is 
also a multiple of 10. 


The LCM of 8 and 10 is 40 
E-74 


Using the Ideas 


1. A List the nonzero multiples of 6 that are less than 72. 
B List the nonzero multiples of 20 that are less than 80. 
c List the set of nonzero common multiples of 6 and 20 
that are less than 72. 
pb What is the LCM of 6 and 20? 


2. Find the LCM of each pair of numbers by thinking about 
multiples of the larger number until you reach a nonzero 
multiple of the smaller number. 
EXAMPLE: Find the LCM of 6 and 8. 
Nonzero multiples of 8 > {8,16,24,...} 
The LCM of 6 and 8 is 24 
A 4,6 (lads Wide shall © le G 8, 10 One) 
B 6,15 De dO, (15 F 8, 20 H 10, 16 Jl 24 


3. To find the LCM of 2, 3, and 5, first find the LCM of 3 and 5 
(which is 15). Now find the LCM of 2 and 15 (which is 30). 
The LCM of 2, 3, and 5 is 30. Find the LCM of each group. 


A 4,6, 10 p 6, 10, 12 Gro i012 retU. 15720 
Bye 3.4 E 46,8 Hro 42.45 K 6,12, 18 
c.4) 6.9 Fe-5:.4°6 Ae: be 6 t 30, 40, 60 


4. lf the prime factors of two numbers are known, it is 
easy to choose the LCM. Study the example. 


EXAMPLE: Find the LCM of 18 and 15. 


18=2:°3°3 The LCM of 18 and 15 must contain all the 
15 = 9° 5 factors of 18 as well as those factors of 
15 which are not factors of 18. 


The LCM of 18 and 15 is 2:3-3-5=90 
Find the LCM of each pair. 


UU 
ANAS AY 2 ESS SOs) I 





14=2-7 15S 3as Two cars, A and B, travel in 
the same direction. Car A 
travels toward B ata rate of 
Oe ar 5 F 18=2-3? 
ri Bs ZAG er AW ieee = 60 kilometres per hour. Car B 


travels at a rate of 50 km/h 


AD Sh? eS Sy, Go 383 and is now 200 km ahead of A. 
Cc = : : == 





708] 295-7. 36 = 22-32 1. How many hours will it take 
A to catch B? 
eee ns, 2. How many km must A travel 
TR oe A ie : in order to catch B? 
9=3:3 54=2:°3 





More practice, page S-9, Set 16 E-75 


Some Divisibility Rules 
Investigating the ideas 


It is useful to know when one number is divisible 
by another number. 


36 is divisible by 4 because 4 - 9 = 36. 
42 is divisible by 3 because 3 - 14 = 42. 


However, 15 is not divisible by 4 Also, 27 is not divisible by 6 
because 3 because 4 
4)15 6 )27 
12 24 
3 ao 


Can you decide which of these numbers are divisible by 9? 


A 126 B 2483 c 7696 D 828 135 





Discussing the Ideas 


1. Using the equation 7 - 23 = 161, you can say that 
“161 is divisible by 7,” or ‘‘7 is a divisor of 161,” 
or ‘7 is a factor of 161.”’ 
What similar statements can you make regarding the 
numbers 23 and 161? 


2. There are some simple divisibility rules that you 

may already know. 

A How can you tell whether or not a number is divisible by 2? 
How can you tell whether or not a number is divisible by 5? 
How can you tell whether or not a number is divisible by 10? 
How can you tell whether or not a number is divisible by 25? 
How can you tell whether or not a number is divisible by 100? 


moo se 





3. Study the table at the right. 
Then complete this statement: 
If a number is divisible by 3, 
then the sum of the digits of 
the number is ? . 


4. Which of these numbers are divisible by 3? 
A 421 B 7114 e705 pb 121 212 
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Using the Ideas 


polrvtiierset 442915317120 124°27;:30385 -48,-51):70;,87}, 
which numbers are 


A divisible by 2? B divisible by 5? c divisible by 10? 


. Tell whether each statement is true or false. 

A Every number which divisible by 10 is also divisible by 2. 

B Every number which is divisible by 2 is also divisible by 10. 
c Every number which is divisible by 10 is also divisible by 5. 
D 


Every number which is divisible by 10 is also divisible by 
both 2 and 5. 


. Solve the equation, then answer the question. 
1+2+3=ni: is 123 divisible by 3? 
2+1+1=n: is 211 divisible by 3? 
7+0+5=n: is 705 divisible by 3? 
7+5+6=n: is 756 divisible by 3? 
2+0+0+1=ni: is 2001 divisible by 3? 
5+5+4+2=n: is 5542 divisible by 3? 
7+8+9+2+1=Ni: is 78 921 divisible by 3? 


onmon Bw P 


. Without actually dividing, tell which numbers are divisible by 3. 
A 231 Gs 519 E 1968 G 20001 ' 1010100 
B 426 D 733 F 4440 H 72641 J 23 456 


. A number is divisible by 6 if and only if it is even and also divisible 
by 3. Which of the numbers are divisible by 6? 


A 132 c 765 E 842 G 1260 1 8088 K 3234 
B 321 D 576 F 702 H 888 J 8808 L 1968 


. Divisibility rules can help you find the prime factorization 
of a number. Study the example, then give the prime factor- 
ization of each number. 


EXAMPLE: Give the prime factorization of 402. 


SOLUTION: Since 4+0+2=6, 3is a factor of 402. 
Also, 402 is an even number; therefore, 2 is a factor. 
402 = 2-3 :67 


A 111 B 114 c 267 pb 195 E 11010 
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Other Divisibility Rules 
Investigating the Ideas 


Study the examples below to discover a rule for gute UNy: by 11. 


——— 








£03 Gaps 5=0 — 253 is dnisibie By AT sised5go39s. 23 

924 > 13 — 2=11 — 924 is divisible by 11. > 924=11- 84 

942 > 11—4=7 — 942 is not divisible by 11. 

4928 — 17 - 6=11 — 4928 is divisible by 11. — 4928 =11- 448 
25 674 > 12-12 = 0 — 25674 is divisible by 11. > 25 674= 11 - 2334 
SAI 715 — 16 — 6=10 — 342715 is not divisible by 11. 


Can you decide which of these numbers are divisible by 11? 
A 748 B 407 c 4721 bp 98 626 E 804716 


Discussing the Ideas 

















1. What is the divisibility rule for 11 illustrated by 
the examples in the Investigation? 


2. If anumber is less than 100, you can quickly decide by using 
direct division whether or not this number is divisible by 4. 
100 is divisible by 4 because 4 - 25 = 100. 
Every multiple of 100 is also divisible by 4. 
Study these examples: 104= 100+ 4 — 104 is divisible by 4. 
114= 100+ 14 — 114 is not divisible by 4. 
224 = 200 + 24 — 224 is divisible by 4. 
3936 = 3900 + 36 — 3936 is divisible by 4. 
A What divisibility rule for 4 do the examples suggest? 
B Is 728 divisible by 4? Is 2650 divisible by 4? 


3. The rule for divisibility by 9 is much the same as the rule for 
divisibility by 3. Study the table of information. 





A State a rule for divisibility by 9. 
B Is 279 divisible by 9? Is 1663 divisible by 9? 


E~7&5 





Using the Ideas 


1. Which of the following numbers are divisible by 11? 
Verify by actual division. 


A 9394 c 8251 E 8250 G 71577 1 437 404 
B 8371 D 8252 F 3465 H 395 824 J 437 415 


2. Which of the numbers are divisible by 4? 
A 204 c 626 E 996 G 332 1 344 K 7112 
B 740 Dp 1148 F 116 H 443 J 3008 £46152 


3. A If a number is divisible by 12, is it also divisible by 4? 
B If a number is divisible by 12, is it also divisible by 3? 
c If a number is divisible by 3 and also divisible by 4, is it 
necessarily divisible by 12? ; 


4. Which numbers are divisible by 12? 
A 324 B 216 c 448 dD 720 E 468 F 678 


5. Which numbers are divisible by 9? 
A 414 c 7001 E 16164 G 441 ' 3244617 
B 3153 pb 8001 F 809 H 123 456 J 38 496 


* 6. Most divisibility rules for 7 are complicated. The flow 
Chart shows the steps for one such rule for 3-digit numbers 


only. Study the flow chart and the example. 
Is the sum \ Yes 
divisible 
by 7? 
No 















Add 3 times 
the tens’ 


Add the 
units’ 






Multiply the 
hundreds’ 
digit by 30 


The input is 
divisible by 7 








Use the sum as The input is not 
the input number divisible by 
e{aioo | Saree) 
Shae 169 
Since “2 is divisible by 7, 
EXAMPLE: 1 2 6->6= og "4 the number 126 is divisible by 7. 
Which of these numbers are 


divisible by 7? 

A 246 D 647 G 973 
B 222 E 595 H 861 
CVGi3 F 196 1 241 
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Sequences 


Investigating the Ideas 





Study the sequences at the right. 
Try to discover a pattern for 
each of them. 


teat 1G, 1a, 
$2 6944 90.5 


Pie ONT, 26S 


Can you find the next 


V3.0 ie oly 
three numbers for any of 


these sequences? 


[=] [=] fo] f=) PI 





23: 101, 290, 43) 4 010. > 








Discussing the Ideas \ 
1. What pattern did you find for sequence A? 


2. Explain the patterns for sequences B through E. 


3. The terms of the sequence are the numbers of the sequence. 
We speak of the first term, the second term, the third term, 
and, in general, the nt’ term of the sequence. 


ae annle | st nd 3d 4th 5th : nth 
l { { l | { 
Sequences <1" =! (OS 9 O84) fe go ot eae ee Cee 


In the sequence above, the rule for the n'* term is 2n — 1. 
Thus, ifn =4, then2:-4 —1= 7. (The 4" term is 7.) 
ifn =6, then2-6 —1=11. (The6' term is 11.) 


A What is 7'" term of the sequence? 
B What is the 10" term of the sequence? 
c What is the 11" term of the sequence? 


4. The rule for the nr term of a sequence is 5n — 4. 
Use the rule to give three more terms of the sequence. 





{st Dnd 30d 4th 5th 6th 

l | { l l l 
= 5-2 — 4 ea o » MM iI 

1 5.3 6) cos? GUTS Saal oy © iba 


Using the Ideas 


1. Give the next three numbers for each sequence. 
ro ihs Sita oleae CUM Pars, 16, 
Beet O@100: 1.000.928: DPOF 711815) 19.2, 


2. Give the 4'", 5», and 6". terms of each sequence. 
Use the rule for the n‘ term. 





10, IN . TM. IM 


y) 
uj 
(n +1) 

Seer 1 3 by S| ren | Bias Me encase 

5 

omens 1 4 STM oA A | eh i 

re ) 

D 2 ieee Gece aie oA iss iad td. AN 14st 2 





3. Write the first five terms of the sequence whose n* term 
ison. 


4. Write the first five terms of the sequence whose n" term 
is 0 if nis even and 1 if nis odd. 


* 5. What is the rule for the n* term of each sequence? 


Reo: O59 N12. ees Celi 282 370 49d 5 
Bee Oo 84.c0 ee D Tap, 20a: 
* 6. The Fibonacci Sequence, 1, 1, 2, 3, 5, 8, 13, 21,..., is 


a famous sequence that has many interesting properties. 
A Give the next four numbers of the sequence. 
B Can you explain the rule for the n term of the sequence? 


UAT 
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SQUARE NUMBERS 


1. The sequence 1,4,9,...,m’,..., is a Sequence 
of square numbers. The first three square numbers 
are represented by the arrays of dots. Give the next 
four square numbers and draw arrays of dots for them. 


* = © 
. © 2s © 


ee Qi A 32=9 
2. Study Figures A through c. 
[4] [e] 
a be 
=e E £ 2 e s * 
1=1? 1+3=2? 14375=—3' 


Draw square arrays of dots for the next three square numbers 
and write addition statements for each square. 


3. Solve the equations. Try to avoid computation by 
using the pattern established in Exercise 2. 
aA1+3+5=n | b+ 37577 Fo Sn 
B1+3+5+/7=n E-1+0.+-54 7-4-9 11213 +15 1h 9: n 
€¢14+93975+7+9= nA wF 14+345+74-..4+954+97+99=n 


4. Figures a through E show that we may think of the square 
numbers as the following sums: 


a G ay Ae yee 
& 
we 


& Ze v4 i 
py S Lf Jf 7 a / 7 7 /t 7s ? A 7 ; 
yot a ye fy F ga Se ee ee Ts ted eae \ 

Bm ve fe ae ye et jt Ay pA AA AAS 
7 Ue 7 7* 7% VS Ae AOS es IEG OE 
gE a. 78 se 3 - vy? p* /@ 7 /é 7é 7? 7 Pp 7 
fee tg A 8 FE REE ae: gt AR 

EF # Fg 78 eck _* AS 
=> 2 r4 
14-9419 dhe was 
4K - 


123 HOt be 32 


A Write similar addition statements for the numbers pictures in Figures DandE. 
B Write 64 as a sum. ¢ Write 100 as a sum. 


5. Find the square number for each sum. 
A14+2+34+44+5+6+5+44+3+4+24+1='lll. 
B1+2+34+44+54+6+74+6+5+4+4+34+2+1='ifll. 
© 14+24+34+4+4+54+64+7+84+9+84+7+64+54+44+34+24+1=|f. 
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Triangular Numbers 


1, 


. This function machine produces 


The sequence of triangular numbers is the sequence 
whose n* term is mn The first three triangular 
numbers are represented by these arrays of dots. 


1 3 6 


Give the next four triangular numbers and draw arrays 
of dots for these numbers. 


. Give the next ten triangular numbers for the set {1,3,6,10,.. .}. 


. Each triangular number greater than 1 is the sum of 


consecutive whole numbers beginning with 1. 


1 Foe. 6 ; 10 ; 
(1 + 2) (1+2+3) (1+2+3+4) 


Represent the next four larger triangular numbers as the sum 
of consecutive whole numbers. 


. Every square number greater than 1 is the sum of two consecutive 


triangular numbers. The examples below illustrate this. 


14+3=4=2? 3+6=9=3? 6+ 10 = 16 = 4? 
A Express each number 25, 36, and 49 as the sum of two 
triangular numbers. 
B Express 100 as the sum of two triangular numbers. 


triangular numbers. Find f(n) 
for each number in the table. 





10 | 20 | 100 | 1000 


s[a[ aa T 
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A Particular Sequence 
Investigating the Ideas 


The sequence S given below has some interesting properties 
that you will study in this lesson. 


os: 1, 4,7, 10,13, 16,19) 24) 26) 26.09 le ose es ee 


Can you list all the numbers in this 


sequence that are less than 150? © 





Discussing the Ideas 


1. The flow chart below can help you find any term in sequence S. 





10 3-10 30 3 28 The 10'* term 
in sequence S 


A What is the 16" term in S? 
B What is the 20" term in S? 
c What is the 100" term in S? 


2. This flow chart can help you decide whether a given whole 
number is found in sequence S. 





Use the flow chart to decide which 
of these numbers are terms in S. 


A 70 B 116 Cc 213 D 997 E 4132 


~ 


3. If you choose any two numbers in S, do you think their 
product is also a number in S? 
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r 4. 


k 5. 


x 6. 


Using the Ideas 


. Find the designated term in sequence S. 


A 8" term c 50" term E 105" term 
B 26" term D 82™ term F 1000" term 


. Is the given number a term of sequence S? Use the 


flow chart in Discussion Exercise 2 to help you decide. 


A 127 c 250 E 306 G 888 1! 1002 
B 168 Dp 481 F 762 H 1001 J 1003 


. Each number below is a number from sequence S. List 


all the factors of the number which are also numbers in S. 


ExaAmMPLe: 40 Factors in S: {1, 4, 10, 40} 
A 28 cri10 E 70 G 25 52 
B 16 Db 34 F 76 H 100 J 91 


Suppose we call a number from S which is greater than 1 
and which has exactly two factors in S an S-prime. Then 
4 is an S-prime because 1 and 4 are the only numbers in 
S that are factors of 4. 


A Is 10 an S-prime? © pb Is 16 an S-prime? 
B Is 13 an S-prime? E Is 88 an S-prime? 
c Is 25 an S-prime? F Is 46 an S-prime? 


What is the smallest number in S, greater than 1, that 
is an S-prime? 


If a number greater than 1 in S is not an S-prime, then 
it can be expressed as a product of S-primes. 


EXAMPLE: 40=4-10 (4 and 10 are S-primes.) 
208 = 4-:4-13 (4 and 13 are S-primes.) 


Express each number from S as a product of primes. 
A 15 B 88 c 70 D 52 Ee 49 


. Show that 100 can be expressed as a product of two 


different sets of S-primes. 


REVIEWING THE IDEAS 


1. Give the set of all factors of the 
following numbers: 


EXAMPLE: 24 
ANSWER: {1, 2,3, 4, 6, 8, 12, 24} 


G 75 
H 128 


A 18 
B 30 


Cree 
p 50 


Ee 16 
F 28 


2. What is the smallest number that 
has exactly three factors? 


3. Only one of the numbers in the set 
is prime. Which is it? 
190; 215.49,07, 5199147 On 97 mor aao 


4. One of the numbers in the set is 
a composite number. Which is it? 


{71, 37, 17,67; 47,69, 23; 31.40; 


5. Give the prime factorization of 
each number. 


A 54 dD 81 G 284 
B 40 E 210 H 500 
c 20 F 220 1 900 


6. Which of the following prime 
numbers have twin primes? If 
the number has a twin, give 
both numbers. 
Ae c 43 
B 23 bd 89 


E 31 
F 59 


a 97 
H 71 


7. What is the GCF of each pair? 


A 16, 24 pb 14, 35 G 6, 35 
B 20, 25 E 66, 88 H 13, 52 
Carel fF 6075 1 48, 120 


8. Find the GCF of each pair using 
the Euclidean Algorithm. 


A 168, 315 c 1763, 2021 
B 629, 851 D 2397, 3337 
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10. 


it 


12. 


14. 


15. 


16. 


17. 


18. 


a List the first 10 nonzero multiples 
of 6. 

s List the first 10 nonzero multiples 
of 10. 

c List the first four common multiples 
of 6 and 10. 

pb What is the LCM of 6 and 10? 


What is the LCM of each pair? 


A 6,8 Ex12,45*) Us 32bp3omoe 

B 5,8 F420) 4 od 22 7 BS ie 
CuO) G, Laat Ki 2nd De eS 
dD 14, 21 W418) 07 * 2 tie ae 


What is the LCM in each group? 


A 3,4,6 Do, 5,7 ec 10,20, 30 
Br3.0 46 Ee 4,6,9 H 6, 9, 27 
c 6, 8, 10 Fy 3; 425 tesli2ond 6.20 
Which numbers in the set 

194,65, 66, 1 WlaZO,222 

are divisible by 

At2? B 3? Cc 6? dp 5? 


. For each number, tell if it is 


divisible by 4. 


Av316" (Ba702 c 328 Dp 114 


What is a divisibility rule for 9? 


Which numbers are divisible by 9? 
A-127 cBe 151 2eecy6381 e-pa2s 760 


Give the next four numbers in each 
sequence. 


AA Ot Vel Go2t aay Balaeono 7 eee 


Write the first four numbers of a 
sequence whose n" term is 3n + 2. 


For each number 6, 7, 8, 9, and 10, 
tell whether it is square, triangular, 
or prime. 


‘TEST YOURSELF 
1. a Is 8a factor of 144? 
B Is 6 a factor of 266? 


- List all the factors a 20 


. Is 87 a prime number ora 
composite number? 


. Give the prime factorization 
of 140. 


. Complete the prime factorization 
of this number. 


483 = 23 - | - lll 


RESEARCH PROJECTS 


A_ A famous unsolved problem in 


mathematics, called Goldbach’s 
Conjecture, is concerned with 
whether or not every even number 
greater than 2 can be expressed as 
the sum of two primes. For example, 
24=11+ 13 and 44=31+13= 

37 + 7. Can you show that each even 
number less than 100 can be 
expressed as the sum of two 

prime numbers? 

In reply to a question about the 
definition of a ‘‘friend,’’ Pythagoras 
said: A friend is ‘‘one who is the 
other |, such are 220 and 284.” 
Mathematically 220 and 284 are 
examples of amicable numbers. 
The sum of the proper divisors of 
each number equals the other 
number. Read about the history of 
amicable numbers and see how 
many you can find. (See Number— 
The Language of Science by Tobias 
Dantzig; New York: Doubleday and 
Company, 1956.) 


10. 





. What is the greatest common factor 


of 42 and 77? 


. What is the GCF of two numbers 


that are relatively prime? 


. What is the LCM of 12 and 15? 


. Is 324 divisible by 


A 4? B 3? c 9? p 11? 


Give the next three terms for each 
sequence. 

Ao 5 6 one 4, oe: 

62.5 1047... ne 1. 


Another famous conjecture about 
primes is attributed to Edward Waring 
(1734-1793). He asserted that every 
odd number greater than 1 which is not 
a prime can be expressed as the sum 
of three primes. For example, 9 = 2 + 
2+ 5 and 27=3+/7 + 17. Show that 
Waring’s conjecture is true for all the 
odd non-prime numbers less than 

100 but greater than 1. 


Many formulas have been developed 
that give a finite number of primes. 
Read about some of these formulas 
and report on them to your class. (See 
One, Two, Three,... Infinity, by George 
Gamow; New York: The Viking Press, 
1961; Macmillan.) 

Make a chart of the whole numbers 
from zero to 100, showing how each 
number can be classified as odd, even, 
prime, composite, triangular, square, 
perfect, cubic, and so forth. Make your 
chart suitable for bulletin board display. 
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Cut out the nine pieces from centimetre graph paper 
and arrange them inside a cardboard frame as shown. 
Now try to move the large square from corner A to 
corner B by sliding the pieces. You cannot jump over 
a piece, turn a piece, or cover a piece. 
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UNIT E: Integers 


MODULE 4: /ntegers 











OBJECTIVES: 





After completing this module, you should be able to: 


T: 


vee 


DAR 


Use the basic principles for addition and 
multiplication of integers. 

Add, subtract, multiply, and divide. pairs of 
integers. © 

Write and solve inequalities. 

Give the absolute value of an integer. 

Solve equations which have integer solutions. 
Graph ordered pairs of integers for functions and 
equations. 


The Set of Integers 


Investigating the Ideas 


A Draw a number line on a strip of paper. 
Start with 0 in the middle of the strip. 

















B Fold the strip at 0. 
Punch pin holes through 
each point starting at 1. 





c Open up your strip. 


What numbers go with the points to the Label all the points you 
left of zero on your number line? can on the number line. 





Discussing the ideas 


1. The negative integers are paired with the points opposite 
each of the positive integers 1, 2,3,4,5,.... 
The symbol { (negative 1) denotes the negative integer, 
which is opposite from 1 on the number line. 
What are some other negative integers that you could name 
on your number line? 


2. The integers 1 and “1 are called opposites. 
‘1 is the opposite of ~1” and ‘‘~1 is the opposite of 1.”’ 


What are some other pairs of integers that are opposites 
of each other? 


3. Can you think of some practical uses of negative integers? 
The figures may suggest some uses. oe 





O2 
“Ze 
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. The temperature at the equator of the planet 


. Death Valley, California, is the lowest point in the 


. The lowest land point in the world 


Using the Ideas 


. Give the opposite of each integer. 


A 3 c 10 e 4 G 11 ' ~89 376 Kk ~1 000 000 
B 7 pb 100 anes! H 99 J 10000 t 10000 001 


Mars in the daytime may be as high as 29°C. 
At night, the temperature may be as low 

as 87°C below zero. What integer represents 
the nighttime temperature? 





Mars 


North American continent. It is 86 metres below sea 
level. What integer could be used to describe the 
altitude of Death Valley? 


. For each number given, indicate whether it is a positive 


integer, a negative integer, or zero. The number line 


may help you. The set of integers 





Sati Oem ee oth OO Nea eo aee OO 18 





The negative integers The positive integers 


A 7 B 6 oh Miggl pb 99 E 27 

F The opposite of 4. G The opposite of 10. 

H The opposite of the opposite of 3. &! The opposite of the opposite of ~5. 
J The only integer that is the opposite of itself. 


. Complete the sentences. 


A The opposite of a positive integer is a ? integer. 

B The opposite of a negative integer is a ? integer. 

c If the opposite of a number is a positive integer, the 
number must be a ? integer. 

D If the opposite of a number is a negative integer, the 
number must be a ? integer. 


E ? is the only integer that is neither positive nor negative. 


surrounds the Dead Sea. It is 306 
metres lower than Death Valley 
(Exercise 3). What integer gives the 
altitude of the Dead Sea? 
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Adding Integers 


Investigating the Ideas 


The examples below may suggest some ways for finding 
the sum of two integers. 














? Can you find the sum for each of the equations above? ie aan 


Discussing the Ideas 


1. When using integers to represent numbers in physical 
situations, we must agree upon the interpretation of 
positive and negative integers. 

A What agreement must be made in keeping score in 
Example a? 

B What interpretation is given to positive and negative 
integers in Example B? Example c? Example p? 


2. What addition problem Palate a 


. . UH 09-9 1-6 —- — 2 9 - i Se 
does this number-line 


a - 7 % 5 4 5 
picture show? oa 8S eaten! 08 ds ome 


3. What are these sums? Use a number line to help you. 
A5+ 4 B 3+6 c §4+4 Dat 2h 


4. Write and solve an addition equation using integers for 
this problem. Then explain your solution. 
One morning the temperature was 9°C below zero. 
During the day, the temperature rose 14°C. 
What was the high temperature? 
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Using the Ideas 


1. On the number line, jumps to the right show addition of positive integers. 
Jumps in the opposite direction (to the left) show addition of negative 
integers. Study the number lines and solve the equations. 


A -—e——__@—___¢—-___-6-____-@ ___-¢__-____@ 0 --__@ 9-9) —— -@ ———@ 5+4=n 














8+ 5=n 
eS 4 et () 1 2 3 4 5 6 ri 8 9 
D Zoratees |) -50+ 20=n 
coum a0) 40 8 730) 20) ~10 0 10 20 30 40 
oN 
ae -15+-10=n 
Some meeteacOme toa IQ ~5 0 Sem eteO. 25 
2. Draw number lines and label them so that you can show the jumps 
for each sum. Write an equation for each number line. 
ALO + S Bik c ~30+ 40 Do Tor OD E ~800 + 200 
3. Find the sums. Think about number-line jumps. 
| ie a cer +4 Etet2 4710 G7+ 8 ey ASRS ae 
B65 p 310 +7 Fi745+8 H 6+ 12 J) ei 16 
4. Find the sums. Use any method you choose. 
Kv27 Hes Dee 4 of 24) Gia See S) ee(eo mia) 
B 18+ 11 eE (94 14) +9 Hen( Scie Ol (7 1 0) 
ComelOu af Fa(cat 11) +20 Wy 41) 12 dae 3) 


5. Write an addition equation using integers for each part. 
Then solve the equation. 


A Bill had a score of 50 points c Kathy has $14. She spent $9 
in Canasta. The next game he for a pair of jeans. How 
lost 60 points. What was his much money did she have then? 


then? 
SCORE Le p Jan drove 40 km north. Then 


B The temperature was 2°C below she drove back on the same 
zero. Then the temperature * road 62 km south. How far and 
fell 8° more. What was the in what direction was she from 


new temperature? her starting point? 


Basic Principles for Addition of Integers 
Discussing the Ideas 


Since the set of whole numbers is a subset of the integers, 
the basic principles for addition of integers are much the 
same as for whole numbers. If we accept these basic princi- © 
ples, we can justify the rules used to add integers. 


The sum ofeach integer =| 
and its opposite is zero. _ 
For each integer a, 
a+0=a. 


"For each pair of integers. | 6+ 4= ae 3 
aandbat+b=btia | O43 370 a 


For each three integers : 
Associative a, b, and ¢, mal oe 3) - +3=54+ @ = -3) 
(a+b) +co=a+t (bt+e) | 8+ (444) = (8+ 4) +4 





1. If the sum of two integers is zero, each integer is 
the additive inverse of the other. 
~7 is the additive inverse of 7 because 7 + 7 = 0. 
7 is also the additive inverse of 7. 


A What is the additive inverse of 11? 
B What is the additive inverse of 0? 
c Does every integer have a unique additive inverse? 


2. The example shows how the basic 10+ -4= (6+ 4) + 4 Addition fact 
principles can be used to find the =6+ A + ~4) Associative (+) 
sum of 10 and ~4. How could you =6+0 Opposites 
use the principles to show that =6 Zero principle 
Age a B 6+9=3? 

3. Give the missing number in each (3+ -3) + (5+ 75) =|] Why? 
step of the example. Which basic (3+ 5) + (34-5) =|] Why? 
principles are used? 8 + (8 + -5) = lll Addition fact 

(“3 + ~5) = |[ll| Why? 

4. Give a reason for each step of Ii FS =e? 
the example. =e a A eal Ogee Me) ) 

= 2+0 
= 2 
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Using the ideas 


. Find the number for a. Then find the sum b. 


A 16+16=a~—16+ 16=b c -/6+ /6=a —/76+  76=b 
B9+0=a~-0+9=b D 947+947=a 947+ 947=b 


. Find the number for a. Then find the sum b. 


A4+(2+-2)=a—> 6+-2=b G (8+8)+7=a— -8+15=b 
B5+3+-3=a> 8+3=b wn 6+6+9=a—> 6+15=b 
c 44-24+2=a—- 64+2=b 144+-44+-40=a-> 44+-44=b 
Dp 5+ -4+4=a—- 9+4=b 374+7+-5=a-> 74+42=b 
—E -2+(3+3)=a—>5+3=b K 8+ -54+5=a— 134+5=b 
F7+(4+4)=a--14+4=b t 64+°94+7=a—- 15+7=b 








. Find the sums. 
| | G 87, 5 mM 15+ 8 eee eas) 
Bad t+<2 H 10+ 6 Nive ie os Sk esealie 
Gao 4a Te tae? RS er | On 1255 u 64+ 38 
dp 4+1 J af +4 P wf + 15 v 99+ ~101 
—E 6+5 KOs, a 20+ 9 w 250+ 89 
Fao 4 Le 125-10 Rigceat luli Xl Gort, 965 
. Find the sums. (Use any method you choose.) 
A 24+ (37 + ~24) DAS Haas hdapk Sans) 
B (9+ 14)+ 9 E (120+ -11)-+ (14:4:9120) 
Cl ate oel ) 20 Fat 4 1) eae) (1 4) 
. Find the sums. 
Au'6 B78 Cwid Dp 12 
wis ES ee! =< 
EDs F 24 G 6 H 9 
“ae, 12 1S oda 
ne ig 30 *| 
Pope as? LE as 
. Solve the equations. 
A /7+n=0 Dp 07 (8 +f) ——3 G (r+3)+5=0 
B 5+ (3+y)=0 —E 12+ (r+ 12) =9 H9+(3+w)= 1 
© z+4=~4 F (-2+-3)+3=s PaO Big a4 oC) 4 
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Subtraction of Integers 


Investigating the ideas 
In each equation, the 


variable n represents 
a missing addend. 


Can you find the 


missing addend in 
these equations? 





Discussing the ideas 


1. When you find a missing addend even a e 
in an addition problem, you have pes aie 
found the difference for an a ae 
equivalent subtraction problem. 9—6=n 


A What subtraction equation can you write for each 
equation 2 through 5 in the Investigation? 


B What are the solutions to the subtraction equations? 


2. Find the differences. The addition equation in the 3 
“think cloud” may help you. 





s A s A s A 
A 605A BiyA- (4A CoO or A D1 3 — A 


3. The set of whole numbers is closed under addition 
because any two whole numbers can be added to give 
a whole number sum. The set of whole numbers is not 
closed under subtraction because if we select a first 
whole number and a second whole number, we cannot 
always subtract the second from the first to get a 
whole number. 


A Is the set of integers closed under addition; that is, 
is the sum of any two integers always an integer? 


B Is the set of integers closed under subtraction? 
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. Find the differences by finding the missing addends. 


A O-—- 4=A F OQO-—- 4=A kK O-— 9=A P O0O-—--"“12=A 
Bi2-"3=A G O-—- 6=A tL t— 6=A q@ 2-— 6=A 
c O- 9=A H -1-— 9=A mM -2— 9=A R 3- 9=A 
p 0O- 7=A TVS s7=A N"-2="-7=A s 3-—"7=A 
E9-— O0=A J -9- 1=A o 9-—"1=A T.-9=—"-9=A 


. Find the integer for a. Then find the integer for b. 


A O—"5=—a—1-—"5=b p 0-6=a-—-2-6=bD 
B-0— 5—a—~2—-5=b E 0—6=—>a—>3-—6=bD 
co0— —10=—a— 1——-10=b Fe O0—=8=—a—3— 8='b 


. Think about what the missing addend would be if the sum were zero. 


Then find the correct missing addend. 


A 3—"8=n bp 6——4=n G 5-— 2=n J _4—73=,.n 
Bp 4——“5=n —eE 2-— 3=n H 8— 3=n Kk 9—-8=n 
c 9-—-3=n F 4-— 6=n 1 6—"-2=n tL 10—-4=n 


. Find the differences. (Use any method you choose.) 


a 18-3 bp -13-—8 aailDinie afd iti ean 
B 3-18 =e 10-74 H 440 K 57—120 
c 18—-3 ee 4e 0 ina cdet in oy 12 


. Give the integer for x. 
A (9-54) + -3 =x B 9—(-4+73)=x c 9+ (4+ 3) =x 
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Adding and Subtracting Integers 


Investigating the ideas 


2) Can you find the missing integer in each equation below? |) | 


fs] 6-4=6+ Ill [6]6-~-1=6+ lll 
[2] 6- 3=G+ lllll [7]6--2=6+ lll 
6-2=6+ Illll (8]6--3=6+ lll 








(4]6-1=6+ Ill (916 --4=6+ Ill 
6-0=6+ Ill flo]|6 --5=6 + Ill 





Discussing the ideas 


1. Did you discover a pattern in the problems above? 
What is the pattern? 


2. Do you agree with the statement below? Give some 
examples to support your answer. 


‘To subtract one integer from another, 
just add the opposite of the integer 
that is to be subtracted.” 


3. You can write every integer subtraction problem as 
an addition problem. 
EXAMPLE: -9—-3=" 9+ 7~3= 12 
How could you write these subtraction problems as 
addition problems? 
Ags — 7 BLS a} Ce. Jia D. iafes0 


4. Explain or show how to solve each equation. Think about 
finding missing sums or addends. The replacement set is 
the set of integers. 


EXAMPLE: x— 2=°'3 
SOLUTION: -3+ ~2=x, x= 75 
Ay-—3= 77 Br— 2=6 c 7—k=10 
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Using the Ideas 


1. Solve the equations. The replacement set is 
the set of integers. 


A 4—"3=4-+n E °2> (=~ 23 n i 22 7954-96 12.4 n 
Beeo -- 2=—5-+n F -7—4="7.42n J ~15-—6=n+ 6 

c 8-"5=8+n etal bese at | ha ali « 10—"6=10+n 
p ~3—-4=n+~-4 H ~4—>-6="44n L ~20—~4="20+n 


2. Rewrite each subtraction problem as an addition 
problem. Then find the sum. 


Ano — 3 pb 10-1 G 4-14 J ~/0.—~70 
B 2-8 E i7—"3 H O-—5 Kk ~100— 43 
a 4-79 Feo & le Oc a6 tL ~201—.179 


3. Solve the equations. You may find it helpful to 
replace all subtraction operations with addition. 


mis /) +-1=r Ee(izee) — 3 =x eo 3) =A 
Buel 1) + 6st eer *(-4=4) + 4=n F(a = | 
Cmeor 4). pag G 10—(6—4)=b Ke 4eoee aie — 1) = 
Dp 3-—(8+9)=p H (11 he al 9 Lt ( 2e=33)(-7 — 4) = 


4. Solve the equations. The replacement set is 
the set of integers. 


Ann 3=—/ Dx— 7=1 Gy—2='3 
Bz—4=9 Ete = 2 H t—10=4 
c k—~10=13 F -3-—s=5 heap lo--pHz 


caquUFU 


In one sack, there are two apples; in another sack, there are two oranges. 
In a third sack, there are an apple and an orange. Each sack is incorrectly 
labelled AA, OO, or AO. By looking at just one piece of fruit from one of 

_ the sacks, you are to tell what is in each sack. How can you do this? 
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Multiplication of Integers 


Investigating the ideas 


Study the diagram below. 
Negative KB, EA Positive 
~-—e 22 OO Oe OO 00 


30 20 ~10 0 10 20 30 40 





Can you find the missing numbers for A, B, and c? . 


Discussing the Ideas 


1. The examples above suggest a model for multiplication 
of integers. Some agreements must be made in the use 
of the diagram above. 


. Speeds to the right are represented by positive integers. 
. Speeds to the ‘e'lt are represented by negative integers. 
. Hours from now are represented by positive integers. 

. Hours ago are represented by negative integers. 


-&OoONDM — 


Example A could be illustrated by the multiplication 
equation 2-10= 20. 


A What multiplication equation is represented by B? 
B What is the multiplication equation suggested by c? 


2. Suppose the bike is now at 0 and traveling 10 km/h to the left. 
A Where will it be 2 hours from now? 
B What multiplication equation does this suggest? 
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if 


. Find the products. Look for patterns. 


Using the Ideas 


Negative KB, Positive 


ha Aa hh ta 


ele eT 25: xr 20 15 10 5 0 5 10 15 CUalabeo 30 





Think about trips along the number line starting at zero. 
Complete the table below. Part a has been completed for you 
as an example. 


from now 
ago 
ago 

from now 
ago 
ago 

from now 

















. Find the products. Use the number line model if necessary. 


A 3:4 D572 G10 *-s sv 9-~10 
B 2:8 —eE 6:4 H 2: 9 Kk 8:5 
Gair4 2 a tat = Raia" f Pines Liege 140 





A 4-3=P H 4:3=P 
B 4:2=P 1 ~-4:2=P 
c 4-1=P J ~4-1=P 
dD 4:0=P k ~4:0=P 
E4--1=P t ~4--1=P 
F 4:--2=P mw 4-°-2=P 
G 4:-°3=P n 4:°3=P 
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Basic Principles for Multiplication of Integers 
Discussing the Ideas 


We accept the same principles 
for multiplication of integers 
as for multiplication of whole 
numbers. Using the principles, 
we Can justify the products 
which were found by using 
physical models in the 
previous lesson. 


1. A Which principle can be 
used to help you solve 
these equations? 


=5> 1 979. 7a —2/G 
B What are the solutions? 


2. |f "2-8 = 162whattis 8-27 
What principle is involved? 





3. A What is the integer for m? 
B What is the integer for n? (-12:-4)-3=~12- (4-m) 
c¢ What principle do these (76.4 ny or. =46 +: (Stae7) 
two equations suggest? 


4. The example at the right 
illustrates how the . 





distributive principle 2+-2=Ill 

can be used to find the 6: (2+ ~2) =llll 

product ~2-6. . ooee(6"2)5 (64 2) — |i 

Give the missing number | | 12 +|682 = lll 

for each step. eo 2 = ill 

-2-6=Ilil 

5. Give the missing number 6+ -6 =|lll 

for each step in finding E -6) = il 
the product ~6 - ~2. of AG st L Ning 

(2 4b).s (92006) — Ie 

712 + E2256 = Il 

2hr6 = Ill 

“6-2 =illll 
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Using the ideas 


1. Use the one principle and find the integer for a. Use the commutative 
principle and find the integer for b. 


a19-1=a—>1-19=b c-24-1=a -1--24=b 
Bp -8:1=a—>1:-8=b Dp 86-1=a 1-86=b 


2. Give the integer for a. Then give the integer for b. 


wemeG 0 — d—~ 2 6—5 Oe | —a se: 2 
Bee 9= a= ce 9= pb —E 63+ 63=a~2:-63=b 
c 18+ 18=a—-2:-°18=b F 3+ °3+ 3+ 3=a-4:-3=b 


3. Give the integer for a. Use the commutative principle and give the 
integer for b. 


A 2°-B=a—>-8-2=b 
3:-1=a—>-1-3=b 
2.42 =a -42:2=h 
3-9=a—> 9-3=6 


4:--96=a~ 96:4=b 
7-1=a~-1:7=b 
6: 8=a—> 8:6=b 
5 2a? 25> b 


o © 8 
=< © 7 Mm 


4. Copy the equations, giving the correct number for each ||ll|. 
Each equation can be completed by thinking about the 
equation above it and a basic principle or multiplication fact. 


A 3+ -3=|l| 8 5+ 5=|ll| ¢ 4+ ~4=llll 
4-(3+ 3) =i 2(5 + ~5) = Illi 0: (4+ ~4) = Ill 

(4-3) + (4--3) <Illl (2-5) + (2-~5) =I (0-4) + (0-~4) = Ill 
12 +4273 =Illl 10+ 2-5 =iIlll 0+0-~4=Illl 

4°33 = Ii 2-5 = ill 0--4= Ill 


5. Find the products. 


aA 8-9 F 8° 56 K 29:97 P ~100-~100 
B 7:6 G 7-98 tL 0-864 Q (515-513) 62.0) 
Cao. 9 H ~30: 40 m ~92-10 Ree 5 2525 
Dae) (200 beef 36 n 100-48 s 4-°4-4-.4 
Ee) 2o"/ J ~42-58 o ~62-~1000 Tio. (e410) 
6. A The product of a positive integer and a negative integer is a ? integer. 


The product of a negative integer and a negative integer is a ? integer. 
c The product of any integer and zero is ?. 
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Division of Integers 


Investigating the ideas 


Study the flow charts below. 





Can you find the number for n in each flow chart? 


Discussing the Ideas 


1. Each flow chart above suggests an equation. 
F F P 


For flow chart A, you can write n:~6 = ~18. 
What are the equations for flow charts B, c, andb? 


2. When you find the missing factor F F P 
in a multiplication equation, you n:--6= 18 
have found the quotient in an 
equivalent division equation. P Ee F 

“18+ 6=n 


What is the quotient in the 
example at the right? 





3. Write equivalent division equations 
for flow chartsB,c, and D in the 
Investigation. Refer to the equations 
you found in Exercise 1. 


4. What is 18 + ~3? Use the diagram 
to help you. 


18+ "3 


I 
) 


5. A What is0=+~6? 
B Can any integer be divided by zero? 
Explain your answer. 
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ie 


3. 


4. 





Using the ideas 


Find the missing factor, F, in each equation. 

A 15=5— FP F -20+4=F K 42—-6=F 
Beloc ao F G 39+ 3=F L ~-24-8=F 
Coriog 15 =F H 64- 8=F Mm 24> (6+ 72) =F 
dp 15+ 1=F 1 0+ -54=F N 824-76) 402 'F 
—E 0+ "15=F J 86+ "1=F Oo (“24+ -2)+ 6=F 


Write and solve an equivalent division equation which 
has n as the quotient. Use part a as an example. 


A 8:-n=32 Dn: 6=6 ' ~8-n=0 
32 6=. E 7:n=21 Jn: 9=72 
n=-4 F ~12-n=60 K-“1-n=1 
B 5-n=-"20 G 3:n= 27 tL -15-n=90 
c 9:-n= 54 H n--17=17 M6:-n=~144 


Instead of writing -12 = 3, we can write 2. 
Find the quotients for the following: 





6 4 63 (15 + -7) (9 — 3) 
Se Cae E <9 a2 (Seas 

18 -28 175 12 (-2—-1) 
“Sek oes, Meoo5eees (724+51) . ~ (-1—-2) 


Complete each statement. 

A The quotient of two positive integers is a ? integer. 

B The quotient of a positive integer and a negative integer is a ? integer. 
c The quotient of two negative integers is a ? integer. 
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Combining Integer Operations 


Investigating the Ideas 
FUNCTION RULE 
The function machine, with the rule shown, [ (3n)+4 | 
combines the multiplication and addition 
operations. The function rule can be written eon be ha 
as f(n) = 3n + —4. When we use 2 for n, 
the output number is (3-2) + ~4 or “10. 
We could write, ‘‘f(~2) = ~10.”’ 








Can you find the output numbers for Make a table to show your 
each of the input numbers in the answers. 
S045 955 47°, 25 Unters 





Discussing the Ideas 


1. a What did you find for f(~5) ? 
B What is f(3) ? LUNE TION Bete 
“On — 3 3 


2. Suppose a function rule is ~2n— 3. 
A What would you do to find f(2) ? 
B What is f(~3) ? 
c What is f(0)? 





Function Rule 





3. What is f(n) for each part sn +6 
of the function table? f(n) 
A HL 
B Il 
4. How would you find the number n c ht 
in these equations? D Il 
I eee E [ 
B (3:6)+ 9=n 
F i 


on (e4erey Ot 
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Using the Ideas 


Complete the function tables for Exercises 1 through 6. 


ik 


* 8. 





Function Rule 2: Function Rule 3. Function Rule 
en+ 3 (n=+~4)—3 wt bad 
f(n) f(n) 
i 






























































































































A A i A tl 
B I B I 5.5 tt 
c il c i c hl 
D hi pd 44 | ill D i 
E il e 12 | Ill E hi 

Function Rule 5. Function Rule 6. Function Rule 

n?+ 1 ns | (2)n 
n f(n) 

A ih A i A i 
B tt B tt B it 
c i c Hl Sy els i 
D i D Ih oil 8 
ig i e ill “8 e iil 





Solve the equations. The replacement set is the set of integers. 
Ay (548) 2 =n (-16+~8) —"8=n G (25—~4)+ 4=n 


D 
B (9--6)+ 6=n Bude (779 4).2 (9n H (4:9) -10=n 
F (29-2 8) = /—=—n 


c¢ (72+-8)--8=n (-9--6) +-6=n 


Solve the equations. 
The replacement set 
is the set of integers. 


A (t+8)+ -10= 7 
(n + 84) — 85= “93 
(-1b) —4=~10 
BOX oe | aa | 

(t+ ~7)+-7=0 
(a) ay. 
2a+3= 5 


on moo woe 
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Inequalities 
Investigating the Ideas 


Study the equations below. Can you solve them ? 


[a] -4+x=3 [op] -7+x=77 [e] 1+x=1 
2 WeXae aD [e] 4+x=10 [wy] -9+x=~12 
[c¢] 6+x= 2 [fF] 8+x=1 [1] 10+x= "3 


In which equations does x represent a positive integer? 


Discussing the ideas 


1. In equation A, you probably found [a] —4+x=3 
that x was the positive integer 7. -447=3 
Because x is positive, we say that 
-4 is less than 3 and write this A positive integer 
as -4<3. 

Since ~4 < 3, we also Say that 3 is greater than 4 
and write this as 3 > “4. 


Compare the numbers in the other equations above in 
this manner. 


2. The number line can help you decide which of two integers 
is the greater. Study the examples. 





A What integer must be added to 2 to give 5? 

8 IS;2:- 5.08 iso = 22 

c What integer must be added to ~5 to give 2? 
DISH S—. -2:0FIS4 2795 7 





3. Complete the statements. 
A If a and b are any integers and a < b, then ais 
to the ? (left, right) of b on the number line. 


B If b >a, then bis tothe ? (left, right) of a 
on the number line. 
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y Using the Ideas 


. Give the integer for each |||. 


A 


B 
Cc 
D 


. Write the correct symbol (< or > 


A 


c 


4 > 2 because the positive integer ||| must be added to 2 to give 4. 

~5 < ~1 because the positive integer ||| must be added to ~5 to give ~1. 
-7 < 0 because the positive integer ||| must be added to ~7 to give 0. 

-1 > -99 because the positive integer |||| must be added to ~99 to give ~1. 


for each li. 
So 5-1 210s 100 100 


‘(oe aps 15-20 x 2-28 
off + -2)-1 + -75q)-72 4 4 


— 


. Answer the questions about the set S of integers shown on the 
number line: 


S50) 1 Poa 279 fae 9; = 91 0; —10} 








zonmeooses Pp 


Ameo Osi 0) Om teatd 2 ol 0 1 62 oe APS ISOM ly V8 O10 


What is the smallest integer in S? 

What is the largest integer in S? 

List all integers in S that are less than 0. 

List all integers between 3 and “3. 

List all integers less than ~8. 

List the integers that are both greater than ~4 and less than 0. 
What is the greatest integer that is less than ~2? 


List the integers that belong to one or the other or both of these 
sets: the integers less than ~7 or the integers greater than 7. 


Any negative integer is ? than any 
positive integer. 

Zero is ? than any negative integer. 

One integer is either greater than, 

equal to, or ? than another integer. 

If a first integer is greater than a second, 
and the second integer is greater than a 
third,then the first integer is ? than the third. 
If a first integer is less than a second, 

and the second integer is less than a third, 
then the first integer is ? than the third. 
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Solution Sets for Inequalities 
Investigating the ideas 
Each statement below refers to a subset of the set of integers S 


shown on the number line below. 
Sus {T10A79, “8 eoa).0.ehiiesr9570} 





“10° -9 “8 7 6 Ba Fe Poe i Bo Sa Be ee oe 








How many of the subsets of S Record the elements in each set. 


described below can you find? 





[a] The integers that are less than -5.___[e] The integers that when multiplied by 
The integers that are greater than 4. ~2 give a product greater than 10. 
[¢] The integers between ~4 and 3. [F] The integers that add to 3 to give 
[p| The integers that are either less ascUine able eos 


than ~7 or greater than 6. 
Discussing the Ideas 


1. Sentence A can be shown by the inequality x < 5 
Using S as the replacement set, the solution set 
for the inequality is {~10, 9, 8, “7, 6} 

A What inequality could be written for B? 
B What is the solution set? 


2. For C, we can write x > ~4andx<3o0r 4<x<3 
A What is the solution set for x > ~4? 
B What is the solution set for x < 3? 


c¢ What is the intersection of the sets found in 
parts A and B? 


3. For D, we can write x < 7 orx>6 
A What is the solution set for x < ~7? 
B What is the solution set for x > 6? 


c Is the solution set for D the union or the 
intersection of these two sets? 


4. a Describe how you found the solution set for E. 
B Describe how you found the solution set for F. 


E-1t0 





Using the ideas 


1. Find the solution set for each part in the table. 
The replacement set is {~4, ~3, ~2, 1,0, 1, 2, 3, 4}. 
Parts ¢ and D are partially completed. 





n moe © Bb Pb 





2. Find the solution set for the following sentences. 
The replacement set is 7 = {~3, -2, -1, 0, 1, 2,3, 4, 5}. 


Ax<2 GaxX 2 2 MX< 2o0rx>2 
B xt 41 Hera ix > 0 N xX< 1orx>1 
CuxXe ao ix 1 <2 o x<Oorx>0 
p x<0 Jee oe olcand xX ao PLEX? 1G0hX 2 1 
Eex , 1. — 0 KeX  handexia 3 Qa(22 X)mo3o =. 0 
fax 3 3 LA) Xj pele ANGaxes 2 Rey 4062 Gl 


3. Find the solution set for each part. 
The replacement set is 


S40; 1, 1,2, 2, 3, scatter Osan} 
| Gear 
Vis 
Sa ial 
X15 = 0 
Mes 25.7 -5 
2 t= 4 
on 10 
Ve = 0 
Zee 
¥o=5 
foe 
s*’—s>6 


zowuanrmo9d «ws 








rFK G& 


E-111 


Absolute Value 
Investigating the Ideas 


Function table A shows the input-output pairs for an 
interesting function rule. 


Function Rule 


qm 


Can you discover the function 
rule and complete function [a] 
table B? 


FUNCTION RULE 


appease RT SS 











Discussing the Ideas 


1. a If the input number n is a positive integer, what is f(n) ? 
B If the input number n is a negative integer, what is f(n) ? 
c If the input number is 0, what is f(n) ? 


2. The function rule illustrates the absolute value function. 
In this function, the output number is either the input 
number or its opposite, whichever is nonnegative. Instead 
of using f(n) to denote the output number, it is standard 
practice to use the symbol |n|. Thus, |~7|= 7. 

We say, ‘The absolute value of ~7 is 7.” 
What is the absolute value of each of these numbers? 
A 4 B 10 c 0 Dp 11 —E -1 F 15 


1 


3. What number is represented by each of the following: 
Awl ce B |8| GC. ie23] dp | 14, € |100| 


4. Explain how to find the integer for n in each part. 
A |44+2|=n B |2--3/=n c |-4:-2|=n 
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Function Rule 


mI 














hi 
i 
I 
hi 
i 
I 


dp |6—8|=n 








Using the Ideas 


1. Copy and complete the function tables. 
Function Rule Function Rule Function Rule 


ya" ae Bisse ty to 4 c a 
f(n) n 

i 
i 
i 


















n f (n) n 

Hl or 
i soe 
i ot 1 
il 3:71 | iif 
I “3-11 iil 
i 3-2 | ill 


f(n) 
il 
il 
il 
it 
hi 
il 



























































2. What integer is represented by each of the following? 
AnD | c |~18| E | 47| G |3—7/| Ia] 4 72) 
B |5| Dd |2| F |7—3]| H |9+6| J |-5°4| 


- 3. Solve the equations. 
Ax =| <5) Gime a) =) E )4-2| =v Guf— 15-6) 
B |6|=a Dp n=(|0—5| F s=|-24+5| H |8= 2|)=y 


4. Give all solutions for each equation. 
EXAMPLE: |x| = 6 
SOLUTION: Since |6| =6 and |~6| =6, then x =6 or x= 6. 
Bw x)= 3 c |x| =4 Ee) X72 25 q@ |x—j1|=3 
B |x|=8 pb |x| = 10 F |x+1|/=4 H |~3-x|=9 


* 5. Give the integer for each lll. 


Ay \x|=7 and x <0—> x='|ffll Dp |x}=2andx>0- x='|ll 
B |x|=5 andx > 0> x=lll E |x|=2 andx< 0>x=llll 


¢ |2x|=6 and x <0 x='ilil F |x| = 13 and x <0 > x= Ill 
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Absolute Value and the Number Line 
Discussing the Ideas 


1. Using the number line, you can think of |n| as asking the 
question, ‘How far is n from zero on the number line?”’ 





For | 6|, we think 6 is 6 units from zero 


Using the number line, how far is 7 from zero? 
What is the absolute value of 7? 

How far is ~20 from zero? 

What is |~20|? 


5o © B Pb 


2. The statement |n| = 9 means that a certain number n is 9 units 
from zero on the number line. Give two possible values for n. 


3. You can think of.|4— b| as asking Neh ee elie 
the question, ‘How far is a from b 5 2 
on the number line?” 





We think: ~5 Is 7 units from 2. 
We write: |-5 — 2| = 7. 
We say: ‘‘The absolute value of 5 — 2 is 7.” 


A How far is ~8 from ~3 on the number line? 
B What is |-8 — ~3|? 

c How far is 6 from 13 on the number line? 
p What is |6 — 13|? 


4. The equation | 2 — x| = 4 can be solved by thinking, 
“What numbers are 4 units from ~2 on the number line?”’ 
| 4units. 4iinits te 


—t——@——_ ©-_-@,-_ © 6 © e@ @ oe -@——_®—_+_®___® Ox: oe ae al 


“fe 








A How many solutions does the equation have? 
B What are the solutions? 
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Using the Ideas 


1. Copy the equations, giving the correct integer for each ||lll. 
(It may help you to use the number line.) 





J I my a 
8) = Ill 12] = i |-3 — 5] = Ili [5 — ~7| = It 
— |-15| = lll F |2|=lll @ (49) = Ill 4 |~ 100] = Ii 
b[-2—12)=|ll oy |12—-2)=[I « [-15—o0/=ll 2% |9—20)= Ili 


2. Think about the number line and give all the possible numbers 
for b in each equation. 








8 7 6 ce) 4 ) 2 1 0 1 2 3 4 5 6 ve 8 

AL |6—b| =6 Ce 2D 2 si ey a ai 22 p= 

B |4—b|=4 p |9-b|=9 F |\4—b|=3 H | 9—b| =J0 
3. Give the correct symbol (<, >, or=) for each ll. 

a (6) Ill -6 e |-6—ollll|-6) == jo —1) ihe) — I) 

e [5—(-5)| i's > |-7) i -7 e (6 —-11 ill je) — |-11 
4. Solve each inequality. The replacement set 

(G55. seen 6G, . ae ee 0, 9; 10}. 

A |x| >8 — Solution set: B |x| <4 Cox 21-3 Del X =13)| 685 


{9, 10, “9, ~10} 
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Integers in Equations 
Investigating the ideas 


The flow chart below suggests an equation with the set 
of all integers for the replacement set. 





x 2x 2x+9 2x+9=5 


Can you solve the equation by finding the input 
number for the flow chart? 





| 
Discussing the Ideas 


1. Tony said he thought about an inverse flow chart 
for the one in the Investigation. 


What would the rest of the 
flow chart be like? 


2. Kitty said she thought 
about inverse operations 
to solve the equation. 
What are the missing 
numbers in her solution? 





3. Instead of writing — |f 3x + 2=17, 
then 3x=15, 
andthen x=5, 


you Can indicate the same reasoning by using arrows: 
3x+2=17 = 3x=15 = x=5. 


The arrow => can be read as “implies.” 
What are the missing numbers in each step below? 
4x—3=-15 = 4x=lll => x='lll 
4. How can you check the number you found for x in 
Exercise 3 to see if it is a solution for the equation? 
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Using the Ideas 


The replacement set for all equations on this page is 
the set of integers. 


1. Give the correct number for each |||. 











Ax+4=1 > x='ll Dp x= 4=2 = x=ill 
Bx+-6=2 = x=|ll RXeq /——3. => x= | 
© 3x=-15 = x='ll F -7x=~28 = x='ll 


2. Give the missing number in each step. 


pV es SY ier 2 B If 2x—4=~10, c if4x+5=1, 
then 3x=llj, then 2x = lll, then 4x =|, 
and = x='l. and x='f[l. and = x='ll). 


3. Give the missing integers in each equation. 
A 2x+3=13 = 2x=|ll| > x= 
3x+7=1 = 3x=|| — x=llll 
“2x+1=9 = ~2x=|l] > x='llll 
2(x+3)="6 = x+3=ll = x=Illl 
“3(x+4)="9 = x+4=Il] > x='lll 


moo B 


4. Solve the equations. 


BA OX+ 5=7 Dp (x+~5)+2=0 G 4(x+ 5) = "12 
B  4x+1=17 E 2x+ 9="3 H ~5(x+—~7) =10 
ee(x+3) -2="3 BX 1) a Oe A 1 ~3(x+6) =~12 


5. Copy the equations, replacing each 
by the correct numbers. Part a is 
completed for you. 

Alf |2x|/=6, 

inert 2X =, of 2x— G, 

and x=’) or x=73) 


lf |3x|/= 12, 
then 3x = lll, or 3x = lll, 
and x=(llll, or x = ffl. 


If |x+3/=5, 
then x +3='|lll, orx+3= lll, 
and x = [ll], or x = ll. 
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Integers and the Co-ordinate Plane 


Investigating the Ideas Second 
axis 


Point A can be associated 
with the ordered pair of 
integers (~4, 2). 


The co-ordinates of point A 
are (~4, 2). 


The co-ordinates of point B 
are (1,4). 





Can you give the 


coordinates of the 
other lettered points? 





Discussing the ideas 


1. The two crossed number lines are called the co-ordinate axes. 
What are the co-ordinates of the point of intersection of the axes? 
(This point is called the origin of the co-ordinate axes.) 


2. Explain how to locate the point for any ordered pairs of integers. 


3. Jack said, ‘‘l am thinking about a point on the first axis.”’ 
What can you say about the co-ordinates of his point? 


4. The two axes divide the co-ordinate 
plane into four regions called 
quadrants, which are numbered as 
shown at the right. 

SECOND FIRST 
A In which quadrant do all points QUADRANT | QUADRANT 
have positive co-ordinates? 
B In which quadrant is the first 
number in each pair negative and 





ef THIRD FOURTH 
the second number positive? QUADRANT | QUADRANT 


c In which quadrant is the first number 
positive and the second number negative? 


D In which quadrant do all points have 
negative numbers for both co-ordinates? 
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Using the Ideas 


1. Graph these number pairs in the co-ordinate plane 
and label them with the letter indicated. 


mR ITG\TA pb (6,~4), D G (6,0),G J 61(3, S)aty 
B (-4,5),B —E (-7,0),E H (0,6), H KO(S #3) 1K 
c (-5,-6),C F (0,-7),F meres 3) a ila teak Hare} Wi 


For Exercises 2 through 9, draw the co-ordinate axes 
(indicating the integers between ~10 and 10). Then 
graph the set of integer pairs indicated. 


2. The set of integer pairs in which the first number is equal 
to the second number. 


3. The set of integer pairs in which the first number is one 
greater than the second number. 


4. The set of integer pairs in which the second number is one 
greater than the first number. 


5. The set of integer pairs in which the sum of the first number 
and the second number is zero. 


6. The set of integer pairs in which the second number is zero. 
7. The set of integer pairs in which the first number is zero. 


8. The set of integer pairs in which the second number is three 
times the first number. 


« 9. The set of integer pairs in which 
the second number is the 
absolute value of the first number. 


10. If (x, y) represents the co-ordinates 
of the points in the co-ordinate 
plane, then the points graphed at 
the right are the set of points (x,y) 
SUCK tnatt2 =9xX S- Wand i Vs, 
Draw graphs of these inequalities. 

A ~5=x='"1and1=y=4 

Bax — sand 3S >y=3 

Cc -2=x=2andy=2 





Integer Functions 


Investigating the Ideas 


Given a function rule and 
a set of input numbers for 
the function, you can find 
the corresponding output 
numbers. When you graph 
the points for the input- 
output pairs, you have 
graphed the function. 


Discussing the ideas 
ae 


2. 
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. For which integers n is f(n) = 0? 


. Do the points that you graphed for the function 


. A function rule is f(n) =n?+n—1. 
Ifn =~ 4, then f(-4) = (-4)?+ 4-1 
= 16+ 4—-1=$11. 
Give the other output numbers in the table below. 


. Draw a graph of the function in Exercise 5 using 


“WOU 8476214 18 





Can you graph the 
function whose rule 
is f(n) =9— n?, “6 
if the set of input 8 
numbers is 

Ut Veale otis they 6 etic yi, bbe 








For which input number n is f(n) the largest? 


For which input number or numbers is f(n) a 
negative integer? 


fall into a pattern? Describe the pattern. 


the number pairs in the table. 





Using the Ideas 


1. Complete each function table. Then graph the function 
for the ordered pairs in the table. 


A Function Rule B Function Rule Cc Function Rule 


2n+ 3 n?— 4n+ 4 12=n 































Il 
tl 
i 
i 
i 
i 
i 


tl 
i 
tl 
i 
hi 
tl 
tl 
i 
ll 
i 





tl 
tl 
tl 
tl 
il 
tl 
































2. Draw the graph of a function whose rules are as follows: 
f(n) =3, ifn > 0, 
f(n) = 0, if n=0, 
f(n) =2, ifn <0. 
Use the integers -5 = n = 5 as input numbers. 


*& 3. Draw a graph of the absolute 
value function f(n) = |n]. 
Use the integers 5=n=5 
as input numbers. 


* 4. a Draw graphs of f(n ) = n? 
and f(n) =n+2o0n the 
same grid. Use integer 
inputs from ~4 to 4. 


B What points do the two 
graphs have in common? 
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Graphing Integer Equations 


Investigating the Ideas 


Some ordered pairs of integers ° 
(x, y) have been graphed for 
the equation x + y= 2. 















NE (x, y) 
-3+5= 2 (ech) 
24+4=2 (-2, 4) 
-14+3=2 (155) 
0+2=2 (0, 2) 






Can you list five more 
ordered pairs of integers 
for the equation? 


Discussing the Ideas 


1. Locate the points for the ordered pairs that you 
found for the Investigation question. Do the points 
follow the pattern of the points already graphed? 


2. To find the integer pairs (x, y) 
for an equation, you can try 
some integers for x in order 
to determine what y must be. 
Study the example at the right. 
Explain how you can find some 
other ordered pairs for the 
equation. 


3. Complete the table to find 
some pairs (x,y) forthe 
equation 3x — y= 2. 





4. Graph the ordered pairs (x, y) in Exercise 3. 
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Using the ideas 


1. Complete the table of 
ordered pairs (x,y) for the 
equation x +y=0. = 





2. Graph the order pairs in the table of Exercise 1. 
This is part of the graph of x + y=0. 


3. Complete the table of ordered 
pairs (x, y) for the equation 
x + 2y= 8. 





4. Graph the ordered pairs of Exercise 3. 
This is part of the graph of x + 2y= 8. 


_ 5. Make a table of ordered pairs (x, y) for the 
equation x — y= 0. Use both positive and 
negative integers. 


6. Draw the graph of the equation x — y= 0. y 


* 7. Part of the graph of an 
equation is shown. What 
is the equation? 


* 8. Make a table of ordered pairs 
(x, y) for each equation. Then 
draw a graph for each equation. 


Ax+y=6 
x—y=4 
X= 2y 

y =2x 

2x + 3y= 12 





moo B 
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REVIEWING THE IDEAS 


ir 


10. 


Give the opposite of each integer. 
AL eS B 8 ¢2;,12 


. The sum of any integer and 


its opposite is ?. 


. Find the sums. 


a 18+ 9 B6+ 13 Go; 8 + 23 
. Find the missing addends. 
AO-— 2=A c 8— 2=A 


sp  5— 3=A op 5-—- 5=A 


. Solve each equation and give the 


name of the basic principle the 
equation illustrates. 


A 16+0=a B 9:1=b 

ec c+8=0 pb 9+d=17+ 9 
e (8+4)+ 4=e+ (4+ 4) 

F 5+ (201) = 538) 51} 

@ (1-720) 35 = 1s 3(h-=5) 


. Find the products. 


A 7-6 B 7-6 City 2-6 


. Find the missing factors. 


a ~54+6=F 
Bp 54+ 9=F 


c -72+ 9=F 
bp O0O+ 8=F 


. Give each solution set. 


Replacement set: 

R=aSs 4a Saeeraa0 al 213145): 
Axi 41 ©e x<3andx> 2 
8 x> 1 Dp x>S3orx< 4 


. A What is the absolute value of 9? 


B What is the absolute value of 9? 


Solve the equations. 


a |-13)=a p|6— 9|=a 
B |27|=a —e |ja— 2|=1 
c |5—1|=a F|4—a|=2 
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15. Which integer is larger, a or b, if 


11. Give the integer for each screen. 


A 2(x+5)=14=x+5=ll 
=>  x=illl 
B6+(8+y)=0—-8+y=llll 
= had ae 
e 6(x— 2) =18 =>x—2=]f] 
=> x='ilil 
p -2(5+n) =-2=5+n=llll 
=> n=illl 
—e (-3+a)+4=-2=-3+a=llll 
= = ill 





12. Draw the co-ordinate axes (indicating 


points for the integers between 
~6 and 6) and graph the integer pairs, 
using the indicated letters. 


A’ (4:2)0A — (4,0),E 
B (-3,5),B F (0,3), F 
wall apa’ 6 pale a (3), G 
p (5,3), D H (-5,0),H 


13. Graph the set of integer pairs in which 


the second number is one more than 
the first number. 


14. Give the missing integers. Then graph 


the functions. 


A Function Rule B Function Rule 


2n— 1 n?—4 


il 


ii 
Tl i 
T 





A at+t4=b? 
B a—b=6? 


¢ a—b—7? 
vp b—a=5? " 





‘TEST YOURSELF > 


1. Give the opposite of each : 7. What is the solution set for 
= integer. : . x > 4 and x < 3? 
AS Fe  €0 


. ; 8. If [x — 2| = 5, what are all 
2. Find the sums. _ the possible integers for x? 
A 72 €9+ 4 

a 845 9» 34-6 9. Solve the equation 3x + 8 = “13. 


10. Complete the function 


_ Find the differences. 
rule table. 


| A 8-10 c 4-2 
- < pe? Function Aule 
4. one the products. | : 
A663 B84 Cc. G3 
. Find the quotients. 
A 16> 4 © 30-5 
B 24- 3 pb 18 6 
6. Write the correct ee a or >) 
| for each ill 
a Sil) -s c -6 il 2 
5-1 p -9i)-15 





RESEARCH PROJECTS 


A_ Find how to make a nomograpnh. It is B_ It is possible to represent any integer 

a device that can be used to find using a negative number base. 
sums and differences of integers. For example, using base negative three, 
Then construct your own nomograph. 21.-3) means 2: (~3) +1= 5, 
(See Making and Using Graphs and 112-4, means 1: (-3)*+ 1-(-3) +2=8, 
Nomographs by Richard A. Denholm; and 2111,-3) means 
Pasadena, California: Franklin Aas) edt eo jaa tl (73) "e147. 
Publications, 1968, pp. 45-47; Choose some negative integer as 
Grolier Ltd.) a base and show how to represent 

both positive and negative integers 

in this base. 
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CUMULATIVE REVIEW 


1. 


10. 


. Estimate the 


A Write 1893 using Roman numerals. 


B Write MDCXVII using Hindu-Arabic 
numerals. 


. Use exponents to express 7-7-7: /7. 


. Solve the equations. 


COs 0a—in 
p102 10°=n 


MOA 10* =n 
B 2°-2?=n 


. A Write the Hindu-Arabic numeral for 


(5*10°) =. (4° 109) =e S 10") (oO )e 
B Write 78 463 097 using expanded 
notation. 


. Round 746 813 to the nearest 


A thousand. 
B ten thousand. 
ce hundred thousand. 


. Estimate the 421 


product. 


auetiont 394 )287 449 


. Compute. 


AAS(c 20) al tO 1 ome 
9000 — 576 

678 - 932 

21 544= 12 


o 0 B 


. Write each numeral in base two. 


B 25 


(ten) (ten) 


Ce, 


(ten) 


A 5 


Compute as indicated and give the 
result as a binary numeral. 


A 101 (2) B 1001 (2) c 101 (2) 
np ee a Fg ee ac Laan 
sie la lalatoay 
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11. 


ues 


13. 


14. 


15. 


16. 


17. 


18. 


X ="{0,.1,.2;374, 5,677, 8.0. toy 
A Find a subset of X which contains 
all of the odd numbers in X. 


B Find a subset of X which contains 
all of the even numbers in X. 


c What is the union of the sets in 
parts a and B? 


Sets FR and S are disjoint. Which 
statement below is true? 


A R«GLS BRMS=¢ 


Evaluate the expression 
3x + 7 when x= 5. 


Find the solution set of each open 
sentence. The set {0, 1, 2,3, 4, 5} is 
the replacement set. 
A3St+n=/7 

Crre2 ne 2 


Bn<4 
Dp ne > 7 


Give the algebraic expression for 
each |||. 


A 5x + 2x = ll 
B 9x + 6x = Ill 


c 3x + 4x + 5x = lll 
p 9x +x='llll 





Write the equation suggested by this 
flow chart. 


What is the whole number that is 
the solution for the equation in 
Exercise 16? 





Find the solution set for each 
inequality. The replacement set is the 
set of whole numbers. 


A x> 14andx < 19 

B x=5o0rx=3 

c xis divisible by 3 and x < 10. 
Db 2x < 8 and x is odd. 





ee 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


A Whatare the first 10 prime numbers? 


B What are the first 10 composite 
numbers? 


Give the prime factorization of each 
number. 


A 98 B 102 c 625 
Give the GCF of 

A 16 and 30. B 100 and 30. 
Give the LCM of 

A 8 and 10. B 15 and 35. 


Which of the following numbers are 
divisible by 2? By 3? By 5? By 9? 
By 10? 
a15 B 330 c 78 D 225 
Write the first five terms of a sequence 


whose n" term is n2-+ 3. 


Give the opposite of each number. 


A 46 B 97 c — 1000 
Find the sums. 

IN ZB) ae oS) B 17+9 

Find the differences. 

iN W== We) Cian 

EH “B= & oy ~ KO) = SIS 
Find the products. 

A 4-8 Barone 9 Cum/az0 
Find the quotients. 

iy Alig o A= al 

B  27=3 Di (aie =O ie = 3 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Solve the equations. 
A. 97 h=- 27 cuk=5 =) 45 
Bw: 4=24 pb 8=32—y 


Complete each table. 





























A Function Rule B Function Rule 
n=3 n?— 3n 
n | f(n) n| f(n) 
2 | iil 1 il 
“5 I Zz il 
il 7 i 0 
Il | ~3 8 il 








Give the correct symbol (< or >) 
for each li. 


a 5 lll -7 
p 5 'illi9 


c 4 ill 4 
o oll -17 


Solve the inequalities. The replacement 
set is {~4, ~2,0, 2, 4, 6}. 

ASX 13 Caexrs | 

BX = 3. 6 Deecx | 


Give the integer for each. 
a |-4| ce |-81 + 13] 
Bio 4 ieee Dey ie 6 1h 


E |8— 8| 
po Set eel 


Give the whole numbef for each [lll . 


a lf 4-0, 8 If Gamay = 9, 
then x — 7 =|ll then x — 4 = ll 
and then x = |lll and then x = |ll 


A Complete the table forx+y 





B Draw a graph of the ordered pairs 
in parta. 
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IWUTHPILH PrTTERNS 


Suppose that you have 
a box of 500 toothpicks. 


Using the toothpicks, you could build 
stair-patterned sets of squares 
like these: 


C cH Baw 


4 toothpicks 10 toothpicks 18 toothpicks 


How many squares are in the largest comp!ete 
stair-pattern that you could make using as 
many of the 500 toothpicks as possible? 


B How many toothpicks would you have left? 


Try the same problem, but this time 
build equilateral triangles. 


pen 


3 toothpicks 9 toothpicks 18 toothpicks 


SAE ASE Oe 


oe 
L a 
E 
| ae 
La 


Vt. | FN ie a 





NIT F: Rational Numbers 
{ODULE 1: Rational Numbers 








OBJECTIVES: 





After completing this module, you should be able to: 


1. 
2. 


aS & 


@ ~ 


Give the opposite of any rational number. 

Apply the basic principles for addition and 
multiplication of rational numbers. 

Find. sums and differences of rational numbers. 
Find products and quotients of rational numbers. 
Tell which of two rational numbers is the greater. 
Find the reciprocal of any nonzero rational 
number. 

Solve story problems involving rational numbers. 
Find pairs of rational numbers for functions and 
equations, and draw graphs for them. 


A Review of Fractions 


Investigating the Ideas 


One third of this region is shaded. 





How many other statements 





(using fractions) can you 
write about this region? 





Discussing the Ideas 


1. 


A How many different fractions did you use to describe 
the shaded portion of the region above? 

B How many different fractions can you find for the 
unshaded portion of the region? 


. Fractions are used to compare one set with another set 


or to compare one region with another region. 
What fraction compares the shaded R 
part of region R to the whole region? 





s 
. The figures R, S, T, and U suggest a 
that different fractions may be used 
to compare the same two regions. Give U 
the fractions suggested by S, T, and U. 


. The sequence of fractions a ee 


OH eeiee, ergot oA 2c0 
Sed G2 iO 207o 24) eee a 
where n is a nonzero integer is a sequence of equivalent fractions. 
A What is the 5t fraction in the sequence? 
B What is the 10t fraction in the sequence? 
c What is the 100t fraction in the sequence? 


. A fraction is in lowest terms if the greatest common 


factor (GCF) of the numerator and denominator is 1. 


Lowest-terms Lowest-terms Lowest-terms 
GCF fraction GCF fraction GCF fraction 
ie | ee! 
Sas utr as 10gr2e 3 22 ale 
y Day AS OTs 1524925. 933 563-7 She e7. 


Explain how you would find the lowest-terms fraction . 
for each of these fractions. 


9 10 90 “340 
A 15 B 25 c 0 


D 740 E 74000 


ns 
fep}fee) 











1. Write three fractions which compare the shaded 
portion of the rectangle to the whole rectangle. 


2. Write the next three fractions for each set of 
equivalent fractions. 


tne Bon 369 Dey OL 1S) 
A (4, oqo Cis are wy E (F.4a,27-- + 
24 6 Aye8: P12 9 18 27 
6 tenets meee D Hea aoece } F latte neaaae x 
3. Write two fractions equivalent to each given fraction. 
1 5 5 7 5 7 
As C 8 E 3 G 53 16 K 46 
4 < 1 5 ci ie 
B 3 D 40 Fg Hao J 10 L 20 


4. For each fraction, give the GCF of the numerator and denominator. 
Then give the lowest-terms fraction. 


12 42 20 oO 48 
A 18 D 49 G 42 J 410 M 64 
ish 10 100 63 39 
B 42 E 4 H 150 K 70 52 
24 16 25 45 12 
Cc 24 F 24 ' 40 L 60 O 12 


5. For each fraction, write an equivalent fraction with a denominator of 24. 


2 al ash. 3 1 5 iva 
A 3 B 3 Cc 2 D=5 E 4 F 6 Gg 


6. A fraction whose numerator is smaller than its denominator 
is a proper fraction. Otherwise, it is an improper fraction. 
Which fractions below are proper and which are improper? 


ae 7 at zi 123 100 
A's Bo Cc 40 D7 E 719 Foeraa: 
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Fractional Numbers and the Number Line 


Investigating the Ideas 





The number line below is divided into twelfths. 
The letters A through G name sets of equivalent fractions. 


Can you find the point for Label each point that 
each set of fractions ona you find with the 
copy of this number line? correct letter. 





Discussing the Ideas 


ue 


Any fraction from the set of equivalent fractions can 
be used to name the fractional number. 


A Give two fractions to name the number for point D. 


B Give two fractions to name the point between A and B 
on your number line. 


. The figure at the right suggests a (3><9D 3 9 
shortcut that can be used to see BIS? 3 1? tO es and 79 


whether two fractions are are equivalent 
equivalent. Explain how to use the fractions. 
shortcut for these pairs of numbers. 

2039. 12 6 8 14 0 O 7 14 
A 3,12 B10°5 C36 D6)7 Eq2 


. When two fractions such as § and 4 name the same number, 
3 6 


we write 3 =§. To find x in an equation such as3=%, 


you can think 4-x=3:16, so4:x= 48, and x= 12. 


Find x for each of these. 


Bab & 2) = xs pea 
= 10 B 3-15 ati < eens 


In 


Nim 
i-] 

| 

° 

=) 

I 
olen 
m 
alan 
I| 
~ 
> 


A 





Using the ideas 


1. Give the number for each lettered point on the 
number line. Use lowest-terms fractions. 


A B Cc D Ee 
0 1 2 


2. Give the missing numbers. Then tell whether the 
fractions are equivalent. 


ve = 3-15=(), 5-9 = ll 
; = 4-6=li, 12-2 = 
c AEB = 6-20='fll, 10-15 = 


3. Tell whether the pair of fractions are equivalent 
or not equivalent. 


ub fe See 20 200 10 15 
A 2,16 COis4 E 30> 300 G 12518 
3 7 4 14 3 8 Oo O 
eras D6» 31, Fe.3 HoT) 41 


4. Find the number for x in each equation. 





ih a2 Cae eee See 
Ag=24 Dias G 4-20 J 78-13 

5_ x Cpatex 20 _=Xx ‘os, x= 
BE-i8 EA — 16 H 3-9 K 740 = 150 

ce a POF ex 8 _x ex 
C 5=30 Fii24°, 4 4 56 az L 8 = 7000 


The Z-shaped region is called 

a tetromino. The figure shows 

how seven of these tetrominos 

may be fitted inside a 6 by 6 
square. 


_ Show how eight of the tetrominos 
can be fitted inside the square. 





More practice, page S-13, Set 24 F-5 


The Set of Rational Numbers 


Investigating the Ideas 


Think about folding a number line at 
zero so that the two “‘halves’”’ touch. 


Can you give the letter that each of the labelled 
points (to the right of zero) would touch? 





Discussing the ideas 


1. Suppose each fractional number has an opposite found 
by ‘‘touching” number line points. The number for 
the point where 3 touches is called negative 3. 
Give the name of each of the other points above. 


2. The figure below shows two sets of numbers and the 
symbols we use for the negatives. These two sets 
together with zero make up the set of rational numbers. 





Write symbols for each of the letters A through F in 
the Investigation. 


3. We accept the following principle for rational numbers: 





a What is the opposite of 3? 
B What is the sum § + (—3) ? 
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Using the Ideas 
1. Sometimes the term additive inverse is used instead of opposite. 
Thus, the additive inverse of 3 is —3, and 3 + (-3) =0. 
Give the additive inverse of each rational number. 
2. Does zero have an additive inverse? What is it? 


3. Give the rational number for each lettered point. 


ee | 0 1 2 


a 3$+n=0 F $+n=0 K -3+n=0 
B n+(-3) = G 2+n=0 Lc 12+(-¥)=n 
c +n=0 H 13+n=0 mM -4+n=0 
p n+(-%) = 1 -21+n=0 n 3 4+13=n 
—E n+(-%) =0 1 %+(-fl=n o n+3=0 
5. The number lines show that =3, =. and Gengarites Sea str cermvecs, 
~2 are equivalent fractions. Give three ie p32 0 2 1 
more fractions equivalent to these 
three. 


_, 
| 
ESS) 
j=) 
4h 
—_ 


6. Complete each sentence. 


A The opposite of a positive rational -4 =3 0 
number is a ? rational number. 


B The opposite of a negative rational 
number is a ? rational number. 


c The opposite of zero is ?. 


fo}[¢%) 
a 





Integer Pairs and Rational Numbers 
Investigating the Ideas 


Suppose we assume that the quotient 
of every pair of nonzero integers is 

a rational number. Give as many 
rational numbers as you can (written 
in fraction form) using the integers 
on these cards. 





ogee a 
EXAMPLES: 3’ 72" =4'3 


How many of your numbers can you 
locate on the number line above? 





Discussing the ideas 


1. Assuming the basic principles hold for all } 
the rational numbers, can you find this sum? g +4 =n 


2. a Find thissum. 3+(-§) =n 
B Now can you explain why -§ = —§? 


3. Can you tell what rational number 2 = ~3 might be? 
HINT: Write it as a fraction and multiply the 
numerator and denominator by ~1. 


4. Explain why -2 and ? are symbols for the same rational 
number. (Use the hint in Exercise 3.) 


5. Since you cannot divide by zero, there is no rational 
number with denominator zero. What rational number 


do you think -$ or=$ might be? 


6. Each rational number below is either positive 3 or 
negative 2. Tell which. 


a 5>+6 Bp “5-—> "8 c 5+8 D 


we 
mi 
ae 
ba | 
a 





2. 


Write each quotient as a fraction with a positive 
denominator. 


02. Weetr 1) ee. 
EXAMPLE: “37 =9-°(1) > 3 


Using the Ideas 


A 4-3 B po 6 C3 = JD Dy 76.7 ..10 Ey 0.2/7 
Answer T (true) or F (false) for each part. 

cee ee eet sete eee ot - $n —-3 
Give the point P or Q for each rational number below. 

P Q 
—_—o—_____o—_________—_—___—_____OEM___|—_ —_——_9#________—_->_______©—~> 
4 =] 0 1 2 

a & B c 8=-5 p 8-5 —E 8+ 5 rF 


R S T U 
—@_________@—_______- @-____6._____________@ ___________9—___6 _________@ _____________6-—= 
=2 rf 0 1 (a 

A = Dp SHELO Osa “0.7 

B 9 E 3 H 7~10 76 

op tesa! 2) il sie 14 ed 





Addition of Rational Numbers 
Investigating the Ideas 


Suppose all the usual basic principles 
and rules hold for the set of rational 
numbers. That is, you can use the same 
rules for adding rational numbers as you 
used for positive rational numbers. 





How many ways can you find to place Record each 
the slips of paper above on the shaded equation that 
spaces below to form equations? you find. 





Discussing the ideas 


1. a Would the placement of the slips of paper be any 
different if the denominator were 15 instead of 10? 


B Explain how adding positive and negative rational numbers 
is much like adding positive and negative integers. 


2. In the Investigation, each denominator was positive. Can you 
write a fraction for any rational number so that it has 
a positive denominator? 


3. How would you change these problems before trying to add? 
A wt+ab=*x Bp 2+-=n c -$+2=d 


4. What is the sum in each part of Exercise 3? 


ls 


5. Explain why the sum in eta 345 
A andB is the same. 


oO 


6. Give the missing numerator. : 
If 2 and § are any two rational numbers 1 
with b > 0, then 2+ €= 5. 1 
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. Find the sums. 


a 24+2=n Ew~tpa=c 
PST see ag, eS 

B¥io M10 +f F io tio—y 
73.) 20" -7 se 

c 3tg=mM G too ti00 = S$ 

p 3$+-2=x H iot+ae=d 


. Find the sums. HINT: Change to positive 
denominators before adding. 


B hs4 61 7 5 
A 7+ 77 D-gt+¢s G =20 +75 
Bees eE@+— H—-4+-3 
4 3 ara” 6 ,;&3 
C ~=jo0 +-t0o Eves stce ' =\o9 +40 
. Find the sums. 
agt+4t+3 p1+3+-3 
B3t+3t+% e 1+4+4% 
ite a 4-7 4 feds (71 
C 10 +70 +70 > 6 6 6 


. Solve the equations. The 
replacement set is the set 
of rational numbers. 


- =4 -2 
a 34+x=} G 2 +30 =X 
Bp et+r=e H>+4=y 
c y++z=-3% 1 n+7¢=0 
p2+2z=4 yo 2+Kk=2 
7755 kK g@ts=1 
£3 pes 
F 75+t=0 Lm+4=%4 


ols 
+ 
| 
pest * 


+ 
als oie 
I| 


~ a & 
1 ON aN 
+ 
fo ]Te) 
| 
&Q 


olN 
a 
wks 
I 
® 


r roy & 
Wi eee LE) acyl 
ais 
pam 
S| oles 
oOIN 
[o) 


Le) 
-b 
le 


«ol 
© 


| <-—_ 


alo ol= old 
a + ie 
aly elon o|* 
+ + °>+ 
“co colts alo 


x» 8 @ 62 8 


Using the ideas 
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Finding Common Denominators 


Investigating the Ideas 


Can you match the equations so that the one on the right 


will help you solve the one on the left? 





= 





2 
3. 
4 





5: 
Discussing the Ideas 


1. Explain your matchings for each part of the Investigation. 





2. Give the least common denominator (LCD) that you would 
use for adding each pair of fractions. 








i, Ml [ara 1 ol 
Aq+3 Bots Chana D3 +%0 B 
3. Explain how to find the missing numerators. 
i 5 it 2a - i 
A 3 =24 B3=72 3 — 30 D R42 - 
ates He a SL owen 
4. Study the example: a 0 B.D ire ray x 6 F 
What is the sum -$ + 5? 
5. When adding several positive rational EXAMPLE: 
numbers using mixed numerals, it is 
helpful to arrange your work as shown 163 165 
in the example. 3 9 
ee 23 34> = 342 
A Explain how 2975 was found. : < 
23 +105, jlOye 
B Why does 2945 represent the es 
2 
same number as 3043 ? 2933 
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_| 
N|— 


1. Copy the ae and give the numbers for 


ita a: 
4.3 — 42 
a 
24 


re 
eta=m+2 


2. Find the sums. 


aA 344 
B4+i 

cS We 
C 40 +70 


= at 
Dio 1 4 


3. Find the sums. 


A 422 
213 
+ 37% 


E 312 
174 
+194 


4. Find the perimeter (distance around) of 
each region. The units of length for 
each side are marked on the figure. 








Rie oe 
Re aS 


zo 7" Mm 


alu ee al 
te 
aks og ni 


o|— 
“bh 
role 


oO 


“fb 
on 
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oa 





12335 
2433, 
+ 366 2 


‘More practice, page S-14, Set 25 
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Using the Ideas 


colon 
-- 
ol 


_ 


1 DIC wipro 
wane 
rol | $|09 


vo Oo 2 
oolen 
a 
Sle 


+125 





H 2433 
184 
+ 7695 





Subtracting Rational Numbers 


Investigating the Ideas 


Select one of these Set 2 “5} 
J 
sets of numbers. 

Write two addition 

and two subtraction {8, eo 6} 
equations using your 

numbers. 


(3, ~4 7) 


Can you use your numbers as numerators in the two 





gel and the two subtraction equations below? : 
Eee Hes 
10 104° 10 10 Oe tat 0 
Eee Bee 
10 10 


Po ke 10 12 7 40 




















Discussing the ideas 


1. Find these differences. Explain how to check your 
“answers by adding. 


A6-—“2=n B 4-3=s Cc 2— 6=xXx 


2. Now try to find these differences. Remember, you 
Should be able to check your answers by adding. 
6 


POR agen och. a ee 2 ee OR 
Ai0—i0—™M B io—io—t Cl ijamt0 a), 


3. Give the missing numerator. 
If § and — are any two rational numbers 
with b > 0, then 2 — ¢='lll 





4. Explain how to find these differences. 


bles es +, ae 
AZTEe=q Bio-2-d c 


| 
sy 


oles 
| 
al 
| 
= 


F-14 





1. Find the differences. 


| 
wo 


5 
AB 8 
~b} 6 
B 1010 
4.78 
ne asad: 


2. Find the differences. 


A 


AID DOIN 
al Ni- 


3. Find the differences. 


ag 
“6 2 
B i075 
5 3 
Cuier 4 


4. Find the differences. 


A 168 
—114 





=e) 

D 0 ~ 70 
ga 5 

Seo 6 
a 6 <3 

eae Saalay 
58 1 

CAG ana 
(_ 

D i072 
aes 

D.3iniké 
PES 

ae all 
5 wrsG) 

F 6~ 10 
1 

B 435 
5 

= 1955 


5. Find the distance x for each figure. 


More practice, page S-14, Set 26 


Sige ey 
6 6 
Sol by, Boalt Wy 
12 —12 
¢ Bm. 4, 
10 — 70 
ES: 43 
10 5 
Ey a) 
128-3 
OMe 
10nia5 
wld ey sal. 
10 = "4 
B44 Ties 
5 A 
6675 

3 
— 445 


3 
oP 
Ole Oe 
K 70 —10 
Tle af 
L 16 — 6 
EO eas 
G 10-4 
7s 
1) ia 
en 
W056 aeet6 
a 
2 nchied .! 
a f8<7 
L 70" 2 
1 
D 1073 
1 
= 945 
*ec 


Using the ideas 


Teen At 
100 — 100 
“199 '-257 
100 1000 

5 Dotty iT 

10" 10 


I 
_ 


ns 


1 @INR ih 
Ni 


ole 
| 
ri 


4125 
— 365} 
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Basic Principles for Multiplication 
Discussing the Ideas 


1. The fraction } compares the shaded portion of the 
square region to the whole region. The fraction 4 
is an example of a unit fraction. A unit fraction is 
a fraction whose numerator is 1 and whose 
denominator is a positive integer. 








What unit fractions are suggested by these regions? 

; @,) ; BH 
2. The regions and the number line below suggest multiplication 

with unit fractions. Study each figure and complete each 








equation. 
: . an mt We write: z 4 = i. 
3 of a region 2 of 3 g.of a region 
ery We write: 3 4 = Ill. 
De 5 8 ig | 
3 jumps of ¢ 


3. Discussion Exercise 2 suggests the following generalizations 
concerning unit fractions. 





Give the multiplication fact illustrated by each region or number line. 
A a eres Se B 





. The example at the right 


. Study the examples then 


Using the ideas 


. Solve the equations. 


who. eee 1 28 cl ae a Ba pan ee 
Alan C 3°N=>10 E7'6—"n G 700 "= To00 
ion Polat Ve dite me ik’ ato = 380 
Bg 2-—"n D n-4 72 F 70°" =Too H 700 = 200 
. Find the products. 
a 4:2 B 6:4 c 0-4 p 6-4 —E 12-3 


. If a is a nonzero whole number, then a: = ||. 


. Assume that the basic principles hold for the set of rational numbers. 


Give the principle illustrated by each equation. 
e852 23 
AE Bray f c 4 


proves that -1-§ =-$. 
Find the products. 

a -1-4 p -1-3 

B 1 3 —eE 1 2 

c 71-2 F -1-q0 





. The product of a positive rational number and negative 1 


is the ? of the rational number. 


. Give the missing number for each ||lll. 


a -1-(-3) =-1-(-1-3) = (-1--1) -3=IM oe -1- G8) = -1-(-1-33) = 
p -1-(-3) =-1-(-1-3) =(-1--1)-3=M om -1-(83) = 

. Give ne number for nin each sentence. 
A -1-4=n Bay: l=n c -1-:n=4 Dp n-2=-2 


find the products. 
As D 


| 
a 





val seN gah 

2 er 

1 -1 V1 
Bsg'3 E 70 ‘100 
2431 sie 
c 6:3 aig a10 


Multiplying Rational Numbers 
Investigating the Ideas 
Using the numbers in this set 


as factors, many different 
products can be found. 





How many different products can Record the factors 
you find for each part below? and products. 





The product of any two of the factors. 
The product of any three of the factors. 
The product of any four of the factors. 
The product of all five factors. 


[e}fe}i=)[>] 


Discussing the Ideas 


2 Explain how yeu could arrange and group the factors 
1,3, 4, and to find their product easily. 


2. The unit fraction principles and the basic principles can 
be used to justify the rule for multiplying two positive 
rational numbers. Study the example below. 





a How would you find the products 2 39 


B Notice that 2 - 4 = =8 and 2 - £2. What shortcut for 
multiplying two rational numbers do these examples suggest? 


3. Study the example Then explain 
how to find the products below. 





4. Explain why the product -3 --3 is the same as 3 -3 
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Using the Ideas 


. Find the products. 


a 2.3 p 3.3 a 3.3 y 2-32 me-5 
Bah walk Ee fbr dbrSin woaibia dori erraiomded 
c i903 F5°7 13-4 L 4-3 © 30°70 
. Find the products. 

a 3-3 F-1-4 K 3-7-1 P 6-74 
Be o 3-3 L 4-2 a 3--27 
cas H 5-2 m 12-3 rR ~--3 

p 3-5 Lingees N ~30- 709 Dare t 
Eas y 3-2 © 73°25 7T (49 -=3)0=140 


. Complete each sentence with one of the words positive or negative. 


A The product of two positive rational numbers is a ? 
rational number. 

B The product of two negative rational numbers is a ? 
rational number. 

c The product of a positive rational number and a negative 
rational number is a ? rational number. 


. Solve the equations. 


+3)=n € 4-24=n 


aA 6:(2+3) =6:2+6-3=n Cc 10°( 
3g =N F =§."92'= 


Bp ~-4-(3+3) =n p 8: 


. Write each mixed numeral as an improper fraction. 


Then find the product. 


A 23-5 =3°5 = lll D 6° 43 = Ill G@ 333-3 = lll 
B 13-3 =i —E 13°22 =Illl H ~10--25= lil 
© ~25°5= lil F 63-6 = lil 1-33 -~53 = ll 


Inu 


ND DE Hf ff fd fo 


A postman is to deliver letters to each of 10 houses located all in a row and equally 
spaced. If he can start at any house, what is the longest path he can take? 





_ More practice, page S-15, Set 27 F-19 


Reciprocals 


Investigating the Ideas 


Ea 


ch of these flow charts has an output number of 1. 





Discussing the Ideas 


1. 


4. 
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If the product of two numbers is 1, each number is the 
multiplicative inverse or reciprocal of the other. 

For example, 2 is the reciprocal of 4 because 2 -4 = 43 = 1 
and -3 is the multiplicative inverse of -? because -3 - 


Give the reciprocal of each number. Explain your answer. 


add BS Ca3 D 2: Ee 1 


. One of the basic differences in the structure of the 


set of rational numbers and the set of integers is a is a reciprocal of b, 
that every rational number, except zero, has a and b is a reciprocal 
multiplicative inverse in the set of rational numbers. of aifa-b=1. 
However, in the set of integers, only 1 and ~1 have 
multiplicative inverses. 


A Explain why zero does not have a reciprocal . 


B What kind of a number is the reciprocal of 
a unit fraction? 


. If a rational number is negative, will its reciprocal be 


a positive or a negative rational number? 


Since 24 =%, the reciprocal of 23 is. 


Explain how to find the reciprocal of 375. 





1. Give the reciprocal of each number. 


Using the Ideas 















aé c % eE -4 a 1 1 33 K 10 
B 3 D 75 F? H 5 J 75 L 700 
2. Solve the equations. 
a 2-n=1 p £-n=1 G 10-n=1 Ju 5e-n=1 
B2-n=1 eE 2.n=1 Hg-n=1 K 1653-n=1 
c n-2=1 F g:n=1 1 23-n=1 L1-n=1 
3. Solve each equation. 
A (5°3)-x=1 c (3-4) -x=1 Bot x) = 
B (-4:7)-x=1 p (-2-2)-x= F qo-(-3°x) =1 
4. Study the example. Then So : 
solve the equations. EXAMPLE: oe ; 
Ss" /2 ) =8 Solve the equation: 3 -(?-n)=$ 
A 8° 3° =3 a : 
Sue dO' 2) 3 
B49 n) 4 This number must 
c 3. 2 - n) = be 1 because 2.3.n—3 nF -n= 1, 
Fe tel art ) =§ 4°1=7. = \thenn=¢. 
D a .a\a0 1) —5 = 
2 25 3 oe 
= eg a a : 
§.3) Lvs - SOLUTION: Nn=<s 








j 





Figures A, B, and c represent the floor plans of houses. 


2. Starting outside, can you walk through all the 
doors of each house only once? 


A B 
1. Starting inside, can you walk through all the 
doors of each house only once? 











F-21 


FLECTRICAL ENERGY 


Electrical power is measured in watts. A kilowatt is 1000 watts. 

A kilowatt-hour (kW.h) is 1000 watts of power in use for one hour. 

For example, one kilowatt-hour will run a 100-watt light bulb 10 hours. 
(That is, 100 watts x 10 hours = 1000 watt-hours = 1 kilowatt-hour.) 


The table below shows the approximate number of kilowatt-hours 
used by some electrical appliances. 


5. 


6. 


. If a color television is used 


5 hours per day for 30 days, 
how many kW.h are used? 


If you listen to a hi-fi while 
ironing for one hour, how many 
kW.h are used? 


Five loads of clothes are washed 
and dried. It takes 2 hours to iron 
the clothes. How many kW.h? 


Suppose a disposal is used about 
15 times per day. How many 
kW.h are used in 30 days? 


A toaster is in use for 15 minutes 
at breakfast. How many kW.h? 


How many kW.h are used to 
make three meals per day for 
one week? 
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. The average residential consumer 


uses about 100 kW.h in home 
lighting in one month's time. 
How many 100-watt light bulbs 
burning for one hour would use 
the same amount of kW.h? 


. If a vacuum cleaner is used for 


+ hour, the range is used for a 
meal, and the disposal used four 
times, how many kW.h? 


Suppose the cost of one kW.h is 

3 cents. What does it cost to 

do the following? 

A Heat water for 30 days. 

B Watch a 90-minute color 
television show. 

c Run a refrigerator for a year. 


bp Go on vacation for a week 
with a 100-watt light bulb 
left burning. 





Improving Computational Skills 


1. Find the sums. 








A 1675 B 83 © 123% D 835 E 1108 
1 

293 113 963 165 88 
au 3 ab iE 1 
E e2 G70 H 4 ' 10 ditt fo 
5 i j i 2b 
2 20 
4 372 Ss BEE Ee 
& 1000 10° 100 200 


| 


2. Find the differences. 














A i B i c 3 D to E 6 
| 14 p273 3 746 8 
| 700 100 5 100 45 

F 1535 G 28 H 3545 1 723 J 100 

ds 194 282 2645 8% 

3. Find the products. 
m4 5s Bigeye ces p 5°52 E 45-5 
. F 23-675 a 83-3 H 425-53 1 6-163 J 95°95 





Division of Rational Numbers 
Discussing the Ideas 
1. Finding missing factors in multiplication problems may help you 


to understand division of rational numbers. Study the example 
and then give the number for y. 










If you can find 
the missing factor, 


then you will know 
the missing quotient. 





yay Seed 

Ream Sa Ves ec 

z-(4 7) = Ts eee ee 
4 Nag) = 6. ee 5 a4 i ee ann 


2. If the divisor is not zero, the same argument may be made 
for any pair of rational numbers. Study the example. Then 
give the missing fraction for |’, 


C yen 8 Vig ee 
d cs bX 
g.(¢.2) =a a.c_d,a_agd 
d \c bi) = b bad iC bees Dec 
a. c¢_a i 
Therefore, 5 ~qg= 5°! . 
3. The example shows how dividing 2+3=72.3=8 
with negative rational numbers 
is carried out. 
Try these ‘division problems. 
A 1.5 B 3.2 C. 10 55 Diet et 
22 ad BF ans 3 2 ORS) 
Sh. 2 Suyee 
4. To subtract one rational number from 4—-3>=37+5 
another, you can add the additive 
inverse. 
Notice the division example and then 3.23.3 


complete this statement: 


To divide one rational number by 
another, you can multiply ? ? ?. 
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Using the Ideas 


1. Solve the equations. 
a 3+3=8-n D4+$=4-n a $-$=f$:n 
0 $23=$-n e §+-$=§-n HW 3s3=$-n 
obei=ton Fa 3a=$-n 1 B23 =$-n 
2. Find the quotients. 
as+h ot 02-3 pegtkcoee 
ae es n 8% HEN 
c h-3 res ae Le s3 


3. Write the mixed numerals as improper fractions and then find 
the quotients. 














A 13+5 c 64+35 E313 G -23+-14 
B 45+23 p 14-3 F -10+33 H 95 ~>33 
4. Use division to find the number for r. 
EXAMPLE: 3-r=3 > r=3+3=3 -§=2=2 
Aoey eS Cs Poles = ae 
Soe Tee Dice F) Gliwees Miser ate 

















More practice, page S-15, Set 28 F-25 


Comparing Rational Numbers 


Investigating the ideas 


Give the age numbers. 
[a] Since 3 > is between 1 and 2, then -3 3 must be between ? and ?. 


[8] Since § is between 2 and 3, then -§ must be between ? and ?. 
[c] Since is between 3 and 4, then +2 must be between ‘panded. 


A B CDE AeG H / 








Can you match the tags with the proper points? 


Discussing the ideas 


1. The smallest rational number named by any of the fraction 
tags was the number that goes with point A, the point 
farthest to the left. What was that number? 


2. The largest number goes with point /, the point farthest 
to the right. What was that number? 





3. Using the definition at the right, 


which symbol (< or >) should be If the point fore lies to the left ar 
placed between each pair of fractions? the point for $ gon the number line, 

5 ; that 2 than$,? <<. 
a Sil © ills we say that $s es 


if2< © then © is greater than # a 





o illihz => 3 lli-3 


4. Instead of using the number line, you can write each fraction 
with a positive common denominator and then compare the 
numerators. a the examples. 








23 21 aA 6 5 a) 8355 2 225 
cbag 8a On ae [8] 5 =30 and -§ ==§=5 =—30 
Since 10 - ae, Since 6 > ~25, then-~ > =. 
Compare these pairs of rational numbers by this method. 
a 3and3 B -3 and-3 ec 3 and§ p — and-? 
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Using the ideas 


. Give the integer for n. 


as-B c= e4-8 03-8 1g=% 
0 3-3 0 ec eet oe 
. Give the numbers for a and b. Then give the correct symbol (< or >) 
for each li. 
5 = 20 $= 20 2334 
Sat Ge Cee), 
4 20 4 ~~ 20 1 Onl 
a= ina b= 
St, er ee 
8” 24 4 44 12° «48 
. Copy each problem and give the correct symbol (<, =, or >) for each Ali. 
a 5 ils e 5 ills 1 ir illliis m3 ils 
oils or So SS n 3 Nw! 3 
e 3 ills o 3 ill «30 Mh = ls 
o 5 iis nw 25 il? ui iS a Py 
. The graph in the example illustrates the idea that we ean think 
about all rational numbers x such that x = 3 and x > 5. 
Recall that we write such inequalities as 4 =X =e 
EXAMPLE: 
~~» ____e ___e—___»____e____» ___» ____e ___» ___» ___» ___¢ ___» ___e ___e ___« ___o_» 
0 ; i 1 


Write similar inequalities for each number line. 
& «9 -@ ___@ 8 


al 0 3 1 2 3 
a 
Aa eg -3 eo ral 0 1 
© 28 9 9 0 
3 3-2 a 0 5 1 2 
. Illustrate each inequality by using a number line. 
Azg<x<f Bp B<x<9 ec 3<x<3 D <x<% 
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Solving Problems 


Investigating the Ideas 


Study the advertisement 
at the right. 





Discussing the ideas 


1. 
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. Carol thought about the problem 


. Prices are reduced for a sale 


How much would you have 
to pay for the television 


set if you bought it during 
the sale? 


Diane found that % of $96 was $24. 
Is this the sale price of the 
television set or the amount that 
the marked price is reduced? 


. How can you use Diane’s work to 


find the sale price? 


differently. She thought about 

it this way: “Since there is 

4 Off the marked price, you must 
pay 3 of the marked price during 
the sale.” 


What is the solution to Carol’s 
equation? 


. A How much would you save on the television set 


if it were a ee eOtt, sale? 


B What would be the sale price of the television set? 


by. How would you find the 
sale price for this tag? 














Using the ideas 


1. A 10-speed bicycle regularly priced at $109 is 
on sale during a ‘‘3-off” sale. What is the sale 
price of the bicycle? 


2. A reclining chair regularly priced at $150 is 
reduced in price by 7p for a sale. What is the 
sale price of the chair? 


3. Jane works in a dress shop which is having a 
‘4 -off” sale. What should she mark on the tag 
as the sale price of a pair of slacks that is 


regularly marked $12? 


4. a Estimate the cost of 3945 litres of gasoline 
at 11-4¢ per litre. 


B Compute the actual cost. 


5. When Anne’s sister had her twelfth birthday, 
Anne said, ‘You are 3 as old as | am.” 
How old is Anne? 


6. A car was driven 90 kilometres in 13 hours. 
What was the average speed in kilometres per 
hour? 


7. A tank is 2 full of fuel oil. After 250 litres 
are used, the tank is 3 full. How many litres 
does the tank hold? 


8. A school hockey team won § of its games. 
It won 3 more games than it lost. How many 
games did the team play? 





9. The average of two rational numbers is %. 
One number is 3. What is the other number? 


5 dl BERET ATS 
ay 
i — 
. ae rae 
aes * 





More practice, page S-16, Set 29 F-29 


t 


Rational Numbers and Functions 
Investigating the Ideas 


The set of all input numbers for a function is called the domain of the function. 
The set of all output numbers is called the range of the function. 


f(n) 


Function Rule 
a cme Domain: 
n+ 1 All rational numbers 


Co-ordinates 





=__(0,1) 
a > (3,13) 
2 3) 
aS dere, 
ee ey 

> (71,0) 

+> (3.53) 





If the domain of the function above is the set of all rational 

numbers, we cannot list all number pairs for the function. 

Instead, we find a few number pairs and locate the points with those 
co-ordinates on the co-ordinate plane. Then we connect the points with 
a line to show where other points for the function must be located. 


Can you prepare a function table and draw the graph for 


the function whose rule is 3 -m when the domain is the set 
of rational numbers? 





Discussing the Ideas 


1. Are the pairs that you found for the function rule 
necessarily the same as those found by another classmate? 


2. Will your graph look the same as the graph of another 
classmate if neither of you has made any mistakes? 


3. If the domain of the function graphed in the Investigation 
had been all rational numbers n such that ~1 = n = 1, would 
the graph have been a /ine or a segment or a ray? 
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Complete the function tables for Exercises 1 through 6. 
Then draw a graph of the function. The domain is the 
set of all rational numbers. 


Using the Ideas 





1. Function Rule 2. Function Rule 3. 
2:n 
(n) 
a 
| 2 
1 0 
ieee A i A 
a 1 | ill i B 
B12 1 ill e 15 | Iii c 
4. Function Rule 5. Function Rule 6. 
(3 : n) +1 “3-n 
n | f(n) f(n) 
1 A lk A 
13 B il B 
A I c I c 
i D Hl D 
c i E il E 



























































Function Rule 
2=n 
f(n) 
2 
1 
0 








Ul 
It 


Function Rule 








ae (n2) 


f(n) 























I 
hl 









Complete the function tables for Exercises 7, 8, and 9. 
Then draw the graph of each function. In each case, 
the domain is given. 
7. Domain: 


no <n <3 c= nese 


Function Rule Function Rule 

















n+3 4—n? 
n_| f(a) 

D 2 0 
A Il 1 ba 3 
B il 0 4 p 
c UL a 1 ill B 
D Ul e 2/ il 
E i e 13 | ill c 
F p -12 | Ili B 





+e 8. Domain: * 9. 


Domain: 
All rationals except 0 


__Function Rule _ 


en 


| Fin) 
1 
tales 


pe 





3 





=} nia} 


S| 














|} rola] ro 


-S 
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Graphing Linear Equations 


Investigating the Ideas 

















The co-ordinates of three points for 
the graph of the equation x + y= 2 
have been found and graphed. 





equation 


xt+y=2 co-ordinates 








(x, y) 

pe terk (0 2) 

“1 (3,-1) 

“) 50) Sigas hee 2. 4} 


Can you find the co-ordinates of at least six more 
points for the equation and show them on a grid? 


Discussing the Ideas 


1. Do all the points that you found seem 
to lie in one line? If they do, draw 
a line through them. This shows that 
the replacement set of x and y is the 
set of rational numbers. 


2. A Is it true that 3 +7 = 2? 
B Is the pair (3, 5) the co-ordinates of 
some point on the graph of x + y= 2? 


3. Is the pair (3, 5) the co-ordinates of some point 
on the graph of x + y= 2? How can you tell? 


4. The point with co-ordinates (-135, y) is a point on the 
graph of x + y = 2. What rational number is y? 


5. Equations which have graphs that are straight lines are 
called linear equations. Is x + y = 2 a linear equation? 


6. Find some co-ordinates for the equation x- y = 12. 
Show that x- y = 12 is not a linear equation. 
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Using the ideas 


For Exercises 1 through 6, complete each table and 
graph the equation. The replacement set for x and y 
is the set of rational numbers. 


1. 








. Graph both of the following equations 


equation 2. equation th equation 


x+y=3 x—y=2 2x—y=0 














x y 

5 3 

cube ee 
i a Oo | ill A itl 
Il B 2 | Ili sp 4 (| ill 

: equation 5: equation 6. equation 
x—2y= 2 2y+y= 5 3x — 2y=8 

x y x y 
Il a oO | ill A tt 
I sp 5 | ill B i 
tt c 1 Ul c Ul 





. Make your own table and then graph each equation. 


Find at least three pairs of co-ordinates for each equation. 
Ax+y=5 BxXx-y='1 c 2x—y=1 


. Use the figure to give the number pair y-axis 


that is common to the graphs of both 
equations. Substitute this pair of values 
into each equation to check this choice. 


on the same grid: 

x+ty=0O x-—2y=15 
Find the co-ordinates of the point that 
the two graphs have in common. Check 
to see that this number pair ‘‘works’”’ in 
both equations. 
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REVIEWING THE IDEAS 





1. a The opposite of 2 1900s: 8. Give the smaller number of 
B The opposite of -§ is ?. each pair. 
c -> is the additive inverse of ? . az? cz. e 13,73 
wie ees 
bd The additive inverse of Ois ?. pil 3 Piaf al empl 
e: ne he SU! : , 9. Give the rational numbers for 
Agts DT i the inequality suggested by 
~ s +2 7 3 er this number line. 
yn ha ill <x < il 
+——_ (ii o> 
3. Find the differences. =A 0 1 
a 3-3 p 3-4 
B4-% ED>-v% 10. An article originally priced 
m4 eo aoa at $132 is marked for sale at 
Car amt, DiS cas 1 
4 off. What is the sale price? 
4. Find the products. 
3.4 “4 Dine 
As'3 D 5°79 G 35 a7 11. Complete the —_v—e 
a 2.33 gee gel n 13-28 fungtion rule ate 
Ape able. 
Cire ics the hires at Oou talbnrs 
4 
5. What is the reciprocal of each 1 
number? 2 
a3 c= E 4 a 4 A a i 
4 6 3 
B 4 D 3 Foi H 12 B i 
I 
6. Find the quotients. o 
a 323 p 14-2 a 3i-3 o I 
ee ar ee 
Clon oan an cells 12. Draw a graph of the function 
for Exercise 11. The domain 
‘ is the set of rational numbers. 
7. Solve the equations. 
a 3-n=10 eo: n= 13. Give four number pairs for points on 
eso 7 8-(3+2) =n the graph of the equation 2x + y= 11. 
c n~3 =3 @ 10: (2+n) = 22 14. Give the number pair for the point of 
4 3 ee; — intersection of the two lines x + y= 11, 
DZ tN=6 n (2-3) + (5-2) rds x — y= 3. Graph both equations. 
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1. “Give | the additive j inverse of each 
. rational number. 


2. Solve the equations. 


AD +X=75 6 47t-0 
ee 
. Find the sums. 
a i+ ¢ 473 
p+? pn 3+i 
_ 4. Find the differences. 
As 2 ree 
_ 5. Find the products. 
A i.i c “3-5 
2 5 3.2 
Bs ¢& BP 2 3 


_ 6. What is the reciprocal of 3? 


RESEARCH PROJECTS 


A_ Design a flow chart that will show 
the steps in finding the sum of any 
two rational numbers. Try to make 
flow charts for the other operations 
using fractional numbers. 


B Read about the historical development 
of the symbols for fractions. Find out 
what other notation for fractions has 
been used. Write a report on your 
findings. *See History of Mathematics 
by David E. Smith; New York: Dover 
Publications, 1925, vol. li, pp. 208-228; 
General Publishing) 


10. 


. Find the quotients. 


1 3 1 23 
Aax—-s c 14-4 
24 51 2D 1 
B= dp -—= +1; 


. Give the correct symbol (<, =, or >) 


for each ili. 


a -Silly2 e 3 ill-3 


. An article originally priced 


at $124 is marked for sale at 
+ off. What is the sale price? 


Which line, 4 or 
5, is the graph 
of the equation 
x—y=4? 





Every rational number can be 
expressed as a continued fraction. 








For example wo aly wail te and 
a ae 2 2 pees 
= = 13 Te 


Find out what continued fractions 
are and how they can be computed 
from ordinary fractions. (See An 
Introduction To Continued Fractions 
by Charles G. Moore: Washington, 
D.C.: National Council of Teachers 
of Mathematics, 1964.) 
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ATHEMAT ICAL RECRES 


fehedh tears ake AFR ee en ee 











1. Draw and shade the next three triangular figures. 


2. What fractional part of each region that you drew 
is shaded? 


2 ol = S/ VEO SE 


CAL 


3. If the large triangular figure contained 100 small 
triangles, what part of the figure would be shaded? 
What part of it would be unshaded? 










4. |f the large triangular figure contained 400 small 
triangles, what part of the figure would be shaded? 
What part would be unshaded? 


5. If the large triangular figure contained a ‘‘very 
large’’ number of small triangles, about what part 
of the figure would be shaded? 


=e 


YOURSELF 3.4 foie bie die f : 4 age co aa A 
Answers eo Ta fe 2;¢ Oe Bs 
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UNIT F: Rational Numbers 





MODULE 2: Decimals 





OBJECTIVES: 


rhe od bea a he 


© @ 


10. 





After completing this module, you should be able to: 
1, 


Write powers of ten using either positive or 
negative exponents. 

Give the place value of each digit of a decimal. 
Find sums and differences with decimals. 

Find products with decimals. 

Express a given decimal in scientific notation. 
State the greatest possible error in a 
measurement which is expressed in scientific 
notation. 

Find the quotient of two numbers in » decimal 
notation. 

Estimate products and quotients using decimals. 
Find a decimal for a given rational number in 
fraction notation. 

Find a repeating decimal for a given rational 
number. 


Negative Exponents 
Investigating the Ideas 
You are already familiar with 


non-negative integer exponents. 104 =10000 “ip as large as 10° 
The idea of exponents may be 


2 4 
extended to include negative a = pee im as ae as oe 
integers. Study the table of 19 as large as 10 
powers of ten. Notice that 10" 10 <5 as large as 10? 
each power of ten is 7 as 10° 1 <—.) as large as 10' 
large as the one above it. 107%= 16 — as large as {0° 


10-2 lllll 5 as large as 10~' 
10-3= lll <5 as large as 10-2 
10h = lll 5 as large as 10-2 
105= lll _; as large as 10~* 


Can you discover a pattern 
for the powers of ten in the 


table and give the number for 
each ||| ? 





Discussing the Ideas 


1. The pattern of the table suggests that / 
10 re «l= Aor = 700 
A How could 10~® be rewritten with a positive exponent? ‘~ 

B How could zo0000000 be expressed as a power of ten? 


2. To extend the idea of exponents to include all integers, 
we make the following definition: 


Thus, 3-2=g =9 and 4° = 45 = gq. 
A How can you express 7~? with a positive exponent? 
B How can you express 3 with a negative exponent? 





3. The example shows how 
7:10°1+ 3-107? can be 
expressed as a rational 
number. Express each of 
these sums as a rational 





number. 
A 2:°107'1+3-: 10-2 ec 3:10'+2-10°+7:107 
B. 6°10" 2310 2 Ot Om. bp 5-102+5-10~? 


F-38 





Using the Ideas 


pt. Rewrite each power using positive exponents. 
AD10°4% c 10% Fac G20” ies” 
B 10% Da10 4: Fe5D-* H 3° J 8 


2. Rewrite each numeral using negative exponents. 





A 703 Cc 7 E a @ i000 | 13 
B 70% D 3 F 70; HM 70000 J 3 
3. Rewrite each numeral as a power of ten. 
a 1000 © a0 E 10000 @ 100000 1 1000000 
B i000 p 100 Fab H 70000 ies 


4. Express each sum as a rational numb 
Ay Oe Ome 4 sl One E 
BV/rOsts 310-9 F 
Cas 31027 5-107) G 
Dp 1+ 10°+-3.- 10ssH19 51072 H 


ele 
-102+7-10°+ 4-107 

-10-14+ 6-10-2+3-10-°+1-10-4 
-10'+2-10°+3-107+7-10 
-109+1-10'+6-10 


o—_- oO @ 


* 


5. What rational number is this sum? 
teeter 12 Se ee A -:2 14+ «1, 2-2 


6. Which statement is correct? Try to prove your answer. 
[a]10-1- 10-1= 101 fe) J 0S 1061210 
ielj0- 10 =10> Pa Sie eR 





Decimal Notation 
Investigating the Ideas 
Suppose the minicomputer shows 


a certain amount of money but does 
not show the decimal point. 


Can you place a decimal point 
in the numeral so that it shows 


A the cost of a new automobile? 
B the cost of a table model AM-FM radio? 
c the cost of a color television set? 





Discussing the Ideas 


1. Instead of ;5, a minicomputer would show oe Biral a Shs 
Instead of ;45, a minicomputer would show Pe) (OHS 


aol decimal would a ba eo: show for each of these? 


5 uae i273 179 
A Ans B 70000 c a D 700 E 700 F 7000 


2. The diagram will help you 
review how place value is Place-value name —> 
used in decimal notation. 
A Give the missing 


place-value names. Te /102/10'/10°/10-/10 108/10 9/ 
B Give the missing exponents lursa) Xo] I 
/4/3/9/2/5/7/ 


for the power of ten. Decimal —— 









3. The decimal in the diagram in Exercise 2 can be written 
using expanded notation (exponent form) as : 
8.21024 = 10! Sit0° 49 108) 10 44 510) ee. : 


How would you write each of these decimals in expanded notation? 
A 75.4 B 2.708 ¢ 129.35 D 3.1416 


4. The diagram at the right shows how to 
write a one-place decimal, a two- “place 
decimal, and a three-place decimal for 4 oh 
Give cne-, two-, and three-place decimals 
for each of these fractions. 


9 3 1 4 
A 70 Bs Cc 70 Ds 
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— i 5 a 
E 3 F Beane k pace 
i [ ) f an Eee 2 dio sees ae SNe 
ee es 
" Be 
a oe aes ee ‘ 


Using the Ideas 


. Give the missing word and number. 


EXAMPLE: 32.57: The 7 in the hundredths’ place represents 7 x 10°? 
A 325.467: The 3 in the ? place represents ||ll| . 
B 325.467: The 6 in the ? place represents ||lll. 
c© 325.467: The 7 in the ? place represents |||. 








Write each fraction in decimal notation. 

A i9 =0.3 © 700 E 10 G 7000 1 400 K 75000 

B 15 D food F an H To 0GG J 7000 L 7000 
. Write a decimal for each mixed numeral. 

A 23755 = 23.75 c 56335 E 25750 G 6276330 

B 7S p 4753 F 277685 ‘H 370000 
. Write each decimal in expanded notation. 

A 3.147 B 298.42 c 0.6129 D 0.0067 
. Write a decimal for each of the following: 

Ao 110i oe l0° > 1-10" ec 9-107+6-10'+5-10°+8-10'1+1-10 2 


BS. 10% 7.02108" 3710-2 DigioxlO0? 220210 in 0a 10° a. Oy 1078 3440-2 


For the fraction 7, write 
A aone-place decimal. B a two-place decimal. c a three-place decimal. 


. Write a three-place decimal and a four-place decimal for 0.75. 


. Write each minicomputer numeral with a decimal according to 


the directions given. 


2 ‘Hela ° Sees 


A number between A number between A number between 
10 and 100 1 and 10 75 and 790 











Se 


Adding and Subtracting with Decimals 
Investigating the Ideas 


Study the map and the distances 
shown on it. 


How many of the questions 


below can you answer? 





A How far is it from school to 
Chuck’s house to the Recreation 
Centre? 


B How far is it from Jeff's house 
to school to Chuck’s house? 

c How much farther is it from Chuck’s house to school 
than it is from his house to the Recreation Centre? 





Discussing the Ideas 


1. Suppose a student added 0.9 and 0.25 like this: — 


Since 0.9 = % =o and 0.25 = 4, explain 





why the sum shown is incorrect. 


2. To subtract 0.25 from 0.9, it is convenient 
to replace 0.9 by the equivalent two-place 09 = 0.90 
decimal 0.90. This is the same as choosing — 0.25 =—0.25 
a common denominator in the problem 


9 25 90 25 
10 — 100 — 100 — 100- 





Explain how you would subtract 0.347 from 0.4. 


3. Explain how we can think of the sum 0.31 + 0.024 + 0.135 


as (75 +700) + (qo0 + 7000) + (a5 +780 +7050). 


1 
/ 
*~ 
$ 
¢ 


4. Explain how the associative and commutative principles 0 $31} 
help us to think of lining up the decimal points — 0 1012; 
3 1 1 2 3 4 | iqie! 

a ee SE te Siete oe 
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Using the Ideas 


1. Find the sums. 








A 87.14 B 0.129 ¢ 135.29 db 9.006 E 0.0714 
23.87 0.744 642.77 18.213 0.0068 
0.668 883.56 31.747 0.1429 

0.0009 





2. Find the differences. 


A 743 B 7.05 c 0.621 dp 109.3 E 7.002 
59.8 1-90 0.583 86.5 0.785 


3. Write equivalent three-place decimals and 
then add. 


Ag 20-6mr 2313 42 0.255 
B 1.24+3.062+4+25 
Cat2 46% 100-120.262 7 
D 14+ 4.32 + 1.256 + 0.7 





4. Line up the decimal points and then add 
without changing to equivalent decimals. 


A 12+1.4+0.56 

B 37+58+4+ 3.14 + 0.226 
c 5.44 11.28 + 0.423 +7 
p 12+ 3.16+0.004+7.9 


5. Write equivalent decimals and then subtract. 
A 4.3 — 1.742 CeGre = 4:05 
BOS. 17 pb 100 — 0.8776 


6. Negative rational numbers can be 
represented by decimals as shown. 
Find the sums. 

A 18.2 Cain9.5 
~12.6 “6.4 Eee0d/22 0.09 G 5.28+ 7.45 





B ~0.765 db ~0.0068 
~0.426 0.0724 Fag 0.59 4-2 0;30 He 23.4 4-19.19 





More practice, page S-16, Set 30 F-43 


CELSIUS TEMPERATURES 


dy 


. The spiny anteater of Australia has a normal body 


. A marathon runner, on a hot day, was found to have 


. The lowest recorded temperature for British Columbia 


. Water boils at 100°C. Absolute zero, the coldest possible 


Normal body temperature for humans is 37°C (Celsius). 
A How much below normal temperature is 35.7°C? 
B How much above normal temperature is 39.2°C? 


temperature of only 23.2°C. How many degrees lower 
than normal human body temperature is this? 


a temperature of 40.6°C. How much above normal was 
his temperature? 


is ~58.9°C. The highest recorded temperature for 
British Columbia is 46.7°C. How many degrees difference t 
is there in these two temperatures? 





. The lowest recorded temperature in the world was at 


the Soviet Antarctic station Vostok on July 24, 1960. 
The temperature was ~88.3°C. The highest temperature 
in the world, 57.8°C, was recorded at Azizia, Libya, 

on September 13, 1922. What is the difference in 

these temperatures? | 


. The record high temperature for San Francisco, California, | 


is 41.1°C. The record low temperature is ~6.7°C. What 
is the difference in these temperatures? 


temperature, is 373.16°C below the boiling point of water. 
What is the temperature for absolute zero? 





. “Dry ice” (solid carbon dioxide) will evaporate at temperatures 


above ~78.5°C How much above the temperature for absolute zero 
is this? 


. Mercury becomes a solid instead of a liquid at ~-39°C. Cana 


mercury thermometer be used to find the temperature of ‘‘dry ice’? 


. Over a period of nine years, the temperature at Saipan, Mariana 


Islands, varied from 19.6°C to 31.4°C. How many degrees variation 
is this? 
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Speeeeeeeeeeeeeed Records 


1. In 1910, Barney Oldfield set 
a land speed record of 211.983 
kilometres per hour (km/h). 
In 1970, Gary Gabelich set a 
new record of 1001.64 km/h. 
How much faster was Gabelich’s 
speed than Oldfield’s speed? 





2. The greatest speed at which man has travelled was flown by the 
astronauts during the Apollo X mission. Their maximum speed 
was 39 892 kilometres per hour. About how many times faster 
than Gabelich’s land speed record is this? 


3. In 1972, Mark Donahue set an automobile record speed of 263.064 km/h 
at Indianapolis. This was 37.291 km/h faster than Rodger Ward’s 
record in 1962. What was Ward’s speed in 1962? 


4. In the 1968 Olympics, Lee Evans had an average speed of 9.13 metres 
per second in the 400- metre race and Jim Hines had a speed of 10.1 
metres per second in the 100-metre race. How much faster was Hines’ 
speed? 


5. A record walking speed was set by Agapor of the USSR in 1969. Ina 
20 000- metre race, he walked at a rate of 3.84 metres per second. 
How much slower is this than Lee Evans’ running speed? (See Exercise 4.) 


6. Mark Spitz had a swimming speed of 1.95 metres per second in setting 
a record time for the 100- metre swim in the 1972 Olympics. His speed 
for the 200- metre race was 0.18 metres per second slower. What was 
his speed in the 200-metre race? 


7. Shane Gould set a record for the 100- metre free-style swim by swimming 
at a rate of 1.71 metres per second. How much slower than Mark Spitz’ rate 
was her rate? 
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Multiplying with Decimals 


Investigating the Ideas 


The shaded rectangular region 
is 0.3 units long and 0.2 units 
wide. What part of the entire 
square region does it cover? 





How many rectangular 
regions can you show 
on a square grid like 


this that will cover 
between 0.06 and 0.3 
of the square region? 





Discussing the ideas 


1 


2. 


How long and how wide were the rectangles you found? 


The small rectangle shown in the Investigation suggests 
the multiplication equation 0.3 x 0.2 = x, where x denotes 
the shaded portion of the entire square region. 
To find the product, you can do 

all the computing as if working with 

whole numbers. Then, the last step 






Tenths times tenths 
is hundredths. 
The product is || . 


is to locate the decimal point in the ae “ian = lil 
product. What is the product? ay iylCy BAe ; 


. What are the missing numbers in each part? 



















A /A two-place decimal times 
a two-place decimal is a 
four-place decimal. 
The product is iif 


B { A whole number times 
a three-place decimal 
is a three-place decimal. 
The product is | fil, 


C /A two-place decimal times 
a three-place decimal 
is a five-place decimal. 
The product is ||. 








0.04 x 0.12 = Ii 100 x 0.035 = i 2.13 x 0.045 = ll 
J as aia J J J " T 
4x 12=48 100 x 35 =3500 213 x 45 = 9585 


. Multiplying a decimal by a power of ten can often be done 
mentally. Study the examples. Then complete the two rules. 
10> 0.23: 01x ae 
On 0:23 ni oe = 0.023 








Using the Ideas 


1. Give the missing word. 
A 3 tenths times 6 tenths is 18 ?. 
B 14 hundredths times 3 tenths is 42 ?. 
c¢ 23 thousandths times 31 hundredths is 713 ?. 


2. Find the products. 


Av21:3596 Dp 12.5 x 0.13 G 4.28 x 6.5 
B 42x09 Ee 6000 x 0.875 H 1.5 x 3.1416 
c 3316240:07. F 7.76 X 1.9 1 1.6093 x 48.4 


Solve each short story for Exercises 3 through 8. 


3. Skirt price: $18.00. 6. Earnings: $120. 

Sales tax: 0.05 times the price. Income tax: 0.175 of earnings. 
How much sales tax? . How much income tax? 

4. Sheet of paper: 0.016 cm thick. 7. Length of walking pace: 0.84 metre. 
How thick are 75 sheets of paper? How far in 1200 paces? 

5. Speed of sound in air: 8. Speed of sound: about 0.3 km/sec. 
One metre per 0.00301 seconds. Speed of light: about one million 
How long for sound to travel times as fast. 

one kilometre? How fast is the speed of light? 


%* 9. When one or more factors are negative, find the product 
as if both factors were positive and then decide whether 
the product is positive or negative. 


EXAMPLES: ~0.3 X 0.7 = —0.21 “2x -3.4=6.8 
Find the products. 
AOS, X42: bp 0.13 x 6.1 G 0.101 x ~31.4 
B 0.04x6 Ee 12.8x 0.2 H ~0.001 x 68.4 
che. 71X32 F 0.63 x -0.8 iar OAs x<teBx29 


davuaus 
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Scientific Notation 
Investigating the Ideas 


Each number in the left : | 
column matches one of — 
the products in the 32 000 
right column. 0.0032 
0.32 


320 000 
3.2 

3 200 000 
0.032 


Can you match each 


number with the 
correct product? 





Discussing the Ideas 


1. Each number in the left column is expressed in 
scientific notation by one of the products in 
the right column in the Investigation. 

How is 32 000 expressed in scientific notation? 


2. To express a number in scientific notation, you 
write it as a product of a number from 1 to 10, 
not including 10, and a power of ten. 

Thus, 0.00217 written in scientific notation 


iS*2. 17 <107> 

Which numbers below are written in scientific notation? 

A 6.46 x 10-2 ce 31.4 x 103 e 11.4x 10" 
B 3.8 x 10° p 9.99 x 10-9 F 6.3 <x 85 


3. Examples a and B below illustrate a shortcut for writing decimals 
in scientific notation. 


A 27 600 = 2.76 x 10% B 0.0000395 = 3.95 x 107° 


pa 


ire get the 



















To get the We need We need 
decimal this power decimal this power 
point here of ten. point here of ten. 


Show how each decimal can be written in scientific 
notation. 


a 5800 B 0.017 ec 10000 D 3.76 E 0.00008 
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Using the ideas 


1. Copy and give the integer for n. 


A 5S2—5.2 x 10° p 0.043 = 4.3 x 10” G@ 320 000 = 3.2 x 10” 
B 430 = 4.3 x 10” E 4350 = 4.35 x 10” H 0.000000043 = 4.3 x 10” 
c¢ 0.52 = 5.2 x 10" F 7000 000 = 7 x 10” ! 1.53000 = 1.53 x 10” 


2. Express the number in each statement in scientific notation. 
A Aside of the Great Pyramid is 230 metres long. 


B The length of the channel span of the Golden 
Gate Bridge is 1280 metres. 


The height of Mount McKinley is 6190 metres. 


The air distance from Toronto to St. John’s 
is 3029 kilometres. 


The circumference of the Earth is about 40 000 kilometres. 
The circumference of the sun is about 4 440 000 kilometres. 
The circumference of a giant star is about 8 700 000 000 kilometres. 


According to Einstein, the possible radius of the universe 
is 30 000 000 000 000 000 000 000 kilometres. 


iy] 





Golden Gate Bridge, San Francisco 


3. Numbers represented by scientific notation are given below. 
Give the ordinary decimal symbol for each number. 


A 7x 103 Gipor45ux1045 E 6.43 x 10° G 1.1 x 10" 
B 6.2 x 10°? Dp 9.03 x 10’ F 5x 107" H 3.37 x 10°78 


4. Write an ordinary decimal for each length. 
The lengths are measured in centimetres. 


A Size of very small insects: 2 x 10-2 
B Size of large bacteria: 3.5 x 107' 
c Red light wave length: 6.4 x 107° 
D Green light wave length: 5.3 x 10~° 


Violet light wave length: 4.5 x 10° 
Size of a virus: 2.5 x 107’ 
Diameter of an atom: 1.06 x 10°° 
Cosmic ray wave length: 3 x 10°'9 


zo vn m 


5. Give the products in the form k x 10” where 1 = k < 10 
and k is an integer. 
EXAMPLE: 4 x 102 x 6 X 10°= 24 x 105= 2.4 x 10° 
Bed %.102.< 6. x.10% bp 8x 10°*x 7 x 105 G 6 x 105 7 x 10’ 
Bea x 10/55 x 10% ero Uo x 10" Hoe 107 2 10" 
ea x 108 x 4-108" F72'* 10-2 X'5'« 10% fee 10 x SX 10 * 


More practice, page S-17, Set 32 F-49 


Precision in Measurement 


investigating the Ideas 


Suppose this line segment 
represents the distance 
from Earth to the moon. 


Earth 


SCALE: 1 cm= 50000 km 








1 


Can you find the distance from Earth Express this distance 
to the moon using the scale drawing? | in scientific notation. 


Discussing the Ideas 


Using the scale drawing above, is the moon 
A 300 000 to 400 000 km from Earth? c¢ 350 000 to 375 000 km from Earth? 
B 350 000 to 400 000 km from Earth? pb 375000 to 400 000 km from Earth? 


. The significant digits of a measurement are those digits 


which are correct when the measurement is carefully made 
and properly rounded. All nonzero digits are significant digits. 


300 000 has 1 significant digit. 350 000 has 2 significant digits. 
A How many significant digits in 384 000? 
B How many significant digits in 283 300? 


. Some zeros are significant. The measure 2.07 metres has 


3 significant digits while 0.06 metre has 1 significant digit. 
Give the number of significant digits for each measure. 


A 6.394 mm B 20.7 cm c 0.7724 km bp 0.003 mm 


. When scientific notation is used, all digits in the 


number times the power of ten are significant. 
ExamPLes: [a] 3.8 x 10° 6.30 x 108 [c] 1.6093 x 10-4 


3 significant 5 significant 
digits digits 


How many significant digits are in 3.05 x 105? 


2 significant : 
digits - 





. When scientific notation is used, you can determine the 


greatest possible error (GPE). For example, if a measure 

of 3.8 x 10° km is given for a distance, the actual distance is 
between 3.75 x 10° km and 3.85 x 105 km. 

The greatest possible error is 0.05 x 105 km or 5000 km. 


A What is the GPE for 3.84 x 105km?_ B What is the GPE for 3.843 x 105 km? 
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Using the Ideas 


1. Give the number of significant digits for each measurement. 
A 5.4 x 10%cm c 5.4 x 10° cm E 5.004 x 10°2cm 
B 5.42 x 103cm Deb A0 10 = cm F 5.0004 x 10°2cm 


2. Find the greatest possible error (GPE) for each measurement. 
EXAMPLE: 2.4 x 10°m — GPE =.05 x 10°m=50 m 


A 3.9:x10* cm D 7.04 x 10’ kg G 3.0 x 10§'m 
B 6.28 x 10°? mm E 1.001 x 10°*cm H 5x 10'' km 
Ces 350 4veat F 9.6 x 10° ml inch -10>-em 


3. The average distance from Earth to the sun is 
150 000 000 km, to the nearest million km. 
We can write this as 150 000 000 + 500 000 km, 
or in scientific notation as (1.50 + .005) x 108 km. 
The greatest possible error in this measurement is 
.005 x 108 km. The relative error in this measure- 
ment is the ratio of the greatest possible error to Earth 
the measure. 





GPE 005 < 10° _ 0051 MS metre 
Relative error = easure ~ 150X108 ~ 1.50 7 1500 > 300 





The relative error is about 1 part in 300. 


Find the relative error of each measurement. 
Ayt(O.0\= 00) % 107M c (3.0 + .05) x 108 m/s 
Bl ice 205), 10-2 om D t-25:4.005) x 10°52 cm 


4. The more precise of two measures is the one with the 
smaller relative error. Choose the more precise measure 
of each pair. 


A) (3.225),05) > 10-4.cm.or (3.24. 2..005) x 102.cm 
B 13x 10-2 ml or 2.14 x 10° ml 
c 4.0 x 102km or 4 x 10°32 km 
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Dividing with Decimals 


Investigating the Ideas 


Only one of the SE in each og below is correct. 


Can you use multiplication to decide which 
is the correct quotient for each part? 





Discussing the Ideas 






A whole 
1. How can you use the diagram number 
at the right to help you place 


three-place 
decimal 


the decimal point correctly SIE XK 4g 000] 
in 543 for example a above? 

2. Explain how to place the decimal point in examples B andc. 

3. When dividing by a whole number, the 136 


decimal point is placed directly above EXAMPLE: 23)3.128 


the decimal point in the dividend. a 
Locate the decimal point in each 69 
division problem below. 138 
362 243 23 138 
A 12)43.44 B 35)0.08505 © 142)3.266 0 


4. Study the example. 
EXAMPLE: 1.2)4.32 — 


12)43.2 





QR )4.3,2 > 1.2,)4.3,2 


Replace each problem by a problem with a whole number 
divisor which has the same answer. Then divide. 

A0.7)29.47 B 1.1)0.0352 c 0.015)0.00225 Dp 21.5)156.95 
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Using the Ideas 


1. Find the quotients. 


A 72)273.6 c 53)3.339 E 23)0.0529 G 76)402.344 
B 94)53.58 p 19)67.64 F 18)0.00270 H 519)384.06 
2. Find the quotients. 
A 0.06)2.142 c 0.004).0256 E 3.01)1.2341 G 0.417)0.7089 
B 0.21)7.98 p 3.18).19716 F 9.9)76.23 H 0.049)0.001764 


Solve the short story problems for Exercises 3 through 8. 


3. Paper: 0.008 cm thick. 6. Mathematics book: 2.25 cm thick. 
How many sheets are there How many books in a stack that 
in a stack 1 cm high? is 432 cm high? 

4. Quarter: about 0.15 cm thick. 7. Speed: 6.25 metres per second. 
About how many quarters ina Distance: 400 metres. 
stack 6 cm high? How long to run 400 metres? 

5. Distance around a tree is about 8. A kangaroo leap is about 12.5 
3.1 times the diameter of the metres. How many leaps in 
tree. If the distance around one kilometre? 
the tree is 4.06 m, what is the 
diameter? 


9. Select the correct quotient from the three choices. 


Re 4 0.2— > (-2, 0.24.0.02) pD -0.12+~-0.6=? (2,0.2, 0.02) 
B 15+-3=? (-5,~-0.5, -0.05) E 0.035 +.7=? (0.05,0.5,5) 
© -42 + 0.06 =? (-7,~70, -700) F 2.4+0.08=? (0.3,3, 30) 
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Estimating Products and Quotients 


Investigating the Ideas 


A slide rule can be used to find approximate products 
and quotients. 





If you used a slide rule to find any of the six products 
below, you could read 693 for the product. You would then 
have to decide where to place the decimal point according 
to the factors involved. 


Can you place the decimal point in 693 to 
show the product for each problem below? 


Ay2 2353 ¢ 0.021 - 330 E 0.21-0.33 
B 0.21 -33 pd 21°33 F 2.1 - 0.0033 





Discussing the ideas 


1. Explain how you decided to place the decimal point 
in each product. 


2. It is often helpful to round each numeral to one 
significant digit in order to estimate answers. 


A What is 2.1 rounded to one significant digit? 
B What is 3.3 rounded to one significant digit? 


c How can the product of the rounded factors help 
you place the decimal point in 693 correctly? 


3. Explain how to locate the decimal point by estimation. 


1104... 51 OSE... 1692 a8 
A 7.42)818.93 B 0.0062)3.165 c 2.3)0.04352 


4. Scientific notation is helpful in estimation. For example, to 
estimate the product 587.3 x 79.54, round each number to 
one significant digit and write it in scientific notation as 

6 x 10? x 8 x 10'= 48 x 10° 
The product is about 48 000. Explain how to estimate the 
product 475.21 x 0.0397 in this way. 
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Using the Ideas 


1. Round each number to one significant digit. Use scientific 
notation and estimate the products. 


A 5846 x 6214 D 318.7 x 0.003187 G 0.06752 x 0.00225 
B 691.3 x 87.65 E 0.0235 x 0.00829 H 41.689 x 0.000785 
c 91.25 x 0.4863 F 0.00078 x 0.0192 1 0.00000692 x 0.000406 


2. The correct digits are given in parentheses for each quotient. 
Using estimation, correctly locate the decimal point. 


A O.43-= 4.14(23) c 8.0698 = 2.57 (314) © 0.153126 + 0.047 (3258) 
B 16.544+3.52 (47) op 0.2856~0.714 (4) FP 0101517 41 (G7) 


3. Find the quotients. 


a 10°~ 10° p (6 x 102) + 10-7 G@ (8 x 10°) + (2 x 103) 
B 102+ 10- es 10 e 105. H (6 xX 10-2) + (3 x 102) 
© 10-3+ 10-1 Pera 108 p10 2 1 (8 x 10-3) + (4 x 10-5) 


4. Round each number to one significant digit. Use scientific 
notation and estimate the quotient. 


A 597.2 + 2.964 D 0.6354 = 215.83 G 16.42 ~ 0.000243 
Bi? 9.02). 0.03982 E 0.00396 = 0.00000207 uw 0.08099 =~ 0.03702 
c 0.8743 = 0.0295 F 0.000053 + 987.65 1 0.08909 =~ 0.000251 


5. Study the example and then estimate the reciprocal 
of each number below. 


EXAMPLE: Estimate the reciprocal of 809.4. 








; . 1 1 1 1 = 
SOLUTION: The reciprocal is g94 ~ 800 =axio2—8 X 10°? 


= 0.125 x 10°-2= 0.00125 


The reciprocal of 809.4 is about 0.0012 


A 489.32 B 0.00197 c 0.07216 D 3.765 


6. Use scientific notation to estimate each of the powers. 
A (0.00207) % c (402.6)°3 E (0.019832) °5 
B (3012.876)* p (0.000178) 4 F 2'° (HINT: 2'°= 1024) 


7. Use scientific notation, round each number to (0.021)? x 59.61 x 0.000713 
one significant digit, and estimate the answer. 694.35 x (0.00001956) ° 
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Approximations for Rational Numbers 
Investigating the ideas 


When we use decimals to represent rational numbers, 
we often round to the nearest tenth, hundredth, 
thousandth, and so forth. If we divide numerator 

by denominator to get decimal approximations for 
the fraction 5, we have 


0.5 0.57 
[a] 82)47.0 82)47.00 
410 410 
60—_, 60 is more than ‘ a4 26 is less than 
half of 82. To the Sa 7 halt of 82. To the 
nearest tenth, 26° nearest hundredth, 
a5 ~ 0.6. 45 ~ 0.57. 
y | 
A wR gn 
0.4 0.5 0.6 0.7 0.56 0.57 0.58 0.59 
Usual scale Magnified 10 times 


Can you use division to find the decimal approximation 
of $5 to the nearest thousandth and ten thousandth? 





Discussing the ideas 





1. Which point on the number line, A or B, AB 
is nearer to the point for $5? 0572 0.573. 0574 0.575 
2. a Which point, ¢ or b, is nearer to CD 
the point for a5 ? 0.5731 0.5732 0.5733 
B What is a to the nearest ten thousandth? 
3. What is the decimal for 3 to the nearest 
A tenth? c thousandth? 
B hundredth? bp ten thousandth? 
4. The number 4.35 is midway between 4.3 and 4.4. In such cases, 
we agree always to ‘round up.” We would round 4.35 to 4.4. 
Round each of the following numbers to the nearest hundredth. 
A 4.735 B 3.655 c 7.955 D 15.455 E 0.809 
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1. Use the following division problems to round each of the 
numbers 33, $+, and 45 to the nearest 





Using the ideas 





A tenth: B hundredth: c thousandth: 
0.434 0.621 1.516 
23) 10.000 37 )23.000 31 )47.000 
92 22 2 31 
80 80 160 
69 74 q515 
110 60 50 
92 37 31 
18 23 190 
186 
4 
2. Find a decimal approximation of each number 
to the nearest hundredth. 
A 2 B i c 3? D it e 3 
3. Find a decimal approximation of each number 
to the nearest thousandth. 
5 UL Yh 65 
A 40 Bo C 42 D 99 E wae 


4. Four league-leading teams have 
records as shown. Use decimals 
rounded to the nearest thousandth 
to find what part of the games 
played each team has won. 








5. a Which team in Exercise 4 has 
the best record? 
B Which team has the worst record? 


6. In football, a tie game is sometimes 
counted as 3 game won. A team which has 
won one game, lost one game, and tied 
one game, has won 13 games out of three 
games. As a decimal, 1.5 + 3 = 0.500. 

Find the decimal (to the nearest 
thousandth) for each football team 
record shown in the table. 


More practice, page S-19, Set 35 





Mixed Decimal Numerals 
Discussing the Ideas 


1. Since there is no ordinary decimal for the rational number 3, we can 
represent the number by combining fraction and decimal notation. 
3 =t0 = to +35 = 03+ (5 X 79) = 0.33 
3 = 300 = 300 qo et (3 x 100) = 0.333 
3 = 3000 = 3000 + 3000 = 0.333 + (3 x 7G99) = 0.3333 
Symbols like 0.33 are called mixed decimal numerals. 
In the example above, explain why 4 = 0.3, and a = 0.33. 





2. Give the correct numbers for a, b, c, and d. 
Then give the mixed decimal numeral for n. 


tay Gb dy y= 

aay Stn ae ke %+(§ aa) 
ep a 

B 3 > 30 9 = ato + 300 = qa rool eee 


2. Sa be 
c a = “on aaood ay nocone a x 600 aan 





3. Read 0.33 as, ‘three and one third tenths,’ not “three and one third hundredths 


Read each mixed decimal numeral. 





A 0.23 B 0.163 c 0.0624 p 0.7094 E 0.00203 
4. Explain these two ways for finding a fraction for a mixed decimal numeral. 
1 _ Saale ol 1 banca 3pe 10 
Sed Ss ohgateb as 3 ere ao ae 


5. Explain these two ways for finding a mixed decimal numeral. 


1.100 143 1 0.14 2 
7-700 ~ a= 0.142 B ee es 7)1.00 2 0.145 
6. Study the division and then 0.363 wail 
give the missing fraction in 11)4.000 30 
each mixed decimal numeral. 33 +28 
tenths: 7;=0.34 <— 70 
66 
hundredths: =0.36!! <— 40 
33 
thousandths: =0.363!l/ <— 7 


il 

7. What mixed decimal numeral is named in each part? 
A One and two thirds tenths B Twelve and one half hundredths 
c One hundred forty-two and six sevenths thousandths 
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Using the Ideas 


1. Write a mixed decimal numeral for the number in 
each sentence. 
A The sales tax rate in San Francisco is six and 
one fourth hundredths. 
B Some credit card companies charge interest rates of 
one and one half hundredths interest on unpaid 
balances per month. 


c About thirty-four and three tenths hundredths of 
the people in North America are under 18 years 
of age. 


2. By dividing numerator by denominator, find the mixed decimal 


numeral in tenths, hundredths, and thousandths. 


ih 5 4 15 8 
A 42 B 6 C3 D 46 E 37 F 


No 


3. Find the fraction for f. 











1 3 3 
a 0.14=53=2+ 10=f D 0.33 = 54 = 42 oy 
el2neaes te. ve Nee 62} 62} x2 _ 
B 0.123=122-2 - 100-4 E 0.62} = a2 — S62 X* _¢ 
1 1 
© 0.083 === — 83+ 100=f F 0.4i= 45 ao =f 


4. The number = can be written 0.1-4, 0.153, 0.1564, 0.15623, and 0.15625. 


Give corresponding decimals for these. 


15 224 “3 ihe 
A 64 B 625 C 46 D 425 E 


ale 
be | 
S| 


IRUUAU 


The colored arrows show two paths 
you can follow in order to spell the 
word MATH. Find the total number 
of such paths. 
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Repeating Decimals 
Investigating the ideas 


Every rational number has a repeating decimal representation. 
(The repeating part is sometimes all zeros.) 


0.666 . 0.625000 . 0365002 
cp one he a eae hom 4a ooo 
Foe abs an 
18 16 33 
20 40 70 
18 40 66 
2 00 40 
| 0 5s) 
0 rf 
The three dots “...’’ means ; ; 


that the pattern indicated 
continues indefinitely. 


Can you find a repeating 


decimal for each of these? 





Discussing the Ideas 


1. Instead of the dot notation, 
a bar is often used to indicate 
the repeating part of a decimal. 
yinas would be the bar notation 
for sy and in the table? 





1.366666 . = |lil 


2. First select the correct decimal for n. 
Then explain why each of the other decimals is incorrect. 


A OAT =n (0 47a 0.1741 11 O17 17a) 
B 0.254=n (0.2545454... , 0.254254... , 0.254444.) 





3. Repeating decimals which repeats zeros, from some 
point on, are called terminating decimals. 


EXAMPLES: 76 = 0.4375000 . . . = 0.43750 is a terminating decimal. 
40 = 0.275000 . . .= 0.2750 is a terminating decimal. 
Can you decide, without dividing, whether or not a fraction 
will have a terminating decimal representation? 
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x 6. 


Using the ideas 


. Write the repeating decimal notation for each decimal. 


A 0.3333... D 0.324324... G 0.024024... J 0.507507 . 
BeOd iii E 0.565656... H 0.37153715... K 0.626262... 
GeO 1o Lona: PAU REE Beta 1 0.04260426... [ea 0 ee Fi i fe Pee 


. For some rational numbers, the repeating part does not 


immediately follow the decimal. 
EXAMPLE: 3.246525252...=3.24652 
Write the repeating decimal Rotation for each decimal. 





A 5.2636363 ... D 526.1444... G 56.661515... 

B 0.74444... E 73.4666... H 0.043212121... 

c 3.282828... Fi 77.774 31810134. 1 0.762436243 . .. 
. Give the repeating decimal for each fraction. 

As c 3 E 5 Gy paleta mee Krcon a) Mrs 

85 PS Fir NG Yo LR NF 





repeating decimal. The period of 1.423172317 _ is 4. 

Give the period of each repeating decimal in Exercise 3. 
. Give the fraction or decimal for n and a. 

a If3 =0.1, then? =n. F If 599 = 0.001, then 388 = n. 

B If =0.1, then n= 0.7. a Ifa=0.12, then 2x a=n. 

c If = 0.45, then 7; =n. H If a=0.04, then n x a= 0.36. 

p If =0.45, then n= 0.90. 1 Ifa=0.312, then 5 xX a=n. 

E Ifsg= 0.01, then $3=n. u If a=0.473, then n x a= 0.946. 

Using the facts that $ = 0.1111... ,56 = 0.010101... , and gg5 = 0.001001... 


you can show how every repeating decimal can be written as a fraction. 
Study the examples and then work the problems. 


a 0.4=4~x (0.111...)=4x$=$3 

B 0.27 = 27 x (0.0101...) = 27 X99 = 55 = 77 

© 0.327=.3+2.7 x (0.0101...) =35 +33 =% + do = 550 = 88 

a 0.3= Ill c 0.28 = |i E 0.813 = |i G 0.7034 = | 
. F 0.641 = Ill H 0.306 = Il 


0.71 = |lil D 0.94 = |i 
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COMPUTING With REPEATING DECIMALS 


By working from left to right, instead of the usual way, 
you can do some computing using repeating decimals. 


1. Find the sums. Carry out each sum until you get a 
repeating decimal. 
Ae .O; lowe B 0.2323... c . 1.01010} 
i U, Goon FF +0.6464... +0.892892... 


2. Find the differences. 


A O77 7 Se. B*0'626270 0) c*O 10101085. 
— 0.3333 ... —0 1313.08 — 0.090909 Rem 


3. Find the products. 


A, 0.3338 oc B 0.161616... c0 6660. 
x2 x2 x2 
wr 4. In the example, the remainders are given in color. EXAMPLE: 0.05882 
The division has not yet yielded the repeating decimal 17)1.00000 . . . 
for 77. Explain why the period of the repeating & 
decimal cannot be as great as 20. ai 
140 
%& 5. Each example illustrates an interesting fact about repeating 136 
decimals. Copy each example and complete the computation 40 
by adding the decimals in Example A and by multiplying the 34 
decimals in Example B. 60 
a %2=0.6666... BF =011111 2. 
+4 = 0.3333... x9=9 
1= 0. 1=0.Ihll 


Strange as it may seem, these examples show that the 
repeating decimal 0.999... must be another name for 1. 
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Specific Gravity 
The specific gravity of a substance is found by dividing 

its mass by the mass of an equal volume of water. The 
mass of one cubic centimetre (cm%) of water is one gram. 
Thus, one litre of water has a mass of one kilogram. 

Lead has a specific gravity of 11.34. 


Thus, the mass of 1 cm? of lead is 
11.34 grams. The mass of 50 cm? of 
lead is 50- 11.34 grams = 567.0 grams. 





Mercury 13.55 
[ongen [0 | o0014a 
OF 


Platinum 
Tin 
Ptesd | Pe ]ans: Uraniom 





1. Find the mass of the given volume of each element. 


A 1000 cm? of Au E 23 cm? of Hg 

B 10 cm’of C F 100 000 litres of H 
c 76 cm?of Ag G 500 000 litres of He 
D 10 cm? of Fe H 800 litres of N 


2. Air is composed mostly of nitrogen and oxygen. 
It has a specific gravity of about 0.0013. 


a What is the mass of one litre of air? 
B What is the mass of one cubic metre of air? 


3. A classroom has a volume of 384 cubic metres (m°). 
What is the mass of the air in the classroom? 


4. How many litres of water does it take to have a 
mass equal to the mass of one litre of mercury? 


5. If you found a nugget of pure gold with a mass of 
one kilogram, what would be the volume of the nugget 
to the nearest tenth of a cubic centimetre? 
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REVIEWING THE IDEAS 


1. 


10. 


Express each numeral as a power 
of ten. 


a 10000 Bib © 7000 


. Give the usual numeral for 


8: 1027-42510° + 5 10euG0 


. Express 563.081 in expanded notation. 


. In the decimal 495.876, 


a the 4 tells how many ?. 
B the 7 tells how many ?. 


. Find the sums. 


A 12.1+ 5.73 + 8.15 
B 160 + 0.376 + 13.5 
¢ 0.15 + 0.015 + 0.0015 


. Find the differences. 


A 8.59 — 4.87 
B 6.1— 1.39 


c¢ 75 — 69.53 
bp 100 — 3.079 


. Find the sum. 


5.73 + ~6.87 + 10.9 + 0.355 


. Find the products. 


A 0.01 x 875 db 4.3 x 0.005 
B 1000 x 4.08 Ee 0.12 x 1.3 
c 0.5 x 19.43 F 95.1 x 2.1 


. Give the usual numeral for each. 


a 9x 105 
B 6.3 x 103 


ec 5.3 x 107? 
pb 3.88 x 10-6 


Express each number in scientific 
notation. 


A 2500 
B 45000 


ce 0.059 
pb 0.00031 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Round 385 700 to two significant 
digits. 


What is the greatest possible error 
in the measurement 3.79 x 105 km? 


Use the fact 224 = 16 = 14 to give 
your answer. 


A 2.24~ 16 pd 0.0224 =~ 160 
B 2.24 =0.16 E 0.00224 = 0.016 
ce 22.4=1.6 F 2240 = 0.016 


Find the quotients. 


a 18)4.5 c 0.013)7.28 
B 0.6)0.75 bp 5.3)-48.23 


Round each number to one significant 
digit. Then estimate each product 
and quotient. 


A 5795 x 78 c 63955 x 795 


B 32 x 0.069 p 2005 x 0.019 
Find a decimal approximation for each 


number to the nearest thousandth. 
8 

A is Bis c § 

Find a mixed decimal numeral for 44 

to the nearest hundredth. 


Give the repeating decimal for each. 
As0:/515/5 eee B 0.304304... 


Give the repeating decimal for each 
fraction. 


AS B 
6 


c 


oln 


2 
7 


RESEARCH PROJECTS 


Simon Stevin (1548-1620) is credited 
with inventing decimal notation for 
rational numbers. Stevin’s notation 
was somewhat different than our 
modern notation. Find out about 
Stevin’s decimal symbols and report 
on your research to the class. (See 
A History of Mathematics by Carl B. 
Boyer; New York: John Wiley and 
Sons, 1968, pp. 347-350) 


Find out how to use a slide rule to 
multiply and divide. Demonstrate and 
explain to your classmates how it is 
used. 


3 Find a aie decimal for 
each rational number. 


6 ee 7 


| vy Which number is the best estimate 





Many physical constants that occur 
in scientific work are either very 
large or very small. Therefore, they 
are often expressed in scientific 
notation. Find some reference books 
in chemistry or physics and make a 
list of some of these constants. 

For example, find the speed of light, 
the length of a light year, Avogadro's 
number, the mass of the Earth, the 
size of a molecule or an atom, and 
so on. Make a display showing these 
magnitudes expressed in scientific 
notation. 
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Suppose we agree to write numerals with base 3. 
The basic symbols that we shall agree to use 
(as we must do in any base) for base 3 are {0, 1, 2}. 


EXAMPLES: means 2- ; (3) O=F + 1= 19 = 1.66 (en) 


means 2: (3)'+ 2-(3)° 
5 gene icc Dee 
Se EY = her 
-(3) @=1- (3) #2- (34) =3 + 18 21hey 
(841-921-840: 09 44-09 
=3 +0 + 27 = 30 ten) 


means 


as 
@|— 


cw 

w\|— 

Se 
dh 
+ 


means 


— 
| 
See 
| 
+ 


means 


Counting with base-3 numerals 
is interesting but quite eeeee a 
awkward. The table gives 

the first few counting 
numbers in base ten and 
base 3. Try these activities. 











1. Continue the base-3 numerals through 12 ¢en) - 








Write your age in years as a numeral in base 4. 


Write some addition equations using base-3 numerals. 
Check them using base-ten numerals. 


base-y > 0.14+1.1=12 
base ten 3+4=7 


Is the base-3 multiplication correct? 
Check it using base-ten numerals. 








UNIT F: Rational Numbers 
MODULE 3: Ratio and Percent 


OBJECTIVES: 
After completing this module, you should be able to: 


1. Find the ratio of two numbers in simplest form. 

Write and solve a proportion for a problem. 

3. Find the ratio of two measures that have different 
units, such as the ratio of 25 cm to 1 m. 

4. Use scale drawings to determine actual 

measurements of objects. 

Express a rational number as a percent. 

Express a percent as a fraction or a decimal. 

. Solve problems involving percent notation. 





N 


mor 


Ratio 


Investigating the Ideas 


Suppose you are chairman of the 
Food Committee for a class party. 
The committee has decided to buy 
the food shown on the list at the 
right. 





Can you figure out how many of 
each.item you would have to buy 


to feed all the students in your 
mathematics class? 


Discussing the Ideas 


1. 


2. 
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Explain how you decided how much of each item to buy. 


Suppose a Class had 30 students. Explain how to find 
how many of each item you would need. 


. The ratio of pizzas to students is 1 to 6. This ratio 


can be denoted by the symbols 1:6 or 4. 
Give the ratio of each of the other items on the list 
to the number of students. 


2 3 


. Just as the fraction symbols {, 2, 72,-.. are called 


equivalent fractions, the ratios 1:4, 2:8, 3:12,... 
are called equivalent ratios. 
What are three equivalent ratios that would compare 


A the number of bottles of pop to the number of students? 
B the number of doughnuts to the number of students? 


. The ratio of bags of potato chips to students is 2:10 or 2 


Since the lowest-terms fraction for 6 ist, we say that 
the simplest-terms ratio for 2:10 is 1:5. 


What is the simplest-terms ratio for each of the following? 
aA 6:8 B 15to12 c £ Dp 8:24 





oe 


* 6. 


Using the Ideas 





. Give three more ratios for each set of equivalent ratios. 

A {ta 2; ato. 3 to 6, Dies 18, Bae es +f 

B {3:23674,926; °© .} E {2:5, 4:10,6:15,...} 

c {3 to 4,6 to 8,9 to 12,...} Fé, 42 leag +o 
. Find the number for n so that each ratio is equivalent to 3:5. 

a n:10 c 12ton e 3% G n:25 » 38 

B 9:n p nto 15 F a5 H 6ton Jy n:30 
. Give the simplest-terms ratio for each of the following. 

A 4:8 B 15:12 c 63:36 Dp 42:51 —E 14:91 
. We can express the ratio of two numbers even though they 

are not whole numbers. Thus, the ratio 3 to? can be 

written as a ratio involving whole numbers: 

Aen eee as Las 2 
Z10 Geo 45 5-6 5 

Write each ratio as a ratio of whole numbers. 

A stos B 3 tos c 7 tos p 13 tos Ee 24:5 
. Approximate each ratio with a 

decimal rounded to the nearest 

hundredth. 

A ti B 15:23 cu p 18:14 E 5to 23 


In all the basketball games for a season, Jack made 
3 out of every 5 free throws that he tried. He missed 
a total of 26 free throws. How many did he make? 
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Proportions 


Investigating the Ideas 
Use a centimetre ruler 


to measure the segments 
shown in the figure. 


How many pairs of segments can you find in which 


the ratio of their lengths, in simplest terms, is 1:3? 





Discussing the Ideas 


1. a What is the length of EF? of AE? 
B What is the ratio of the length EF to AE? 
c What is the ratio in simplest terms? 


2. An equation stating that two ratios are-equivalent is called 
a proportion. Each of these is a proportion: 
3=% 1:3= 4:12 1to3=4 to 12 
What are some other ratios that could form a proportion 
when 3 is one of the ratios? 


3. In the proportion at the right, Means Means 
the “‘end”’ numbers (1 and 8) are 
called the extremes. The ‘‘middle” 1 Swot 9 eo) 
numbers (2 and 4) are called the eee. Oya) 


means. What do you think is 
the relation between the means 
and the extremes in a proportion? 


Extremes Extremes 


4. You can use the fact that EXAMPLE: 


In a proportion, the product of the 2 
means equals the product of the extremes. Cm 
x 
x 


to solve problems involving proportions. 2: 
Study and complete the example. 
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ah 
x 
ee 
24 











* 5. 


%& 6. 


More practice, page S-19, Set 36 


Using the ideas 


. In each proportion, show that the product of the means 
is equal to the product of the extremes. 
A 1:3=3:9 c 4:6=10:15 —E 3:5=60:100 
B 2=33 o 5-3 F 30:90 = 27:81 

. Solve the proportions. 
a 2-2 p 4:6=y:15 Ge 10 to 20=5tob y =% 
Bio=s —E d:12=12:16 H cto 6=5 to 30 Kee. 
© i=4 F 10:12=n:6 1 7to10=hto 10 Lt=5 


. Write and solve a proportion for each problem. 


EXAMPLE: Two of every 5 students in class are boys. There are 
14 boys in the class. How many students are in the class? 


SOLUTION: Let x represent the number of students in the class. 


Boys —>2__14 of 
Students >5 x a 14 
x = 35 


A Oranges sell at 5 for 39 cents. How much do 15 oranges cost? 
B Ina group, the ratio of girls to boys is 3 to 4. If there are 
15 girls, how many boys are there? 
c¢ On amap, 2 cm represents 50 km. What distance is 
represented by 7 cm? 
pb Two of every 100 people at a concert are over 80 years old. 
If there are 15 people over 80 years old, how many people 
are at the concert? 


. On a map, 0.7 cm represents 14 km. What distance would 


be represented by 1.3 cm? 


Solve the proportions. 














x_3 1_ 24 2_x 5 228 
9 ONY, ES SA Aes Rag gi x 
Solve the proportions. 

cnees X ies n encietee 5 ee B 
Sl Ayana 2 4 28—n %.0 2 b=—5 
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Ratio and Units of Measure 


It is often necessary to convert 
measurements to different units. 

For example, a speed in kilometres 
per hour (km/h) must be changed to 
metres per minute or, perhaps, a 
measurement in millilitres must be 





Highest speed by man: 


changed to litres. Ideas of ratio 39 889 km/h by the 
and proportion are helpful in such Apollo X astronauts 
calculations. 


48km 48km_ 48000m_ 800m 


Thus, aa Ses = 60 min 1min 


= 0.780 7 





= 800 metres per minute 


“ tel Ae 
and 780 ml = vp ml 1 G00 tl 


1. Find the correct number for each |ll|. 


aA 7m=ill cm G |lll| cm = 32 mm mM |lll| m =0.9 km 
B 7g=\ll| mg H 36 mo = lll yr N 0.3 m='lll| cm 
¢ 19m=llll| mm t |lll| mg = 20 g © |lll| mm = 30 cm 
p 180 min = ll h J lll kg = 4000 g P 600 g = |llll kg 
E 48 h = |llll day K 2m=Ilil em @ ll cm = 2m 

F 3000 ¢ = ll k! L lll m = 450 cm R 7h=llils 


2. Copy the equations and give the numbers for a and b. 
120 km _ 120 km _ bkm 











Ah amin =Tmin~ 2 km/min 
1400 km _ 1400 km _ bkm _ 

5 -twk. ad. ta 2 km/d 
3000 (_ 3000f_ bt _,),, 
1 min as 1s 


3. Sometimes it is helpful to give the ratio of two measurements 
without giving the units. Both measurements must first be 
expressed with a common unit. 

CU Cia cO-Cilie, 20. ool 


TUS. "gin — BOOlem 300 75: 


and 12 min: 4h 20 min = 12 min :!80\min = 12:80 = 3:20. 


Express these ratios without units. 
: 8 mm 25 min 1-cm 40s 680 2 
4 cm mS Ws © 2km © imin 40s 


F-/2 














SPORTS RATIOS 


1. 


10. 


. Billie Jean King won the Wimbledon Tennis Championship 


. George Blanda once completed 37 passes in 68 attempts in 


. In a certain year the Los Angeles Lakers lost only 13 games 


. The leading scorer in the NBA in a certain year was Kareem 


. Steve Carlton was the leading pitcher in the National League 


. Rod Carew led the American League in hitting with 170 hits 


Jim Plunkett completed 158 passes in 328 attempts 
during one football season. 


A What is the ratio of completed passes to attempts 
in simplest form? 


B Find a decimal to the nearest thousandth for that ratio. 





five times in eight years. Express this ratio as a 
decimal to the nearest thousandth. 


a single football game. Find a 3-place decimal to express 
the ratio of completed passes to attempts. 


Phil Esposito’s NHL scoring record: 152 points, 78 games. 
What is the ratio of points to games? 


In 1972, Ken Dryden played 54 hockey games, conceding 
119 goals. Express his goals-against average as a decimal of 
three significant digits. 


out of 82 games that they played. What is the ratio of the 
games won to the games played? the games lost to the games 
played? 





Abdul-Jabbar. In that year, he made 1159 field goals 
in 2019 attempts. Find the ratio of field goals to attempts 
as a decimal to the nearest thousandth. 


one year when he won 27 games and lost 10. What part 
of the games did he win? 


in 535 times at bat. Find the ratio of hits to times at bat 
as a decimal to the nearest thousandth. 





The Toronto Maple Leafs hockey team had a record of 33 wins, 
31 losses, and 14 ties for a season. What part of their games 
did they win? lose? tie? 


Springs and Masses 


Investigating the Ideas 


Suppose that a 10-kilogram mass 
stretches a spring 3 centimetres. 
Then a 20-kilogram mass will 
stretch the spring twice as far, 

or 6 centimetres. The stretching 
of the spring is proportional to 








the masses: 
. 3c¢m _10kg 
that is, ee once Tp 


Can you find how far a 36-kilogram mass would stretch 
the same spring? 





Discussing the Ideas 


1. a What proportion involving distance x above can be 
written for the Investigation question? 


B Explain how the proportion can be solved for x. 


». QOW 
2. A ls the ratio ran the 


- b6'g 
a AD 
same as the ratio 40g: 


B What proportion can you 
write to find the mass x? 


c Show how you would solve the 
proportion. 


3. How is a spring scale like the one 
shown at the right related to the 
problems above? 





4. If you were conducting an experiment with a spring 
and some masses, would you need to be careful about 
how large the masses are? Explain. 
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Using the Ideas 


For Exercises 1 through 6, find the missing measure. 





7. A certain spring will stretch 12 cm before nearing its 
breaking point. If a 2-kg mass stretches the spring 5 mm, 
how much will the spring be stretched by 


A 10 kg? c 40 kg? 
B 1kg? p 12 kg? 


8. Two masses M, and M, were 
suspended on the same 
rubber band as shown in 
the diagram. How many 
times greater is the 
mass M, than M,? 
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Scale Drawings 


Investigating the Ideas 


Some scale drawings of several tall man-made structures 
are shown below. A height of 1 cm on the drawings repre- 
sents an actual height of 50 metres. 

Can you find the actual sce =a 
height of each structure i 

to the nearest ten metres? 










YW UMW 4 

— — 
WF | 13 aaabe aaaaieee 
(4 PA) Waa, 


Pcl) 
a} ONY 







Great Pyramid Gateway Arch Grande Dixence Dam Eiffel Tower 
of Egypt St. Louis Switzerland Paris 


Discussing the Ideas 


1. Pictures of large or small objects are often drawn to scale. 
The scale of a drawing is the ratio of the distance measured 
on the drawing to the corresponding actual distance. What is 
the scale for the drawings in the Investigation? 


2. A scale for a drawing might be indicated in several ways. 
Explain how each way expresses the same scale. 


A 1:5000 B 1cm=50 metres Cc 





0 50 100 150 200 


3. The drawing of the ant is four times Mees 


as large as an actual ant. Is the scale 
for the drawing 1:4 or 4:1? 


4. The drawing of the ant is about 24 mm long. AE 


Explain how to find the actual length of the ant. 





5. A scale on a map is 1 cm = 80 km. What is the actual distance 
between cities whose distance apart on the map measures 2.8 cm? 
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Using the Ideas 


1. Measure the height of the elephant 
drawing with a centimetre ruler. 
What is the actual height of the 
elephant? 





2. Measure the length of the elephant 
from the tip of his tusks to his SCALE: 1cm=1.2m 
tail. Find the actual length of 
the elephant in metres 


3. Use the scale drawing to estimate 
the Statue of Liberty’s height in 
metres. The scale is 1: 1000. 


4. a Estimate the diameter of a white 
blood cell in millimetres. 
B Estimate the diameter of a red 
blood cell in millimetres. 


Red blood EES) White blood 
cell cell 


SCALE: 1000 to 1 
5. On a map, the distance between Paris and Rome measures 4.4 
centimetres. The airline distance between these two cities 
is about 1100 kilometres. What is the scale for this map? 


Statue of 
Liberty 





6. Suppose you drew a map of your province using the 
scale 1 cm = 100 km. 
A About how long would the north-south distance be on your 
drawing? 
B About how long would the east-west distance be? 


7. A swimming pool is 50 metres long and 20 metres wide. 
A Make a scale drawing using the scale 1 :500. 
B Make a scale drawing using the scale 1 cm = 10 m. 





More practice, page S-20, Set 37 F-77 


Ratios and Electricity 


An ordinary dry cell (flashlight) battery produces an 
electromotive force E of about 1.5 volts. Two such 
cells connected as in the figure will produce 3 volts. 
An ammeter measures the rate of flow of current, 

I, in amperes (A). If an electromotive force of 

3 volts produces a current of 5 A in a circuit, then 

an electromotive force of 6 volts in the same circuit will 
produce 10 A, 9 volts will produce 15 A, and so on. Flashlight batteries 
Notice that we have the proportions: 


3 ff oe ee 
6 107 9 Wie 


1. Hooking up one dry cell (1.5 volts) to a certain electrical circuit 
induces a current of 1.2 A. What will be the current using 
‘three dry cells (4.5 volts)? 


Ammeter 





2. An electromotive force of 10 volts in a certain electrical circuit 
induces a current of 3.2 A. Give the current induced in the | 
same circuit by an electromotive force of | 


A 5 volts B 20 volts c 16 volts p 4.5 volts 


3. For a certain electrical circuit, when E, = 3.6, then I, = 5.4. 


Use the proportion = = 2 to find the amperage I, 
2 2 


induced by an electromotive force E, = 9.6 volts in 
the circuit. 
0.23 A xA 
4. Figures a and B show the same [a] 
circuit but with different 
electromotive forces. Find 
the amperage x for figure B. 








6 volts 4.5 volts 
5. The model train transformer [a] = 0 060A — eOlS A 
a ad 









can vary the electromotive 
force which changes the current 
in the circuit shown. Write 
and solve a proportion to > | 
find the electromotive force x. 10.5 volts x volts 





Model train Lag Model train aaa 


transformer 


A vs | 
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Expansion of Metals 


It has been found in experiments that a given material 
expands the same amount for each degree of increase 
in temperature. For example, a rod of aluminum will 
increase about 2.4 x 10~° cm (0.000024 cm) for each 
centimetre of its length when the temperature is 
raised 1°C. The number 2.4 x 10° is called the 
coefficient of linear expansion. 








100 cm 
=240 x 10-5 


. A copper wire is 100 metres long 


at 0°C. How much does the length 
increase when the wire is heated 
to 40°C? Express your answer in 
centimetres. 


. At 0°C an aluminum bar is 65 cm 


long. How much will its length 
increase if it is placed in boil- 
ing water (100°C)? 


. A steel beam is 30 metres in length 


at 0°C. How much longer will it be 
(in cm) when the temperature rises 
to 20°C? 


100 x 2.4 x 10-5 


EXAMPLE: Find the increase in length of an aluminum rod 100 cm 
long when the temperature is increased 20°C. The flow 
chart below gives instructions for finding the increase 

in length. 


20 x 240 x 10-5 4800 x 10-5 
= 0.048 cm 













Tungsten 4.2 x 10°° 














Tungsten does not expand readily. What would be the 
increase in length of a tungsten wire 10 cm long at 0°C 
if the temperature of the wire is raised to 500°C? 


. The tallest television tower in the world is in Fargo, 


North Dakota. It is about 628.8 metres tall. If the 
tower is made of steel, how many centimetres will it 
expand when the temperature rises from 0°C to 30°C? 
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The 


Language and Symbols of Percent 


Investigating the ideas 


Each card below contains a symbol for a rational number. 





Can you write a fraction with a denominator of 100 
for each rational number shown on the cards? 


Discussing the Ideas 


1. 


5. 
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Explain how you found the fraction with denominator 100 
for each numeral shown on the cards. 


. Rational numbers may be represented by fractions or decimals. 
Another way of representing rational numbers is by percents (%). 


When we use the language of percent we are thinking of hundredths. 


333 


For example, 0.25 = 735 = 25%; 2.37 = 337 = 237%; 0.333 = Fon 
What percent can be written for each of the fractions you 
found in the Investigation? 

. What percent can be written for each decimal? 
A 0.43 B 1.25 c 0.66% p 0.5 

. When we say, ‘The number of objects insetA A= 
is seven percent (7%) of the number of objects Be 


in set B,’”’ we mean that there are 7 objects in 
A for every 100 objects in B. 
A If there are 7% as many objects in set A as in set B and 
there are 500 objects in set B, how many objects are in set A? 
B 28 out of 400 students are absent from school. How many 
are absent from each 100? What percent were absent? 


Explain the steps for representing sl 4100 2100 Sy. 163 
the fraction as a percent. 6 600 600=6 100 





= 333% 


eeeeeccocen 
eoneceeeece 





= 0.165 = 165% 


Using the ideas 


1. Write each ratio as a percent. 


a 19 to 100 c 16 to 400 E 4 to 100 G 13 to 20 
B 13 to 50 p 150 to 100 F 50 to 50 H 240 to 1000 
Tyas 





2. Express each fraction as a percent. EXAMPLE: 4% = 22>3 — 


15 5 42 23 9 

A 300 © 300 E 7200 G 7000 ! 7800 
24 25 17 371 33 

B 600 D 800 F 600 H 7000 J 4400 


3. Copy each exercise, replacing a and b by the 
correct number. 





46 Sita? OF (bo 5 
A 30 = 300 —100 —-9% 
a 
B 


4. Carry out each indicated division to two decimal places and then 
express ygue assay er to the nearest whole percent. 


EXAMPLE: $7 > 31+ 47 = 0.6543 — 6543 % —> 66% 


Th 5 24 131 4 
A 42 CéE E 35 G 85 be 
13 18 7 7 22 
18 D 24 Fan H 3 wd 55 


5. Each quotient is given to four decimal places. Express each 
fraction to the nearest tenth ef s percent. 


A i> = 0.5833... c is7 = 0.2406... E 185 000 = = 0.2386 . 
B @;= 0.0781... p 97 = 3.6197... F gepoe5 = 0.0065. 





6. Carla was absent 9 days out of 180 school 
days during a certain year. What percent 
of the days was she absent? 


7. In a free-throw shooting contest, Dick c | 
made 29 out of 40 free throws. Dick Arrange the eight digits below 


said, ‘‘If | make the next free throw, so that a numeral will be formed - 
| will have made 75% of my shots.”’ in which the 1’s are separated — 
a Show that Dick’s statement is incorrect. by one digit, the 2’s by two 


digits, the 3’s by three digits, — a 
: and the 4's by four digits. 


B What is the fewest number of free throws 
that Dick must make in a row after his : | RO eee 
first 40 shots in order to make at least mae le 23344. 
75% of his shots? en eee 
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Fractions, Decimals, and Percent 


Discussing the Ideas 


Percent language is useful in presenting information. 
For computing purposes, however, it is usually easier 
to use decimals or fractions for percents. You should 
be able to express decimals and fractions as percents, 
and percents as decimals or fractions. 


1. Study the examples for changing percents to decimals. 


23% = 0.23 
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EXAMPLES: [a] WF=B1t7. 


Change each percent to a decimal. 


A 5% B 44% c 125% 


ey 40) Tete 12 
EXAMPLES: [a] 48% = sogie: 35 
A 20% B 4% c 12.5% 


D 16.4% 


. Give the lowest-terms fraction for each percent. 


37.5 


Pi 
87.5% = To = 


Dp 0.1% 


. You should be able to find the lowest-terms fraction 


for each of these percents mentally. Can you do it? 


A 10% c 50% E 90% 


B 25% bd 30% F 40% 


. The example shows how to find 


a percent for a fraction to 
the nearest whole percent. 
What percent is 43 to the 
nearest whole percent? 


G 100% 


H 80% 


. Round each decimal to the nearest hundredth. 


Then express the rounded decimal as a percent. 


A 0.2199... B 0.36248... 


c 2.144 


[e] 3.8% = 0.038 


E 1% 





bp 0.009617 





More practice, page S-20, Set 38 





Using the Ideas 


. About 73.5% of the people in the United States live on 
1.5% of the land. Express each percent as a decimal. 


. Nearly 87% of Quebec’s population speak French. 
Express this percent as a fraction and as a decimal. 


. The diameter d of any circle is 0.3183... 

as long as the circumference C of the circle. 
Express this decimal as a percent to the 
nearest whole percent. 





. The side s of any square is about 0.7071 
as long as the diagonal d of the square. 
What percent of the length of the diagonal 
is the side of the square? 





. A baseball player’s batting average is reported as 0.329. 
What percent of the times at bat are hits according to this 
decimal? 


. In some places you must pay 4¢ sales tax on each dollar of 
sales. What is the sales tax rate as a percent? 


. A picture of an animal in a book is ob the actual size of 
the animal. What percent of the actual size is the picture? 


. If 74 out of every 140 registered voters voted in an election, 
what percent of the registered voters voted, to the nearest 
whole percent? 


. Acarton of milk holds 0.946 litres. What percent of a litre 
is the carton, to the nearest whole percent? 


. A student answered 39 out of 48 questions correctly. What 
percent were answered correctly, to the nearest whole percent? 


. The inflation rate in the United States in 1973 was 8.5%. 
Express this percent as a decimal. 


. The total amount of water on Earth is estimated to be 1.3 x 109 km°. 
About 2.9 x 10’ km? of the water is in ice caps and glaciers. 
About what percent of the Earth’s water is in ice caps and glaciers? 
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Finding Percents 
Investigating the ideas 


Study the cards below. 


SA a 





Can you give a percent for the First write the number as a 
number suggested on each card? fraction with denominator 100. 


Discussing the Ideas 
1. Explain your method for finding some of the percents. 


2. Each card suggests the problem of finding what percent 
one number is of another number. For example, for 
card D, a suggests finding what percent 3 is of 11. 


Se ( 
If 717 7%: then atin 
and 11x = 300 (Why?) 
and x = 274 


Therefore, + = 277; % 
Use this method to find the percent for card B. 


x 
— f/ 
700 (Why?) 


3. Notice in the example above that x% is written 799. 
We can also represent x% aS x - 799 or x- 0.01. 
Which numerals below represent the same number as 8%? 


A 8-300 c E 8-0.01 G 755 
B 0.08 Dp % Fx H 0.8 
4. Card E suggests the equations 48 = x% of 240 
shown at the right. 48 = x% - 240 
A Explain each step and then 48 
solve the equation for x. 240 7%” 
B Solve: 8 is what percent of 40? 48 x 
240 100 
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Short Stories...PHRCEHNT Using the Ideas 


1. 


Math test: 20 problems. 8. 
Had 18 correct. 
What percent correct? 


Class: 30 students. 9. 
Today: 24 present. 
What percent present? 


10. 
Played 10 games. 
Lost 4 games. 
What percent lost? 

11. 
True-False quiz: 24 questions. 
Had 6 incorrect. 
What percent correct? 12. 


Regular price: $40. 
Sale price: $10 off. * 13. 
What percent off? 


Made 12 out of 16 free throws. 
What percent were made? 


Earnings: $120. 
Tax: $12. 
What percent tax? 


Rent: $150 per month. 
Salary: $600 per month. 
What percent for rent? 


Attendance: é of students. 
What percent attended? 


lf 16 out of 24 students 
voted for Denise, what 
percent is this? 


Played 24 games. Won 10 games. 
Lost what percent? 


Test: 50 questions. Had 43 correct. 
What percent incorrect? 


60 students. 12 wear glasses. 
3 of those with glasses have 
red hair. 


A What percent wear glasses? 


B What percent wearing glasses 
have red hair? 


c What percent of the students 
wear glasses and have red hair? 





Discounts and Sale Prices 
Investigating the ideas 


Suppose a store advertises ‘25% off’’ 
the marked price on each article 
pictured. The sales tax rate 

is 6%. 





ommel 


Which of the articles shown 


could you buy if you had $50? 





Discussing the Ideas 
1. What does “25% off’’ the marked price mean? 


2. The percent ‘‘off’’ is called 
the discount rate. The amount 
that is ‘‘marked off’ is the 
discount. How can you find 
the sale price of this item? 


3. Since 25% =}, how could you 
use this fraction to compute 
the amount of the discount? 


[Asien — > $60 
Tax rate —»>X 0.06 
Sales tax__»$3.60 


4. Should the original price 
or the sale price be used 
in computing the sales tax? 





5. Can you make a chart like this and complete it? 


i 
| Suitgeas | 


Cassette is 
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ALL ITEMS 
2 


5% OFF 


Marked price —__—-> 
Discount rate————» X0.25 





$60 


300 
120 


Discount ——————. $15.00 





see se $45 


Tax rate——> X 0.06 
Sales tax» $2.70 








Using the ideas 


1. An $18 sweater is on sale. It is marked ‘25% off.” 
A What is the amount of discount? 
B What is the sale price of the sweater? 


2. Dick bought for half price a shirt which was originally 
priced at $11.00. He had to pay a 5% sales tax. 
A What was the sale price of the shirt? 
B What was the total cost of the shirt including sales tax? 


3. Maria saw a pair of shoes marked $21.95. 
They were on sale for 10% off the marked 
price. Maria had only $20 with her. 

A Did she have enough money to pay for 
the shoes? 


B If the sales tax rate was 4%, would 
Maria have enough money? 





4. A 10-speed bicycle regularly priced $125 is marked down 
15% for a sale. Find the total amount needed to purchase 
the bicycle on sale including a sales tax of 6%. 


5. Which is less expensive? 
A A Super 174XC turntable on sale for $69.95. 


B A Super 174XC turntable regularly priced $79.95 
but on sale at 15% off of the regular price. 


6. Nicole saw the same brand and style of sweater on sale 
in two different stores. At Erton’s Department Store the 
price was $15 with 20% off. At Sampson’s the 
price was $18 with 4 off. What is the sale price of 
the sweater at each store? 


7. The price of a $180 lounge chair was reduced 20%. Later 
the sale price was reduced by 10%. What was the final 
sale price? 


8. Suppose the price of the lounge chair originally marked 
$180 was reduced 30%. 


A What is the sale price of the lounge chair? 


B How much more or less is this price than the final sale 
price of the lounge chair in Exercise 7? 


More practice, page S-21, Set 39 F-87 


Large and Small Percents 
Investigating the Ideas 


The large square contains 100 
small squares. Each small 
square is 1% of the large 
square. 


Draw a large square region 
containing 100 small squares 
on a piece of graph paper. 


Can you shade and label 
three regions within 


your square so that 
each one is less than 1% 
of the large region? 





Discussing the Ideas 


1. A What part of the small square region is shaded? ai 
B What fractional percent of the large region is this? 


2. Study the example. 
Then explain how 
to find the amount 
for each part. 





A 3% of $840 B 4% of $70 000 c 0.1% of $10 000 


3. If you wanted to cut out a region from a sheet of graph 
paper that was 250% the size of the large square region 
shown in the Investigation, how many of the small squares 
should your new region contain? 











4. You can write decimals for 250 


percents greater than 100%. 250% = 700 > 2:00 


What decimal represents each 
of these percents? 


A 300% B 120% - © 1000% D 105% 
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Using the Ideas 


1. Write a decimal for each percent. 


A 5% p 800% @ 740% J 0.2% 
B 274% E 0.7% H 210% K 0.05% 
c 3% F t% 1 350% L 4% 


2. A piece of material is guaranteed not to shrink more 
than d5% when washed. What is the greatest amount of 
shrinkage expected from a piece one metre long? 


3. An aluminum rod 500 centimetres long is found to expand 
0.12% of its length when heated. How many centimetres 
does the rod expand? 


4. Fredrick read that the cost of living today is 160% of 
what it was ten years ago. Is this 760 times, 16 times, 
or 1.6 times the cost of living of ten years ago? 





5. Joan earned $10 000 last year. Last year's 
This year Joan earned 120% of salary pee ee) 100% 
last year’s salary. How much 


This year’s 


6. The population of Sunnyvale in 1960 was 53 000. 
In 1970, it was 180% of that. What was the 
population in 1970? 


7. Ralph borrowed $1200 to buy an automobile. He had 
to pay back 109% of what he had borrowed. How much 
did he have to pay back? 


8. Sometimes you may hear this expression: ‘‘There is 
only one chance in a million!’ Express this ratio 
as a percent. 


More practice, page S-21, Set 40 F-89 





Percent of Increase or Decrease 
Investigating the ideas 


Carry out this measurement activity: 


1. Exhale. Then find your chest 
measurement in centimetres. 


2. Inhale as much as possible. 
Measure your chest again. 





About how much does your chest measurement 


increase when you inhale? 





Discussing the Ideas 


1. When a measurement increases, it is often convenient 
to compare the increase to the original measurement 
by means of a percent. This is called the percent of 
increase in the measurement. 





A What was your chest measurement ‘Exhaled aS 
when you exhaled? "measurement: 80 cm 
B How many centimetres did it increase inhaled Se 
when you inhaled? measurement: 88cm _ 








Exhaled measurement 
pb Express the ratio as a percent to 
the nearest tenth. 


c Find the ratio: Increase ‘Increase: — —8cm 











2. If a measurement decreases, you can 
find the percent of decrease as follows: 
A How much did your chest measurement 
decrease when you exhaled? 


B Find the ratio: Decrease 
Inhaled measurement 


c Express the ratio as a percent to 
the nearest tenth. 


~ 






Inhaled Ses 
measurement: 88cm 


Exhaled 
measurement: 80cm 
Decrease: =§ 8cm> 
















Serco a YS Cle 
eh a =i ~ 


3. Can you explain why the percent of increase (Exercise 1b) 
is slightly different from the percent of decrease (Exercise 2c)? 
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1. 


. On July 12, Mr. Marsh weighed 142 kilograms. Then he 


Using the ideas 
Copy and complete the table. 





Margaret was 140 centimetres tall on her 13'” birthday. 
On her 14t birthday, she was 146 centimetres tall. 


A What was her increase in height? 


B What was her percent of increase in height to the 
nearest tenth of a percent? 


went on a diet and on December 15, he weighed 110 
kilograms. 


A How much had his weight decreased? 


B What percent had his weight decreased to the 
nearest tenth? 


Linda earned $122 per week. She got a raise and now 
earns $130 per week. What percent raise did she get? 





In 1960, the population of a B.C. town was 12 230. 
By 1970, the population had increased to 19 366. What 
was the percent of increase in population to the 
nearest whole percent? 





In 1960, Bisbee, Arizona, had a population of 9914. 
By 1970, the population had decreased to 8328. What 
was the percent of decrease in the population? 
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REVIEWING THE IDEAS 


1. 


10. 


11. 


Give three ratios equivalent 
tO. 2: 5) 


. Give the simplest-terms ratio 


for each. 
A 7:28 


>| 


B 13to4 c 3 to 


. What numbers are the means in 


the proportion 6:16 = 9:24? 


. Write a proportion which has 4 


and 9 as the means and 3 and 12 
as the extremes. 


. Complete: In any proportion, 


the product of the means 
equals ? ? ? ? 2. 


. Solve each proportion for x 


I 

I 
= 
oO 


> 
Ie * 


AX alo aie 
| 

IN 3 
jo) 


i] 

Ol wie Od 
I 

Bix ol5 Rx 


ce] 

I 
wo 
a 


. A distance of 2 cm on a map 


represents 120 km. What distance 
is represented by 1 cm on the map? 


. An enlargement of a photograph of 


an insect shows the insect 100 
times its actual size. If an eye 

of the insect in the photograph 
measures 9 mm, what is the actual 
size of the eye? 


. A mass of 400 grams stretches a 


spring 3.2 cm. How far would a 
mass of 500 grams stretch the 
spring? 


Which is the ratio of 36 mm to 10 cm? 
8 Bk lS b)¥ 


Express 18 km/h in terms of metres 
per second. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


‘19: 


20. 


Express each ratio as a percent. 
A 11 to 100 c¢ 3:25 
B 4:50 pd 8 to 200 


None of the covered squares in the 
figure is shaded. Tell what percent 

of the squares are shaded if each row 
contains 

A 100 squares. 
B 50 squares. 


e 20 squares. 
po 800 squares. 


pte ett 





paras as percents. 


3 2 
AS C3 E 
F 


B 0.17 pb 1.25 


Barbara got 17 out of 20 problems 
correct. What percent of her 
problems were correct? 


A sport coat regularly priced $55 
is on sale for 20% off. What is the 
sale price? 


A province has a sales tax rate of 
5%. How much tax must be paid 
on a purchase of $19.98? 


1960 population: 4 million. 
1970 population: 5 million. 
What is the percent of increase? 


lf you bought a car for $800 and 
later sold it for 120% of what you 
paid for it, what was the selling 
price? 


In a school of 400 students only 12 
were absent one day. What percent 
were present? 








TEST ' YOURSELF 


wv Nhat ratio compares i number of 
elements i in set A with the number : 
of elements in set B? 


A: sel Boo 4 
sg y fg 
B: {00 00 00 00° oyae 


. What is the simplest-terms ratio. 
for 12.2902 


Solve He ® proportions, 


. How many kiometnte: | ‘per hour is : 
5 m/s? 


‘ Which i is the ratio of | om qo 1 dm? 
[a] x 10 [8] 7 700 [el ze 1000. [elt 100 


. Ascale drawing for a room has the 
scale 1 cm = 2.5 m. The length of 
the room shown in the drawing is 
3.2 cm. What is the ole og 
of the room? 








RESEARCH PROJECTS 


Look up the topic ‘‘The Golden 
Section” in a mathematics reference 
book. Illustrate this famous ratio with 
posters or drawings. (See Mathe- 
matical Snapshots by H. Steinhaus; 
New York: Oxford University Press, 
1969, pp. 45-51.) 


Follow the Dow Jones Industrial 
Average in a newspaper for a week, 
noting its increases and decreases. 
Make a chart showing each day's 
change. Express the increase or 
decrease in terms of percent for 
each day. 


. What percent 
of the squares 
are shaded? 


- Express each symbol as a percent. 
a6 e007 c} 


. a Express 123% as a fraction. © 
B Express 0.3% as a decimal. 


. Solve these short story problems. 
a Regular price: $85. 
Sale price: 20% off. 
What is the sale price? 
_B 1965 population: 450 000. 
1970 population: 1.5% less. 
ow is ihe oF @ pepieion? 





Many people have possessed 
extraordinary powers of mental 
calculation. Find out about some 
of the calculating prodigies 

and write a report on them. 

(See Mathematical Recreations 
and Essays by W. Rouse Ball; 
New York; Macmillan, 1960, 

pp. 350-378.) 
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CUMULATIVE REVIEW 


10. 


. What part of 


the rectangle 
is shaded? 


. Name five fractions equivalent 


toz. 


. A What is the opposite of ~§? 


B What is the opposite of 3? 


. Give the lowest-terms fraction. 


63 23 


= 
a 
(2) 


A 81 B24 C 345 
. Solve the equations. 

3 16 a edi) 
An~1D C 40-90 
Lie) eS: 
B46 a6 DEB-v 


. Copy each problem and give the correct 


symbol (<, >, or =) for each il. 


a 2 ill o Sills 

a & Iie o 46 Mills 
. Compute. 

a 83+ 6% ec 234+33 

B 83 — 65 D893 


. Give the principle illustrated in each 


problem. 
A 


Go| 
de 
NID 
a 


Cc 


QS Nw — Wir 
Ola ih 
+ + 


Tea RE 


. Compute. 


7.3 


i 8 : 
LRA Ld Say OE a? 


Give the reciprocal of each number. 


ag B 4 c 4 


pb Does zero have a reciprocal? Explain. 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Find the sum or difference. 


0343 Colmes 
8 3+4 Petes 
Find the product or quotient. 

aad oe ea 
233 Dt 


A music store is selling some 
LP records at 3 off the regular 
price. What is the sale price 
of a $4.98 record? 


Mr. Wood bought a house costing 
$26 000. He paid é of the cost 

as a down payment. How much was 
the down payment? 


Express each fraction as a decimal. 


47 2 1 
A 700 Cs E& 

8 3 2 
B 25 D 3 Fe 7, 


Express each decimal as a fraction - 
in simplest terms. 


A 0.08 c 0.33 
B 0.3 dp 2.4 


E 16.11 
F 8.35 


Find n. 
A0.2 + 73.7 + 4 + 0.006 
B35 + 0.421 +03 + 81 = 


1 fl 
3.693 


Write each number in scientific 
notation. 


A 0.0073 

B 58 000 

c 0.000082 

pd 98 000 000 000 


Solve the equations. 
A 4.76 —3.128=d 
B 3—0.1962=v 


ec 32+a=96 
D $--.2i2—6.1 





20. 


70) 8 


22. 


23. 


24. 


25. 


26. 


Find the products. 


A106 721 DeOvne2:17 
B 100 - 0.082 E 0.01 - 639 
Cm 00g 2.16 F 0.001 - 55.4 
Find the products. 

A 6.2 - 14 C23, 406.17, 
B 0.014 - 395 Dp 3 _- 0.0072 
Find the quotients. 

A 81.4—10 c 96=0.01 

B 6.28 = 0.1 D 2.83 = 100 
Find the quotients. 

A 38.46 = 0.002 ec 10.26= 0.38 
B 783.123 =0.3 D 3.9545 = 55 


Round each number to one significant 
digit. Then estimate the product. 


ALG.) 7.2 c 624 - 0.1934 
B 0.301 - 5.88 db 88947 - 0.29 


Round each number to one significant 
digit. Then estimate the quotient. 


A 0.0842 = 0.0217 
B 17.92 + 3.14 
c 5.36 + 0.00984 


What is the simplest ratio that 
compares the number of circles to 
the number of triangles? 


A@®AG®@ 
@®@AGA 


21: 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


36. 


Solve each proportion. 
mer 14 px 28: Ope 24: 
A x =32 Ci 44 E x =32 
25 ke ie 8: a 
Bis 227 Dex Fo x 45 


Which is the larger of the two 
ratios, 3 to 9 or 5 to 16? 


Express each number as a percent. 
3 33 1 
C 100 E 


A4 
Ba pd 0.53 F 


a> of 


Ellen got 21 problems correct on a 
test of 25 problems. What percent 
did she have correct? 


Virginia was 150 cm tall. During 
the summer, she grew 3 cm. By 
what percent did her height 
increase? 


A dress was originally marked $14.70. 
lf there was a discount of 333%, what 
was the sale price of the dress? 


A province has a 6% sales tax rate. 

A How much tax would be charged 
on a Suit costing $75.95? 

B How much would the suit cost 
including the sales tax? 


What percent of 98 is 7 to the 
nearest tenth of a percent? 


. Sam sold a used car for $600. 


He made a profit of 20%. How 
much did he originally pay for 
the car? 


What is 0.4% of 15? 
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THEIMATICAE REC 


The pieces in each region can be arranged to make 
a square region which has the same area as the 
Original region. Trace each region, cut it out, 

and cut it into the pieces along the dashed lines. 
Can you make a square from each set of pieces? 


TAPE AI 


nF 


| |) 


Equilateral triangle 
Star of David 


< 
= 
y 


Greek Cross Letter E Letter F 


EWOFKWEERE! 


a l\w Za \ 





‘UNIT G: Geometry 
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“MODULE 1: Rigid Motions and Congruence 


OBJECTIVES: 


~ 


After completing this module, you should be able to: 
le 


Find the translation images of given geometric 
figures. 
Find rotation images of figures. 


. Find reflections of figures in a line. 
. Identify corresponding congruent parts in pairs of 


congruent triangles. 


. State which congruence theorem applies for a 


pair of triangles. 


. Identify parallel and perpendicular lines and 


planes. 


. Recognize the parts of prisms and parallelepipeds. 


Translations 


Investigating the Ideas 


Make a drawing of 
ABCD on graph paper. 
Also, cut out a 
triangular region 

that is the same 

size and shape as 
ABCD. 


Can you use the triangular cut-out 
to show the new location of ABCD 
if all the points of the plane are 


slid the same distance and in the 
same direction as the arrow from 
Ato A'? 





Discussing the Ideas 


1. A motion which slides all points of the plane the same 
distance and in the same direction is called a translation 
or simply a slide. In the figure above, point A’ is 
called the translation image of point A. 
We Say that the translation ‘‘maps A onto A’”’ 
and denote this by writing: A — A’ 

A Label the translation image of ABCD. What points 
do B, C, and D map onto? 

B What relations do you see between ABCD and its 
translation image? 


2. Arrows such as a and 5 show the distance 
and direction of translations. Draw a 
geometric figure on graph paper and show 
how to find its image for translations by 


A arrow a. B arrow b. 


3. A Draw a line 7 and an arrow for a translation. 
Show the translation image of the line. 


B How are the line and its translation image related? 


c Can you describe a translation in which the image 
of line @ coincides with the original line? 
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. Draw the figures shown on graph 
paper. Then show the translation 
image of each figure after the 
translation given by arrow t. 


. Using the results of Exercise 1, 
complete each sentence. 


A 


The translation image of AMNO 
isa ? that has the same size 
and shape as AMNO. 


The translation image of XY is 
a ? just as long as XY. 


The translation image of quadri- 
lateral JJKL is a ? with the 
same size and shape as /JJKL. 


In the figure at the right, 
which triangle is a trans- 
lation image of APQR? 
Complete this mapping for 
the translation: 


P > Illll Q > lll. R > Ill 


Using the same grid as for 
Exercise 3, which triangle 
is a translation image of 
AHIJ? 

Complete this mapping for 
the translation: 


H > Ill, 1 Ii, J ill 


. The arrow a Shows a translation so that 
X — Y. Is there a translation so that 

Y — X? (That is, X is the image of Y.) 
How is this translation related to the 
translation given by arrow a? 





Using the Ideas 


Combinations of Translations 


Investigating the Ideas 


Draw APQR on graph paper and cut 
out a triangular region that is 
the same size and shape as APQR. 





[1] The translation image of APQR, 
using arrow a. 


[2] The translation image of the image 
found in step 1, using arrow b. 


Discussing the ideas 


Can you use the triangular 


region to show the following 
translation images? 








1. The translation for arrow a could be described 


as 


“right 4, up 3.’’ How could the translation 


for arrow b be described? 


2. The combination of translations in the Investigation 
is a translation by ‘‘a followed by b.”’ 


A 


Is there a single translation that would produce 
the same final image as ‘‘a followed by b?”’ 


How would you describe the translation? 


Describe the translation that 

maps ABCD onto EFGH;; that is, 
A= E..Ba> FeC.—.G and. Di-H: 
Describe the translation that 

maps EFGH onto /JKL. 


The combination of the translations 
for parts a and B will map ABCD onto 
IJKL. Describe the single translation 
that will give the same final image 

as the combination of the translations 
for parts a ands. 





* 6. 


. A Draw AABC on graph paper. Show 


. Draw a square on graph paper. Show the 


Using the Ideas 


the image of AABC by translation a. 
B Show the image of AABC for the 
combination ‘‘a followed by b.” 
c Show an arrow that gives the same 
translation as ‘‘a followed by b.” 


final translation image of the square 

for the combination of translations “a 
followed by b” where a is ‘right 5, down 2” 
and bis ‘left 4, up 3.” 





. A Draw a figure of your choice on graph paper. 


B Show the translation image of the figure after 
the combination of translations ‘left 3, up 5” 
followed by “right 3, down 5.” 


. Two translations are inverses of each other 


if the combination of the two translations 
leaves all points in their original position. 

Are the two translations in Exercise 3 inverses 
of each other? 


. The translations ‘right 2, up 1” and ‘left 2, down 1” are inverse translations. 


Give the inverse translation of each of the following: 
A left 1, up 1 c right 2, up 7 E up 3 
B right 4, down 5 pb left 4, down 4 F left 2 


A Draw atriangle like AXYZ 
on graph paper. 

B Show the final translation 
image of AXYZ after the 
combination of ‘‘a followed 
by b followed by c.”’ 

c Try translations a, b, and 
c again but in a different 
order, such as ‘‘c followed 
by a followed by b.”’ Is the 
final translation image in 
a position that is different 
from that for part B? 





Rotations 


Investigating the Ideas 


Place a piece of tracing paper 
over these figures. Trace AABC 
and point P. Place your pencil 
point at P and turn the tracing 
paper. 





Which one of the other three 
triangles will match the tracing 


of AABC when the paper is turned 
around point P? 





Discussing the ideas 


1; 


A Which point of any of the other triangles matched 
point A when you turned the paper around point P? 


B Which other points matched each other? 


. The motion that matched the two triangles is called 


a rotation with centre at P, or a rotation about point P. 

You can think of each point in the plane, except P, rotating 
through the same size angle with point P as the vertex of the 
angle. Draw a figure of your choice and then show a rotation 
of this figure about some point. 


. A rotation is determined by 


[1] its centre, 
[2] a direction (clockwise or counterclockwise), and 
[3] amount of rotation (usually a fractional part of 

a complete rotation or a degree measure). 


The figure at the right shows a 
4-clockwise rotation with centre P. 


B 
The rotation image of pointA is iad tore 
’ F , 4-ClOCKWISE 
A’, and we write A > A’. te hate 
Adee Le 4 


What is the rotation image of point B? 


. Draw a triangle and a point O. Explain 


O 
: ; A As 
how to find the rotation image of the yey Bbusante 
triangle for ‘‘a 60° counterclockwise | clockwise 
rotation with point O as the centre.” 1 fotanion 





if 


. A rotation with centre O maps 





Using the Ideas 


Using tracing paper, trace one of the figures and point P. 
Then tell whether the other figure is a rotation image of 
the first figure with centre at P. 

A 





a 4 


point A of square ABCD onto 
point E. 
A What is the rotation image 
of point B? C? D? 
B Give the amount and direction 
for this rotation. 





. Use tracing paper to copy each figure. Then find the rotation 


image using the amount and direction of rotation shown. Point O 
denotes the centre of rotation for each part. 


A B f 





oes: 


. For the rotation with centre O shown, 


A> Bs C.C > DeDete anita noo ee R 
Consider another rotation with centre 
at point O so that A — C. What would 
be the rotation image for B? C? D? E? 


Reflections 


investigating the Ideas 


Suppose you saw this box 
of candy lying in front 
of a mirror. 








CHOICE ~ \ 
CANDY 


Can you draw the image 


that you would see in 
the mirror? 





Discussing the Ideas 


1. Which word on the box of candy looks the same 
when you see its reflection in the mirror? 


2. You can use a rectangular piece 
of clear plastic as a mirror to 
help you draw reflections of 
figures. Hold the piece of 
plastic upright on your paper. 
Look through the plastic to 
see the reflection image. 

Draw some figures and then 
use this method to find 
their reflection images. 


Reflection 
image 


Clear plastic 


3. Suppose line m represents a mirror. 
A Which figure is the reflection 
image of AABC in line m? 


B Which point is the reflection 
image of A? B? C? 


4. A reflection of the points of the plane in 
a line m can be described as follows: 


[1] If P is not on m, then P > P’ so that m 
is the perpendicular bisector of PP’. 


[2] If Qis on m, then Q is its own image, Q > Q’. 

A Draw some points on one side of a line. Use a clear 
plastic ‘mirror’ to find their reflection images. 

B Connect some points to their images. Is the line 
the perpendicular bisector of these segments? 





Using the Ideas 


. Which pairs of points are 
reflection images of each 
other in line m? 


m 





. Draw or trace figures like » 
the three shown here. Use Q 


a Clear plastic ‘‘mirror’ to es 

draw the reflection image 

of each figure in line n. , 
n 


. Mark two points P and Q on your paper. 
Suppose P and Q are reflection images 
of each other. Use a plastic mirror P 
to find and draw the reflecting line. 


. Draw two parallel lines r and t and 
AJKL as shown. 


A Find the reflection image of AJKL = & 
in line r. Call it AMNO. J ‘é 

B Find the reflection image of AMNO 
in line t. Call it APQR. 

c Is there a single reflection in a line so that 


A PQR is the reflection image of AJKL? 
p Is APQR a translation image of AJKL? 


. Line @ is a line of symmetry of the 
square because the reflection images 
of all the points of the square in 
line @ will be on the square. 
A How many different lines of 
symmetry does a square have? 
B How many lines of symmetry 
does a rectangle which is 
not a square have? 





. How many lines of symmetry does each figure have? 


A | B c D ey 
Equilateral The letter H Parallelogram Circle 
triangle 





Combinations of Motions 
Investigating the Ideas 
Draw AABC and perpendicular 


lines m and n on a sheet of 
graph paper. 


Can you find the following 


reflection images? 





Find the reflection image 
of AABC in line m. Call 
it AA’B'C’. 

[s|Find the reflection image 
of AA’ B'C’ in line n. 
Call it AA”B"C". 





Discussing the Ideas 


1. AA”B"C" is said to be the reflection image of AABC 

after a reflection in line m followed by a reflection 

in line n. 

A Is there a single reflection that will map AABC 
onto AA”B"C"? Use a clear plastic mirror to 
help you. 

B Is there a single translation that will map AABC 
onto AA” B"C"? 

c Is there a rotation that maps AABC onto AA” B"C"? 
Use a piece of tracing paper to help you. 


2. Try the Investigation again 
with lines m and rn intersecting 
but not perpendicular. What A 
conclusions can you draw about 
this combination of reflections? 


3. Try the same combination of reflections again. 
This time, have lines m and rn parallel to each 
other. How is this result different from that 
found in Exercise 2? 





Using the Ideas 


For each exercise, draw or trace the figures given. 
Then perform the combination of motions given and 
show the final image. Use a plastic mirror, graph 
paper, or tracing paper to help you find the final 


image. 


1. Translation: 
a followed by b. 





3. Reflection in line r 
followed by a reflection 
in line s. 





r s 


5. Reflection in linen 
followed by a reflection 
in line m. 


2. Clockwise 
rotations: 
120° followed 
by 90° with 
centre O. 





4. 90° clockwise rotation 
followed by translation c. 


6. Reflection in Sine t 
followed by translation d. 






paler eae 


~ 


Rigid Motions and Congruence 


Discussing the Ideas 


1. 
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. Draw two intersecting lines m and n 


Each of the motions you have studied (translations, 
reflections, and rotations) is called a rigid motion 
because the image of a given figure after one of the 
motions is the same size and shape as the original figure. 
A Which rigid motion is 
illustrated if AA’ B’'C’ 
is the image of AABC? 


B Could AX'Y'Z' be the 
image of AXYZ for one 
of the three rigid motions? 
Explain your answer. 





. The image of any geometric figure 


of rigid motions is a figure which 
is congruent to the original figure. 
Thus, if ARST is the image of AJKL L ig 
for some rigid motion, then we say > 

that AJKL is congruent to ARST. 

We write this as AJKL = ARST. 

The parts of each figure that match 
each other are called corresponding 
parts and are congruent to each other. 
For example, in the figure, 


KJ = SR because K @ SandJ @R 

ZLJK = ZTRS because L @ T,J<@R, and K<S. 
A What other pairs of corresponding parts can you find? 
B What statements of congruence can you write for them? 


for any rigid motion or combination | 
| 





and mark points A and B as shown. 

A Find the images of points A and B 
after a>-clockwise rotation about 
point O. Call the images A’ and B’. 

B Is OB = OB’? Is OA = OA'? Why? 

c Since 2A’'OB’ is a rotation image of 2 AOB, 
is ZAOB = ZA'OB'? 











1. 


AABC is a rotation image 
of ADEF with point O as 
the centre of rotation. 
Complete each statement: 


a AB = llil dp ZA =llll 
B BC = Iiil —E 2B =|lll 
c AC = Ill F ZC = Illi 


. Suppose the two quadrilaterals 


are reflection images of each 

other in line t. 

A Write statements of congruence 
for the corresponding pairs of 
segments. 

B Write statements that show which 
pairs of angles are congruent. 


. Lines ¢@ and m intersect at point A. 


Consider a translation of the points 

in the plane by the arrow from A to A’ 

The translation maps B > B’,C > C’, 

A> A ganda — A’. = 

A What is the image of line 7? 

B ZA"A'C’ is the translation image 
Olea. 

c Is ZA"A'C' = ZA'AC? 

p List other pairs of congruent 
angles in this figure. 


Use the figures on the grid 
for Exercises 4 and 5. 


4. 


Find two quadrilaterals which are 

A rotation images of each other. 

B reflection images of each other. 
c translation images of each other. 


. Write a statement of congruence for 


each pair of quadrilaterals named 
in Exercise 4a,B, andc. 





Using the Ideas 


Congruent Triangles 


Investigating the Ideas 


Study the drawing 
at the right. 


Can you locate a pair 
of congruent triangles 


in the drawing? Check 
by tracing the triangles. 





Discussing the Ideas 





1. The figure below shows how corresponding segments and 
os of congruent triangles can be marked. 


‘en Ya, 


= AB = DE 
Ae. OI peg. Malwa 2 and BC = EF 
LCs= oF AC = DF 


What statements can you make about the corresponding 
parts of the congruent triangles in the Investigation? 


2. The statement AJKL = AXYZ means that the vertices 
of the two congruent triangles are matched this way: 
he, KieyYeand a Z 
A The correspondence above means that JK = XY. 
What other pairs of segments must be congruent? 
B The correspondence above also means that ZJ = ZX. 
What other pairs of angles are congruent? 


3. a Name the pairs of sides 
that are congruent. 
B Name the pairs of angles 
that are congruent. 
c What statement of congruence 
can be written for the two 
triangles? 





Using the Ideas 


<a, Pm ee —aN 
oh 


. In the figure, ADEF =AD'E'F’. 
a DE =|lll p 2D =llll 
B FE = lll e ZE =ilil 





c DF =| F ZF =llll 


2. Complete each part. 


ee 





a Hi = lll © 4! = lll 
e J =i F /J=lll 
c HJ = |i @ AHN = Il 
> cH=ill ee , 


3. ARST = AXWY. Write statements of congruence 
for the pairs of congruent segments and pairs 
of congruent angles. 


4. In each figure, a pair of congruent triangles 
is shown. Decide which vertices correspond, 
then write a statement of congruence about 
the triangles. 








EXAMPLE: 
/A.ABD = ACBD 






a ee Ba I NL LR COE IOI GS NM CG EE eT ag eg A ya 





The Side-Side-Side Theorem 


Investigating the Ideas 


Can you make a drawing of a triangle whose 
sides are as long as the segments below? 





Discussing the Ideas 


1. Compare the triangle that you 
drew with a triangle drawn by 


one of your classmates. You 7 b 10 : 
may have to rotate, translate, 
6 


Pauk Qnw 


or reflect one of the triangles. To 
Do the two triangles seem to be 
congruent? 


2. From the result of the Investigation, you may be able 
to see that the following statement or theorem of 
geometry is true. 


The Side-side-Side Theorem (SSS) 


If the sides of one triangle are congruent to the corresponding 
sides of another triangle, then the triangles are congruent. 











Each pair of triangles below are congruent because of 
the SSS Theorem. Write a statement of congruence for 
each pair of fmmcoe sce angles. 


as, * hi de I 





NoTe: BD = BD w 





> 





Using the Ideas 


5o 0 B Bb 


= . (SSS Theorem) 
Zi = fF: 
Eye? 
he (Ms: 
Neat fo ai Mi 
B Which pairs of angles > S 
are congruent? 


. The two triangles in each figure are congruent because 

of the SSS Theorem. You will also notice that the two 
triangles in each figure have a common side. Name the 
common side and then write statements of congruence for 
corresponding sides of the triangles. 


D Cc 
EXAMPLE: LF SOLUTION: Common side AC 
AC = AC, AD = CB, AB = CD 


p 2 A ABC = ACDA 


A S B - c §S DA 
M Q D B 
U 
9 eee N R T C 


. ABCD is a square. 
Show that AABD = AACD 
by the SSS Theorem. 





. An isosceles triangle has 

a pair of congruent sides. 
Suppose AABC is isosceles 
and AC = BC. Let M be the 
midpoint of AB so that 

AM = MB. 

A Is AAMC = ABMC? Why? 
B Is ZA = 2B? 


The Side-Angle-Side Theorem 


Investigating the Ideas 


Suppose a rigid motion maps one 


D 
figure onto the other so that the A 
pairs of corresponding parts are = 
congruent as marked. 
Do you think the two triangles 
with vertices A, B, C and D, E, F B ‘é: 


will be congruent? 


F 
Can you trace the figures and complete the triangles, 
to check your guess? 


Discussing the ideas 





1. From the parts marked congruent in the figure art i 
the correspondence for the rigid motion is 
AV 0, B= E, and Ci 
a ls AC = DF? 
B Is AABC = ADEF? Why? 


2. From the discussion above, you may see that another 
congruence theorem for triangles is true: 





In the Investigation picture, 2 B is the “included angle” 
for sides AB and BC. What sides form the included angle E? 


3. Each pair of triangles below are congruent. Which 
congruence theorem, SSS or SAS, applies to each pair? 


LON 
SS 





Using the Ideas 


TA Lt eea\ 2 
B Which congruence theorem 
is illustrated? 


c AB=2?2;LA=2;24B=2 





2. Complete each statement. 
A AB = BAC=? 
Cea = 


bp AACD = A ? because 
of the ? Theorem. 


4 
() 





3. In each pair of triangles, pairs of congruent sides 
or angles are marked. Tell whether each pair of 
triangles illustrates the SSS Theorem or the SAS 
Theorem. 


Hs fae. 





The Angle-Side-Angle Theorem 


Investigating the Ideas 


Make a drawing or tracing of 1 

a triangle, AABC, in which 
LA Bh Vesolvde oe te Xx 7m if 
and AB = XY. ——————7 7. stare 


Can you compare your triangle 


with a classmate’s triangle to 
see whether they are congruent? 





Discussing the Ideas 


1. In AABC of the Investigation, AB is 
said to be the “included side’”’ with 
respect to angles A and B. Does the 
Investigation suggest another theorem , 
about congruent triangles? Can you ! 
state it? | 








2. The Investigation suggests this congruence theorem: 





A What is the “included side” for A\UVW? for AXYZ? & 
B Which side is congruent to WV? to UV? 
c¢ Which angle is congruent to 2 V? 


3. Each pair of triangles are congruent. Which congruence 
theorem (SSS, SAS, or ASA) applies to each pair? 


. \ 


Using the ideas 


1. Complete each statement. 


A APQR = A ? because 
of the ? Theorem. 


2. Complete each statement. 
A BAYZ =] AT 
BJ = ?,H/= ?, 
Ara Xe 





3. Each part illustrates either the SSS, SAS, or ASA 
congruence theorem. Give the correct theorem. 


ae 


4. Tell which single rigid motion could be used to map 
one of the triangles in each part of Exercise 3 onto 
the other triangle. . 
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Parallel and Perpendicular Lines 


investigating the Ideas 





Trace or copy these figures on your paper. Then use , 
a Clear plastic mirror to complete this Investigation. 


a m m b m 





Can you find the reflection image in line m 


for each of the lines a, b, and c? 


Discussing the Ideas 


ie 
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. Suppose a line ¢ is translated by 


. Lines m and rn are parallel. 


If lines a and m do not intersect, they are parallel lines 
and we write a||m. Suppose the reflection image of a is a’. 
Are lines a and a’ parallel? 


. What kind of lines are b and m, parallel or intersecting? 


What can you say about line b and its reflection image? 


. How are line c and its reflection image related? 


. Since c is reflected onto itself by m, we say that c and m 


are perpendicular lines and write this as c | m. 
What kind of angle do perpendicular lines form? 


some arrow a. What is the relation 
between line ¢@ and its translation 
image? 


Line t is a transversal of 

mand n. 

A Is 21 = 23? (HINT: Think 
about a 4-clockwise rotation 
with centre A.) 

B Is 21 = 25? (HINT: Think 
about a translation from A to B.) 





Using the Ideas 


. Draw a line @ on your paper. 


Use a translation to show 
a line @’ which is parallel to 7@. 


Draw a line m on your paper. 

Use a clear plastic mirror to 

help locate a line n which is 

perpendicular to m. 


=| 


. Perpendicular lines form 


right angles (SYMBOL: _ ). 
Are two right angles congruent 
to each other? 


Make a drawing of lines ¢@, m, and t such that @||m and ¢ _ t. 
What relationship is there between lines m and t? 


Make a sketch of lines r, s, and t for these conditions: 


risatpointaA 
ritatpointBandA#B 


How are lines s and t related? 


. Make a sketch of lines a, b, and c such that a||b and b||c. 
How are lines a and c related? 
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Parallel and Perpendicular Planes 


Investigating the ideas 


Suppose you cut out 
this shape from graph 
paper and fold it along 
the dotted segments to 
form a cube. 





will be opposite each other on the cube? 





Discussing the ideas 


1. 


4. 


5. 
G-24 


. Two of the faces that intersect, 


. Draw three lines that intersect 


The pairs of faces of the cube that are opposite 
each other lie in parallel planes. How would you 


Can you decide which pairs of lettered faces 
define parallel planes? 
| 


such as A and B, are in perpendicular 
planes. Which other pairs of faces 
of the cube are in perpendicular planes? 





at one point on your paper. 


A Can you hold your pencil so 
that it is perpendicular to 
exactly one of the lines? 

B Can you hold your pencil so 
that it is perpendicular to 
two of the lines but not the 
third line? 








What objects in your room suggest parallel planes? 


What objects in your room suggest perpendicular planes? 


Using the Ideas 


1. The figure shows a parallelepiped. 
The opposite faces are congruent 
parallelograms. 


A How many faces does it have? 
B Which face is opposite DFHB? 
c Are the opposite faces parallel? 





2. A ‘box’ is a rectangular parallelepiped. 
A Are the intersecting faces 
perpendicular to each other? 
B What shape is each face? 


3. Prisms have bases which are 
congruent polygons in parallel 
planes and lateral faces which 
are parallelograms. 

A Name the bases in this figure. 


B Quadrilateral ABCD is a lateral 
face. Name the other lateral faces. 





Triangular Prism 


4. Prisms are named according to their kind of base. 
What kind of prism would these patterns make? 


A B 
{> 
o i= 
oO 
foe) 
3 cm re 5 cm 
4cm 


* 5. Make the models shown in Exercise 4. 


cm 
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REVIEWING THE IDEAS 


1. AXYZ is the translation image of 
ARST for arrow s. x 







R 


T S 


A What is the image of point T? 
B What is the image of RS? 


2. a Draw a figure on graph paper. 
B Show a “right 2, down 3” 
translation of the figure. 
c Translate the image of part B 
“left 4, up 1.” 


3. The figure shows a rotation with 
centre O. Boe 


y Y 
A | fe 
ie 
O 
A Which direction is the rotation? 


B What is the image of point B? 
c What is the image of 7 BAC? 


4. Draw a square ABCD. A 
Show the rotation 
image of ABCD after 
a 2-counterclockwise 
rotation about point C. 





5. Which triangle is the reflection 
image of AABC in line t? 





A fo 
6. How many lines of symmetry does 
a rectangle have? 


7. Draw an equilateral triangle. 
Show all its lines of symmetry. 
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10. 


11. 


12. 


. True or false? 


The image of any geometric 
figure for any rigid motion 
is a figure congruent to the 
Original figure. 


. Write a statement of congruence 


for the triangles in each part 
and tell whether the SSS, SAS, 
or the ASA congruence theorem 
applies. 


A M 


Line p is a translation image 
of line m. 
What is the Sa | 
relation of = 
m to p? 

p 


Lines a and b are parallel. 


N\2 
ANG a 
6 
<= $$» 
7\8 b 


A Name all the angles that 
are congruent to 23. 

B Name all the angles that 
are congruent to 22. 


A Name the bases A 
of the prism. 

B What shape are 
the lateral faces D 





of the prism? 





———— 


RESEARCH PROJECTS 


A 


Investigate the topic of mazes. 
Try constructing some mazes and 
see if your classmates can find 
their way into or out of your 
maze. (See The Second Scientific 
American Book of Puzzles and 
Diversions by Martin Gardner; 
New York: Simon and Schuster, 
1960, pp. 112-118.) 





Mathematicians think that every map 
in a plane can be colored with no 
more than four colors regardless of 
the number of countries on the map. 
However, no one has been able to 
prove this. Obtain some outline maps 
and color the states, provinces, or 
counties on the map with four or 
fewer colors. Try making your own 
maps and coloring them. 


TU TR XCD TINGS) 


A hexomino is a pattern of six connected squares. 


You can cut out hexominos from graph paper. 


The hexomino in a can be folded along the segments 
to form a Cube. 


(ea s| % | 


Hexomino B cannot be folded to form a cube. 


Regions like c and D are not hexominos. 


[0] 


1. How many different hexominos can you show on graph paper? 


2. How many hexominos can be folded to form cubes? 


4 HILY WESINO IiLV4 49a 


TV to | = Ae 








a aN 





didactic 


UNIT G: Geometry 
MODULE 2: Measurement 


OBJECTIVES: 





After completing this module, you should be able to: 


ie 


N 


Find lengths of segments and perimeters of 
polygons using nonstandard units and metric units 
of length. 

Find areas of rectangles, parallelograms, and 
triangles. 

Compute sums and differences of angle measures 
in degrees, minutes, and seconds. 


. Find the sum of the measures of the angles of a 


polygon. 


. Find the length of one side of a right triangle when 


the lengths of the other two sides are known. 


. Find volumes of prisms and pyramids. 


Find the capacity of rectangular prisms using 
metric units. 


Measurement of Segments 
Investigating the ideas 


Suppose AB represents one of 
your steps (or paces) when you 
walk. About how many steps 
would you take to walk from 
A tOnY? 

x Q S Y 





Estimate how many of your actual steps it would take 


to walk across your classroom. Then check your guess. 





Discussing the ideas 


1. To find the length of a segment, we first choose 
a unit segment. Then we count the number of times 
the unit segment is contained in the segment to be 
measured. If AB is the unit segment in the Investi- 
gation, what is the length of XY? 


2. If one of your steps is the unit, what is the length 
of your classroom? 


3. Why might two students get different numbers for the 
length of the classroom using their steps as units? 


4. The length of XY, to the 
nearest unit, is 3 units. 
We write: 7(XY) = 3 units. 
How can you find the length 
of XY to the nearest half 








unit? 

5. a Use a segment as long as M N 
MN as the unit. Measure -——_—_+——___+ 
the distance across your 
desk top. 

B Divide MN into ten smaller M N 
units. Measure the distance ae eo a A 


across your desk top to the 
nearest tenth of a unit. 
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. A Give the length of 


. Give the length and width 


Using the Ideas 


each segment to the 
nearest unit. 

B Give the length of 
each segment to the 
nearest half unit. 

c Find the sum of the 
lengths for part B. 





. A What is the length of G H 
each segment to the re to se Sueno 
nearest tenth of a y J 
unit? K L | 

B Find the sum of the a ! | 


lengths for part A. 
g p 0-1 :20.2 -=06 0.45 05 


EXTRA SPECIAL UNIT RULER 





The perimeter of a region bounded by segments 
is the sum of the lengths of the segments 
bounding the region. 





. : Perimeter =3 + 6 + 4 = 13 units 
Find the perimeter of each region. 


A > B 





6.23 


of the rectangle 

A to the nearest unit. 

B to the nearest half unit. 
c to the nearest tenth unit. 


What is the perimeter of the 
rectangle using the measurements 
of Exercise 4, part a? B? c? 
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Metric Units of Length 


Investigating the Ideas 


<«—______—_____.1 decimeire}(dm)__ an Jesse 
The metre (m) is TNT 


the standard unit 0 1 2 
for measuring length. Centimetre (cm) 
Smaller or larger units 

are simply related to the 

metre by powers of ten. 





Thus, 1 decimetre is 0.1 metre. 10dm=1m 
1 centimetre is 0.01 metre. 100 cm=1/m 
1 millimetre is 0.001 metre. 1000 mm =1/m 


Can you carry out one or more of the measurement 


activities below and record your results? 





[a] Find the width of each finger on one of your hands in millimetres. 
Find your height to the nearest decimetre. 
[c] Find the length or width of your classroom to the nearest metre. 


Discussing the Ideas 


1. The prefixes in the metric system 
tell the part or multiple of the 
basic unit. Give the missing 
number for each |ll]. 





A 1 centimetre (cm) =|||| metre (m) 
B 1 hectometre (hm) = ||| m 

c 1 decametre (dam) = ||| m 

p 1 kilometre (km) =||l| m 


2. The most frequently used units of length are the 
metre, kilometre, centimetre, and millimetre. 
Which unit or units would most likely be used 
to measure each of the following: 


A The length of a hockey field. c The thickness of a coin. 
B Airline distance between cities. pb A person's waist. 


3. What would be the width of your middle finger in centimetres 
if it were 19 millimetres wide? 
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1. Give the length of A 
each segment to the C 
nearest 
A centimetre. is F 


B half centimetre. 
c millimetre. 


Centimetre 


2. Express each measure in metres. 


A 500 cm p 2 km G 47 dam 
B 30 dm —E 16km H 15hm 
c 1200 mm F 227 cm 1! 358 dm 


3. Express the measurement given in each statement in metres. 


A Some Australian earthworms are 152 cm long. 
A giraffe may be 5480 mm in height. 

A large blue whale was 0.0276 km long. 

A large African elephant may be 366 cm tall. 
A large polar bear may be 34 dm in length. 


moo 8 


4. Each measurement is given in metres. Express it in 
millimetres. 


A The world’s smallest antelope is only about 0.25 m tall. 


The white-tooth shrew is about 0.038 m long. 


B 
c The eye of a giant squid is about 0.3 m in diameter. 
p Asmall hummingbird has a wingspan of about 0.005 m. 


5. Find the perimeter of each region. 
A B 


2.1 cm 





33cm 37 mm. 


. More practice, page S-22, Set 41 


Using the ideas 


1e) 


J 25'cm 
«x 0.001 km 
t 0.1 dam 





0.03 m 
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Area 


Investigating the Ideas 


Place your hand on a sheet of 
graph paper and trace around it. 


About how many squares 


does your hand cover? 





Discussing the Ideas 

1. To find the area of a region, we think |_]1 Unit-square region 
of dividing it into unit-square regions 
and then counting the number of units. 
Even if the borders are curved, we still 
“think” of counting unit-square regions 
to find the area. What is the area of your 
hand using the square region 
of the graph paper as the unit? 





2. If the unit square is a square that is 1 cm on each edge, 
then the area is expressed in square centimetres (cm?2). 


Explain how to find the area of each rectangular region. 


A 4cm B 3.5 cm c 


1cm 


2cm 
2cm 





E 
1S) 
re 
oO 
3. Complete the sentence. 

The formula for the area A of a rectangle with length 7 and width wis ?. 
4. “Cutting apart” and ‘‘gluing together’ 


can sometimes help you to find area. 
Use this figure to explain this idea. 





5. Parallelogram ABCD has a base of 
length b and height of length h. D Cc 


A What is the length and width of 
rectangle DEFC? 


B Using the letters b and h, give a 


E [8 
a b 
formula for the area of the parallelogram. 


c What is the area if b= 3.7 cm and h=1.1 cm? 


> 





— 
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Using the Ideas 


1. Find the area of each rectangular region. 


15mm 
0.21 dm 





1.8cm 





3.4 cm . 


2. A rectangular room is 4.7 metreslong and 4.4 metres wide. 
What is the area of the room? 


3. What would it cost to carpet the floor of the room in 
Exercise 2 if carpeting costs $11.98 per square metre? 


4. What is the area of each parallelogram? 
A B c 





b= 23 mm 





b=6.4cm Db — 37cm 


5. Find the area of each region. 
A B 





6.2m 


6. A house has a rectangular base that is 
22.4 metres long and 18.9 metres wide. 
The house is located on a rectangular 
lot 53.6 metres long by 32.6 metres wide. 
A What is the area of the base of the 

house? 


B What is the area of the lot? 


c What is the area of the part of the 
lot not occupied by the house? 





More practice, page S-22, Set 42 


Areas of Triangles 


Investigating the Ideas 


Draw a large triangular region 
on a sheet of paper. Let 72C 

be the largest angle of the 
triangle. Let h be the height 

of the triangle to the base b. 
Cut out the region. 

Fold vertex C to base b so that | 


the fold line DE is parallel to AB. D re 
Fold vertices A and B to point C. | 
Measure rectangle DEFG and G F , 


compute its area. ACB 


Can you determine the area of the original triangle | 
by knowing the area of rectangle DEFG? | 


Discussing the ideas 











1. a Explain why the width of rectangle DEFG is 3 - h, 
which is the height of AABC. 


B Why is the length of the rectangle 3 - b, where b 
is the base of AABC? 


2. Since the area of rectangle DEFG is (3: b) -(3-h) =4bh, 
why is the formula for the area A of the triangle A = + bh? 


3. The figure below suggests another way to think Ae V 
the area of a triangle. U rae ] 


A What is the area of rectangle RSTU? 


B Find two pairs of congruent triangles 
in the figure. 


c Explain the formula: Area (ARSV)=3-b-h R 





4. In right AABC, ZC is a right angle, B 
a and b are legs, and c is the hypotenuse. 
A lf b is chosen as the base, 


what is the height? la 
B If ais the base, what is the height? 
c What rule can you state for finding A : JIC 


the area of a right triangle? 
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Using the ideas 


Find the area of each triangular region. 









c 
c 
4.9 dm 
Smonsre 1 ot |+3.25->4 
j dm 
3. A trapezoid is a quadrilateral with a pair of parallel sides which 
are called the bases of the trapezoid. Hi ve C 


A Find the area of AABC. 
B Find the area of AADC. 


c Find the area of the 
trapezoid ABCD. 





4. Use the method suggested in fee o 
Exercise 3 to find the area of the fo eS \15 om 
trapezoid shown at the right. ee 

42 cm 

_ 5. The surface area of a space figure is the sum of 

the areas of each face of the figure. 

Find the surface area of each figure. 


A B Cc 


4cm 


4cm 17cm 





15 cm 4.8 cm 








e, page S-23, Set 4: G-37 





Angle Measurement 
Discussing the Ideas 
1. To measure an angle, first choose a “ae ) 
unit angle. Then, on the given angle, 
“stack up’ adjacent angles congruent Unit angle 


to the unit angle. Finally, count 
the number of units. 





Using the given unit angle, what 
is the measure of 2A? mZA='|llll units 


2. Although a unit angle of any size may be 
used, the standard unit is the angle 
of one degree (1°). The size of a 
degree is such that the measure of Vv 
a right angle is 90 degrees. 


Estimate the measure of each angle | 
below in degrees. R 


A B c mzR=90° 
) =e 


3. When units smaller than one degree 
are needed, the unit angle of 1° is 
divided into 60 congruent angles, 
each called a minute (1’), and each 
angle of 1’ is divided into 60 con- 
gruent subunits called seconds (1”). 








What part of a degree is each of the following? 


A 30’ B15’ cn0' D 6’ E 1’ F 30” G 15” 
4. The example shows how sums of EXAMPLE: 
angle measures are found. 37° 48’ 35" 
Explain how 52° 105’ 81” was 15° 57’ 46” 
rewritten as 53° 46’ 21”. 927105) 81" — 52° 106 21°53 Geis 


5. Explain each step in the subtraction example below. 
EXAMPLE: 37° 48’ 35" 37°47'95” 36°107'95” 

15° 57' 46” — 15°57' 46” — 15° 57’ 46” 

21° 50’49” 
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Using the Ideas 


. If ZAOB is a straight angle, what is the measure 
of each of the following angles? 


A ZCOB B /ZCOA c¢ ZAOD 





. Two angles are complementary if the sum of 

their measures is 90°. What is the measure of 

an angle which is complementary to an angle 70°19" 
whose measure is 70° 19’? 


. Two angles which are supplementary must have the sum of their 
measures equal to 180°. What is the measure of an angle which 
is supplementary to an angle whose measure is 125° 38’ 15”? 


. Angles 1 and 2 are vertical angles. Angles 3 3 

and 4 are also vertical angles. The m Z1 is 30°. quale stiiiw 
A WhatismZ2?  B Whatism21+™m2Z3? 4 

c What ism2Z3? pb What is mz 4? 

E ls it true that vertical angles have the same measure? 


. A ray of light striking a mirror is reflected 

so that the ray makes congruent angles with the 
mirror. Thus, Z2APC = Z BPD. |lf mZAPC is 

23° 40’, what is m Z APB? 


- A machinist must grind the angle on a dovetail 
piece as shown in the figure. 


A What is the greatest measure the angle may have? 
B What is the smallest measure the angle may have? 





. Find the sums of the angle measures. 
A 72°49’ 31” B64" 5/26" C1522 508 10. D 435i 7.437 
BO mono. 82° 14’ 38” 27°, 98504 91°22’ 30” 


. Find the differences of the angle measures. 
A 84°53’ 46” B 90° Couldnt D 142°19' 25” 
20 sonal” 38 °1/, 40: eauve2e4 106° 34’ 17” 


More practice, page S-23, Set 44 G-39 


Sums of Angle Measures of Polygons 


Investigating the Ideas 


Draw a triangle on a piece 
of cardboard and cut out the 
triangular region. 


Mark a point O on your paper. 
Then use the triangular region 
to copy each of its three angles 
side-by-side so that each of the 
vertices is at point O. 





Can you try the Investigation with 
several triangles of different shapes? 





Discussing the Ideas 


1. What does the Investigation suggest about the 

three angles of any triangle? 
B 

2. Suppose that n|| AC. 1/32 4 
als Z71= 724? ; 
B Is 22 = 25? ) 
c What is the sum A C | 

IM Zale mee ON I Zase 

p Explain why mZ3+m2Z4+mzZ5= 180°? 


I 


3. Complete: The sum of the measures of the 
angles of every triangle is ? . 


4. Explain how to find 
mZX in AXYzZ. 


5. a What is the sum of the measures of 
the angles of AABC? 


B What is the sum of the measures of 
the angles of AACD? 


c What is the sum of the measures of the 
angles in any convex quadrilateral? 


6. Explain how to find the sum of the angle 
measures of a pentagon. 
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10. 


. The apex angle, 2 RA, of an isosceles 


M 95° 
. What is mZP of 


. A What is the sum of the measures of 


. A What is the sum of the measures 


Using the ideas 


. Give the measure for x in each triangle. 


A B Cc D 


70° 
EN 90° 45° 





60° | x 


. The measures of two angles of a triangle are given. 
Find the measure of the third angle. 
A 45°, 45° c 43°, 63° Ewe? 23%.59° 8’ G 15°28’, 69° 28’ 
B 50°, 50° D 75°, 28° F 14°50’, 98°15’ H 60° 4’ 5”, 36° 25” 


. What is the measure of each angle of an equilateral triangle? 


triangle has a measure of 96°. What 
are the measures of the base angles? 


~s 
N 
Oo >> 
Y 
(¢p) 


. An exterior angle at vertex A of AABC 100° 


is 2 BAD. What is mZ BAD? Aaa monn 
quadrilateral MPQN? Br ae) 
N 


the five angles of a regular pentagon? 
B What is the measure of each angle? 





. A What is the sum of the measures of the angles 


of a regular hexagon? 
B What is the measure of each angle? 


of the angles of a regular decagon? 
B What is the measure of each angle? 


In AGHI, mZH is twice MZG, 
and mZ!/ is 5° more than mZG. 
What are the measures of the 
angles? mit 





The Pythagorean Theorem 


Investigating the ideas 


In the figures below, squares have been constructed 
on the three sides of obtuse, right, and acute triangles. 


Obtuse AABC..... Right AABC Acute AABC 


Can you find and record the area of The dotted segments may help 
each square in each of the figures? you count the unit squares. 








Discussing the Ideas 


1. Copy and complete the table. 





2. The Investigation suggests a generalization for 
right triangles called the Pythagorean Theorem. 


In any right triangle, the sum of the areas 
of the squares on the legs is equal to the 


area of the square on the hypotenuse. 





What equation does the statement above suggest if a right triangle 
has legs of length a and b and hypotenuse of length c? 
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ee 


a 


Using the Ideas 


1. Find the area of each square in each figure. 
Unit squares are indicated by the grid. 


preening 


ak: 
PAseo | 





For Exercises 2 through 10, find the area of the square . 
on the hypotenuse of each right triangle with legs of b 


length a and b. Study the flow chart. ; 





a=3,b=5 37=9 5?= 25 9 + 25 = 34 c?= 34 


2) a Gand 3 Baa 3 b—A 8.a=15 b=2 
3. a= 1) b= 6.a=06 b=08 9.a=54 b=65 
4.a=4 b=5 7a 10:0 b—10 10.a=125 b=82 


r11. The area of the square on the hypotenuse 
of a right triangle is 85 square units. 
What are the possible lengths of legs a 
and b if both a and b are whole numbers? 
(HINT: There is more than one possibility.) 
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Using the Pythagorean Theorem 


Investigating the ideas 


What is the area of each 
of the squares on legs 
a and b? 


What is the area of 
the square on 
hypotenuse c? 


Can you find 
the length of 


the hypotenuse 
of this right 
triangle? 





Discussing the ideas 


1. Explain how you found the length of the hypotenuse 
of the right triangle in the Investigation. 


2. Study and complete c?=a’+ b? 
the solution for Bis Aone oe 
finding the length Conte aS : bis 
of the hypotenuse c*= 1679 
of the right c2= 95 aed 
triangle. 
c =llil 
3. Study and complete c?=a’?+ b? 
the solution for oo 
finding the length ek tare © 
of leg a of this 169 =a’?+ 144 ve eeeie 
right triangle. 169 — 144=a? 
Ih = a? 
il = a a=? 
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Using the Ideas 


1. Find the length of hypotenuse c for each right triangle. 


A B c 
Cc 
c = ae | = 
b=6 Bes b=8 
ig 
a=6 a=12 


2. Find the length of leg a or b of each right triangle. 





3. How long is the diagonal of a rectangle 
if the length is 8 cm and the width is 


6 cm? 
. . SS 
4. What is the height h of < 
this triangle? 
e-10->| 


5. Point C is chosen so that 2ACB is a 
right angle. How far is it across the 
lake from A to B if the lengths of AC 
and BC are 300 m and 400 m respectively? 





6. Find the area of each region. (HINT: You must first 
use the Pythagorean Theorem to find the third side of 
a triangle in each figure.) 


A B Cc 


10 5 0 


/-3-+}~—_—__7 ——+| }-3->|~—__ 6 —+| 


7. Find the length of the third side of each right triangle. 
Aa=12 b=16 ca=7 b=24 E b=30 c= 34 
Ba=12 c=13 p a=40 c= 41 F a=24 c=26 


More practice, page S-24, Set 45 


Z 
> 
on 


Volume 
Investigating the Ideas 


To find the volume of a space region, you can 
think of dividing it into unit-cube regions 
and counting the number of cubes it 
takes to fill the space. 1 
1 
A cubic centimetre (cm) is a unit of volume. 
A cubic decimetre (dm?) contains 1000 cubic centimetres. 


A cubic metre (m%) contains 1000 cubic decimetres. 


Can you estimate the volume of some of the space 


regions below and find a way to check your estimate? 





[1] The volume of your math book in cubic centimetres. 
[2] The volume of a shoe box or a grocery bag in cubic decimetres. 


[3] The volume of your classroom in cubic metres. 
Discussing the Ideas 


1. a Count the cubes along the edge 7. 
Count the cubes along the edge w. 
How many cubes in the bottom layer? 
How many layers in height h? 

How many cubes in the solid box? 


mo Oo 





2. Explain why the volume V of the 
rectangular solid (box) isy = @:-w-h 


3. A What is the area B of the base of 
the box in terms of @ and w? 
B Explain why the volume of the box 
is given by the formulav = B-h GEES =I 2 





4. What is the volume of each solid? 


2cm 





3 cm 
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1. 


3. 


* 4, 


* 5. 


Using the Ideas 


Find the volume of the shaded portion of each solid. 


A 





Use the dimensions on the container at 
the right to complete each part. 


a Find the volume. 


B How many litres of water will the 
container hold? (1. = 1000 cm) 18 cm 








This L-shaped piece has 

a volume of 3 cm?. What 

is the volume of a similar qo 
L-shaped piece that is twice 


as long, twice as wide, and 
twice as high? 





What is the volume of the L-shaped 
piece if every dimension is tripled? 





More practice, page S-24, Set 46 G-47 


Metric Capacity 


Investigating the Ideas 


Obtain a large empty milk carton. 
Find the interior length and width 
of the carton in centimetres. 


Can you cut off the top of the 


carton so that the bottom part 
will have a volume of 1000 cm$? 





Discussing the Ideas 


1. If you fill the bottom part of the 
carton with water, it would have a 
capacity of 1 litre (”) of water. 
What part of a litre of water is 
1 cm? of water? 


2. One cubic centimetre of water is 
0.001 litre or 1 millilitre (ml). 
A What part of a litre is 500 ml? 
B What part of a litre is 10 ml? 


3. The mass of one litre of water under 
standard conditions is 1 kilogram (kg), 
or 1000 grams. What is the mass of only 
one millilitre of water? 





4. a What is the volume of the box 

in cubic centimetres? 

B What is the capacity of the 
box in millilitres? 

c What is the capacity of the 
box in litres? 

pb What is the mass of water that 
the box would contain? 





5. Find the capacity of some common containers 
in litres or millilitres. Then give the mass 
of water that each container will hold. 
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Using the ideas 


. Give the capacity of each container in millilitres. 





25 cm 


. Give the capacity of each container in litres. 


a = 
10.5 cm 


BOE mn 12.2.6m 


20 cm 17 cm 






15.8 cm 





16.2 cm 


. Give the mass of water in grams that each container 
in Exercise 1 will hold. 


. Give the mass of water in kilograms that each container 
in Exercise 2 will hold. 


. A kilolitre (kl) is 1000 litres. What is the capacity 
of a tank in kilolitres if the tank is a cube one metre 
on each edge? 


. Which container is large enough to hold 680 grams of water? 





12 cm 


. How much larger in volume must the two other containers 
in Exercise 6 be in order to hold 680 grams of water? 


When the open-top cube is one twelfth full of paint, 
there is just enough paint to cover the five faces of 
_ the open-top cube. How thick will the paint be on the* 


eal 28 BPO if Bhs could | use fall of the e palo hoes cube? 








Investigating the ideas 


Make copies of the patterns 

on cardboard, cut them out, 

and form models for an open- 

top prism and a pyramid with 

its base removed. Both models “% 
will have the same dimensions 

for the base and height. 





Can you find how many ‘‘pyramidsful’’ of sand, rice, 


or other fine material it takes to fill the prism? 








Discussing the Ideas 


1. The prism constructed for the Investigation is a 
right prism because the lateral edges are perpendicular | 
to the base. Imagine a right prism (figure A) made of 
a large number of thin sheets of steel and then slid to 
form figures Band C. Gross 


sections 





A Is the height of each figure the same? 

B Are the cross sections of each figure the same? 

c Is the volume of each figure the same? | 
bd Explain the formula ¥ = B- h h 


2. Explain why the formula for the volume of a pyramid 
with base B and height his V=4-8-h 


3. Do you think that an oblique pyramid has the same 
volume as a right pyramid with the same base and height? 
What do these figures suggest? The shaded cross 
sections are all at the same distance from their bases. 
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Using the Ideas 


1. Find the volumes of these prisms. 










A B c D T 
al 
55 6.3 79 
33 4 '~B=14.2 o¢€ 





a) 


2. Use the formula V=3: B-h, where B is the area of the base 
and h is the height, to find the volume of each pyramid. 





B=60 sq units 


3. The Great Pyramid of Egypt had a square base of 230.4 metres 
on each side. Originally, the pyramid had a height of 146.5 
metres. What was the volume of the pyramid? 


4. A concrete sidewalk is to be constructed that is 22 metres 
in length, 1.5 metres wide, and an average thickness of 
15 centimetres. 
A About how many cubic metres of concrete are needed? 
B Concrete has a mass of about 2300 kilograms per cubic 
metre. About how many kilograms of concrete are needed? 


5. When an irregular object is submerged 
in water, it displaces a volume of 
water equal to its own volume. If 
a submerged object causes the water level 
in the tank shown to rise 2.5 centimetres, 
what is the volume of the object? 





6. A solid cube 12 centimetres on each edge 
has a square hole cut completely through 
the centres of the faces of the cube. 

A What is the volume of the part of 
the cube that was removed? 

B What is the volume of the remaining 
part of the cube? 





More practice, page S-25, Set 47 G-51 


REVIEWING THE IDEAS 


1. What is the length of AB in 


A B 
Sao eT 
¢ (AB) = 37 mm 
A centimetres? 
B decimetres? 
c metres? 


2. Find the perimeter of each region. 
A B : 25 m 





4. |f a piece of adding machine 
tape 6 centimetres wide has an 
area of one square metre, how 
long is it? 


5. What is the area of each region? 


A B 
La» y 4 a. 
i 
15.2 cn 1.7 m—>| 
6. Find the sum and difference. 


a, 20° 38 eyienee Boe 25018" 20" 
+ 42°51! 29" — 53°40’ 38” 





7. What is the measure of the comple- 
ment of an angle measuring 37°15’? 
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11. 


12. 


13. 


14. 


15. 





. How large is 107° 
the third angle? 50° 


? 
. What is the sum C 
of the measures B 
of angles A, B, 
C, and D? A 


10. 


What is the 
area of the 
large square 
iffiisa 

unit square? 
Find the third 


side of the 
triangle. 





Find the 
volume. 





A What is the mass of 200 
millilitres of water? 


B What size container will 
hold 1000 grams of water? 


What is the capacity in litres 
of an aquarium 40 cm by 20 cm 
by 18 cm? 


The base of each solid below has 
an area of 40 square units. The 
height of each solid is 12 units. 
Find the volume of each solid. 


Cc 





RESEARCH PROJECTS 


A Make a model that will demonstrate 


the Pythagorean Theorem. (See 
Instructional Aids in Mathematics, 
34” Yearbook; Washington, D.C.: 
National Council of Teachers of 
Mathematics, 1973, pp. 378-379.) 


Investigate Plateau’s Problem, the 
problem of determining the least 

area that will span a given shape. (See 
What is Mathematics? by R. Courant 
and H. Robbins; New York: Oxford 
University Press, 1941, pp. 385-397.) 


6. What is the area 

_ ofsquareAon — 

theleg ofthe 
right triangle? 


_ What is the length of each 


edge of a cube that will contain 


- one litre a water? 


cs os of the 


base of the prism 


is 66 cm?. What | 
is the volume ot 
a priser 7 


; What i is the volume ofa end . 


cm high and with a square 


base 10 cm on each edge? 





Find out how the volume of irregular 
objects can be found by finding the 
amount of water they displace when 
they are submerged. Find the volume 
of several irregular-shaped solids 
whose volume determined by other 
methods would be different. (See 
Mathematics: Man’s Key to Progress 
by Richard A. Denholm; Pasadena, 
California: Franklin Publications, 1968, 
pp. 84-85; available from Grolier Ltd.) 
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SHE CYCLOIP 


If a circular disk is rolled along a line, 

the path of a point P on the circle is called 
a cycloid (the curve in color). The cycloid 
has some interesting properties. 









Cut out copies of two cusps of 
a cycloid from heavy cardboard. 

Glue a third piece of card- 

board between them to form a Cardboard 
cycloid track. spacer 







Cycloid track 





Try this experiment: 












Place two marbles on the track on opposite sides 
of point M (the midpoint and lowest part of the cusp). 
If the marbles are released at the same time, they 

will reach point M at the same time even though the 
distances along the curve are not the same. Further- 
more, a marble released at point C will roll along 

the curve to point M more quickly than a marble which 
rolls along a straight line from C to M. 


“younsele A 118° 44 
Answers © : o 35° 8. 10 cm 
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UNIT G: Geometry 


MODULE 3: Similar Triangles and Trigonometry 





OBJECTIVES: 
After completing this module, you should be able to: 
1. 


2 








Apply the theorem of congruent segments on 
transversals of parallel lines. 

State the relationships that exist between a pair of 
similar triangles. 

Use proportions to find lengths of sides of similar 
triangles. 

Find trigonometric ratios of the sides of a right 
triangle. 

Use trigonometric ratios to find the lengths of sides 
of right triangles. 


Parallel Lines and Transversals 
Investigating the Ideas 


Suppose that you want to divide 
one edge of a small unlined card 
into five pieces of equal length 
but do not have a ruler. The 
figure shows how you can use a 
sheet of lined notebook paper 
to do this. 


Can you use this method to divide a segment 
into seven pieces of equal length? 


Discussing the Ideas 





1. The Investigation illustrates a 
geometric theorem which can be 
stated as follows: 





If parallel lines cut off congruent 
segments on one transversal, then 


they cut off congruent segments on 
all transversals. 





: Mey th 
Explain how this theorem justifies a a oe 
the results of the Investigation. 


2. The following exercise may help you understand why the 
theorem above is true. 


Suppose thatk, m, and rn are parallel, and AB = BC. t 

A How does 21 compare with 2 2? 
Explain your answer. 

B Suppose that we draw AD and BE so 
that 23 = 24. Are AD and BE parallel? 

c What can you say about AABD and 
A BCE? Explain your answer. 

p Is it true that AD = BE? Explain. 

e Suppose that FH is a transversal 
parallel to AD and BE. What kind of 
figures are ADGF and BEHG? 


F Do you think FG is congruent to GH? Explain your answer. 





G-56 





Using the Ideas 


1. In the figure, a || b || c and e||f||g. The fs 
segments on line m are congruent. m p 
A Are the segments on line n a 
congruent? Why? b 
B Are the segments on line p 
congruent? Why? G 


2. Find the length x. The horizontal lines are parallel. 


af dz 








5. Sometimes it is helpful to sketch parallels as shown in 
partsa,B, andc. Assume that the horizontal lines are parallel and 
find the length a. 


BS. ZA” 


oly 
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Similar Polygons 


Investigating the ideas 
A.ABC and ADEF have the same 
shape but not the same size. 


Draw the other three polygons 
on a Sheet of graph paper. 


Can you draw polygons 
that have the same shape 


as these three, but not 
the same size? 





Discussing the Ideas 


1. Similar polygons have the same shape but not necessarily 
the same size. The formal definition follows. 








For AABC and ADEF above, we say: 
“A ABC is similar to ADEF” and we write AABC + ADEF. 


This-means#2A"= 2D, ZB'= 25, 20 = Ze ands =P=$ 
Label the vertices and sides of the other polygons 
you drew. Show which pairs of angles are congruent 
and which pairs of sides have the same ratio. 
r 
2. If ARST ~ AUVW, 


A which vertices must correspond? s 4 5 
B which pairs of angles are congruent? aS 
c what is the ratio of t to w? s to v? a t s a w V 
3. Alf AABC ~ ADEF and mZC= 62°, C 
what is m ZF? Why? F 
E 


B If the ratio of the length of FE to the 
length of CB is 5 to 6, what is the 
ratio of the length of DF to the 
length of AC? A Bel 
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1. AABC ~ ADEF. The length of EF is 
three times the length of BC. 
What are the lengths of the sides 
oL ADER? 





2. In the figure, MN|| ST, M is the 
midpoint of AS, and N is the 
midpoint of AT. 








I 


A Is 21 = 22? Why? 
B Is 23 = 24? Why? 
c Is ARMN ~ ARST? 


3. If two triangles are equilateral, 
are they similar to each other? 
Why? 


4. Suppose you know that AGHI is an 
equilateral triangle. You also know 
that AXYZ ~ AGHI. What is the 
measure of 2X? 


5. Suppose AJKL ~ APQR and 
mZJ= 27° and mZL = 683°. What 
are the measures of each of the 
angles of APQR? 


Using the Ideas 


6. Aretha made a scale drawing of 
her mathematics classroom using 
a scale of 1 to 300. Her drawing 
was 4.7 centumetres long and 3.2 
centimetres wide. What were the 
actual dimensions of the classroom 
in metres? 





7. A photograph of the surface of the 
planet Mars shows a crater 8 milli- 
metres in diameter. If the photo- 
graph is ysoa000 actual size, about 
how many kilometres in diameter is 
the crater? 

* 8. AABC ~ ADEF, but the perimeter 
of ADEF is only 2 of the perimeter 
of AABC. What is the length of 
each side of ADEF? What is the 
ratio of the lengths of any two 
corresponding sides? 


A 









Arrange nine dots in 
1. eight rows of three each. 
2. nine rows of three each. 
3. ten rows of three each. | 


G-59 


Conditions for Similar Triangles 


investigating the ideas 


Make a copy of AABC 
on your paper. 





A 


Can you draw another triangle whose sides are 
twice as long as the sides of AABC? 


Discussing the Ideas 





1. Do you think that the two triangles are similar 
to each other? Give your reasons. 


2. Measure each angle of AABC with a protractor. 
Draw a triangle whose angles have the same measure 
as the angles of AABC but whose sides are different 
in length from AABC. Is this triangle similar to AABC? 


3. If two triangles are similar, then 
[1] corresponding angles are congruent. 
[2] corresponding sides are proportional. 
In later geometry courses, you will be able to prove 


that the existence of either condition a/one is 
sufficient to prove that the triangles are similar. 


Als AXYZ ~ ATSR? Why? B Is AJKL ~ AMPN? Why? 





4. Suppose ARST ~ AWXY. 
The proportion below can 
be used to find length w. 





w_ 8 
9 12 

12w =72 i 
w=6 


Write and solve a proportion to find length x. 
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Using the ideas 


1. Suppose that AMNP ~ ARST. Give 11. A woman 1.8 metres tall casts a 
the measure of each angle of ARST. shadow 1.2 metres long at the 


A M same time that a building casts 
Ss T 


a shadow 10 metres long. 










What is the 
approximate / 
2. Suppose that AABC ~ AEDF. If een vf 
length AB = 2, length BC = 3, and / 
DE is twice as long as AB, how long 
is DF? D 


B 
Lr, y ~< 
1.2m 10m 
A oN: F 12 


. TO measure the distance between 
points A and B on opposite sides 
In Exercises 3 through 11, of a river, Jose went downstream 
LA=2D,2B=ZE,and2C= ZF. 100 m to a point C. Then he 
The letters a, b, c, d, e, and f measured 7A and ZC and drew 
represent the lengths of the sides. AA'B'C' similar to AABC, making 


the distance of A’C’ 10 cm. 


GC [= 
b a d Then he measured A’B’ and found 
4 it to be 19.2 cm. What was the 
A - B D ; E 





distance from A toB? 
EXAMPLE: Finda ifb=3, d=4, e=12 









A Jose’s drawing: 





pee De Ae 
SOLUTION: a Ola a5 ae 
12a= 12, hence a=1 
3. Findfifa=6,d=15,c=2. C 2 
10 cm 
as Find e ii b= 5sc— 2-f— 3. 
GC’ 


5. Find aifd=4, b=2,e=7. 13. A ladder 3.6 m long was 


leaning against a wall. 
When a painter was 3 of 
the way up the ladder, 


6. Find c if f=45,d=5,a=6. 


7. Find aif b=e, d= 1.32. he dropped his brush. .& 
If the brush hit the ° 
8. Find b ifd=3, a=2, e= 1. ground 0.3 m from 
the wall, about 
9. Find difc=2, a= 2.1, f = 3.4. how far was the 
base of the ladder 03 
10. Find a ifd = 24, c= 34, f= 4. from the wall? ala 


More practice, page S-25, Set 48 G-61 


Similar Right Triangles 


Investigating the Ideas B 


oO 
Several right triangles 
are shown. AKA 36 54°0\. 6 


; S 
How many pairs 
of similar right Q Z > 
triangles can G J K 





you find? THA oa 
6 Ru 


Discussing the Ideas H 


1. Explain how you found the pairs of similar right 
triangles. 


2. Explain why you can be 
sure that the two 
triangles are 
similar. 








3. Since the two triangles above are similar, complete the proportions 


i 


c a ! 
=— and —=—. and explain why they are true. 
a Cy, c, lll 


a, 


4. Explain why you can be sure that 
AAB,C, re AAB,Co. 


5. Complete the following proportion, 
constructed from the figure in 
Exercise 4. a, Ill 


c, ill 


6. a Are the triangles similar? 





Why? 
B Complete the statement. 
IXY Zen eee 
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Using the Ideas 


6. What is the ratio aa 


1. Complete the statement. 
NABC wea 2, 






A 





egret 
2. Complete the proportion. 
wll 
y: iil 
</> 
» Ww, 
7. Measure the lengths a, b, c, and 
d in the figure to the nearest 
millimetre. Then use proportions 
to compute a, b, c, and d. Did you 
3. Give the missing get the same numbers in each 
proportions. 
a_b_ iM _ iM 
e iil iM iM 


4. Suppose you know that ll 
: Cc, 
Give the ratio. 


oF 


ee fal 

* 8. How tall is the 
ee tak flagpole in 

C3 


the drawing? 





a, 4 
5. Suppose you know that me Ak 
Give the ratio. 





A by 


b; + 
= oo, 4 ec aear eth at m———e| 


More practice, page S-26, Set 49 G-63 


Ratios for Right Triangles 


Investigating the Ideas 


Right AABC has hypotenuse c= 10 units and mZA = 30°. 
The lengths of sides a and b can be estimated as a ~ 5.0 and b= 8.7. 
Then the ratios shown in the table can be found. 








A) Dh fe ee he OG PFO 


On graph paper, draw seven more right triangles with ¢ = 10 units 
but with angles at A having the other measures shown in the table. 


Can you find the ratios for each of the angles in the table? 











Discussing the Ideas B 


1. For mZA= 65°, the ratio # ~ 2.1. 
For AABC at the right, 
we have 75 = 2.1. 
Hence, a=12-2.1 
a= 25.2 


Show how the ratio ® for 65° can 
be used to find length c in AABC. A 





C 





b=12 


2. a Find the ratio § to the nearest hundredth. 


B How can this ratio and the table above help A 
you give the approximate measure of 2A? 
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Using the Ideas 


For these problems, you can use the table completed in 


the Investigation on the opposite page. 


1. a What is §? 
B What is $? 


c What is 2? 


i. b 
What is ¢? 


B What is 
mZA? 


What is § ? 


B What is 
mzB? 





4. Give each ratio. 
A 


Sie olf O|f@ 


c 


5. Use the ratio $ for 30° 
from the table to © a 
find length ain A C 
the triangle. b 


6. 


* 8. 


Use the ratio 2 
for 45° to find 
length b. 





. Find the length a for 


the triangle. 





A ladder 4.4 metres long is leaned 
against a wall so that the base of 
the ladder is 1.5 metres from the 
wall. 


A What is the measure 
of the angle the 
ladder makes with 
the ground (m ZA)? 

B How high up on 
the wall will the 
ladder reach? 





Awz1.5m+C 
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Trigonometric Ratios 


Investigating the ideas 





In AABC, if ZC is a right angle, 

the ratio ¢ is called the sine 

(pronounced like ‘‘sign’’) of ZA. Ae 
We abbreviate and write: sin A = ¢ 





The other ratios » and % are called cosine and tangent respectively. 
b 
Cc’ 


Measure each side of AABC to the nearest millimetre. 


We abbreviate these and write: cosA= tanA=§ 





Can you compute sinA, cosA, and tanA 


to the nearest hundredth for AABC? ; 


Discussing the ideas 


1. 
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. It will be helpful to give names to the sides 


. If tanA ~ 0.43 and b= 40, 


The sine, cosine, and tangent ratios are called 
trigonometric ratios and can be computed with great 
accuracy by advanced mathematical methods. Using the 
table in the previous lesson, what is the approximate 
measure of 2A? 


of the right triangle relative to ZA. The = Side opposite 





following abbreviations may help you to ZA 
remember the ratios: 
: opp adj opp AS C 
sinA=—-— cosA=,— tanA=—- 
hyp hyp adj 


A Which ratio (sin, cos, or tan) can you find if you 
know the lengths of the opposite side and the hypotenuse? 


B Which ratio can you find if you know the lengths of the 
adjacent side and the opposite side? 


then tanA= cP 2 





adj b 
_a ‘ 
and 0.43 = 40° 


Complete the solution to find a. 


x 5. 


. In right AABC, c= 15, sin 35° = 0.57, 


Using the Ideas 


B 


and cos 35° = 0.82. Complete the 
solution to find a and b. 


A SiG 9 Gate B cos 35°=#, 
therefore 7s ~ 0.57, therefore 7% ~ 0.82, 
and a ~ |lll. and b ~ lil. 








. In the right triangle, a = 30, tan 58° = 1.6, 

and sin 58° ~ 0.85. Complete the solution B 

to find b and c. 

A tan58°=*2, B sin 58° = 2, 

therefore 3 ~ 1.6, therefore 0.85 ~ 2, phages 
and b ~ |. and c ~ |). 
C 

. Use the figure at the right to compute the 


ratios for 7A to the nearest hundredth. 
A tanA B SINnNA c cosA 





. In right AXYZ, ZY is the right angle 


and the sides are designated as shown. 

a Compute tanX if XY has a length of 
40 cm and YZ has a length of 9 cm. 

B Compute sin X if the length of the 
hypotenuse is 41 cm. 





A right triangle has sides of lengths 3 units, 
4 units, and 5 units. 


A Which side is the hypotenuse? 


B Let the side that is 3 units long be the side 
opposite ZA. What is sin A? 


c What is cosA? 
bp What is tan A? 





More practice, page S-26, Set 50 G-67 
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Using the Trigonometric Table 


The table on the opposite page gives the sine, cosine, and 
tangent for angles whose measures are a whole number of 
degrees from 0° through 90°. The numbers in the table are 
rounded to nearest thousandth. Thus, when you read that 
“sin 27° = 0.454,” this means 0.4535 < sin 27° < 0.4545. 
The trigonometric ratios are useful in solving problems 
concerning right triangles. As you continue your study 

of mathematics, you will learn to use these ratios in 

many other situations. 


1. Use the table of ratios to find the 6. In traveling one kilometre 
following: along a road, suppose a person 
A sin 24° E tan81° goes up a gradual incline of 
B tan 46° F sin 27° 50 metres. 
Cecos oO: G cos 88° 
D sin 37° H 


sin 35 4km ot SE 50 


2. Use the table to find the 


degree measures for x in each What is the approximate degree 


equation. measure of the upward slope of 
A sin15°=cosx°® e€ cos20°=sinx° the road? 


B sin63°=cosx°® Db sin86°=cosx°® 
7. A satellite was sighted in 


3. Complete this sentence. Chicago at the time that it 
If sin y° = cos x°, then x + y=[f[ll. was directly over Montreal. 
The angle determined by the 
4. Find the length x. line of sight from 
A - B x Pr Chicago and the 
x A 4 ground was about 
— HH 63°. The distance St 
13 between Chicago jf 
rs Dio Z and Montreal is it 
saci u then bs 1200 km. Ignoring / 
10 x / 
the curvature of / 


5. In each triangle, find mZA 


ia 


the earth, compute , 
to the Ree ors degree. n the approximate A 
cpus cal B am 4 altitude of the Wi 
A C B satellite. Y 63° 
C 


G 1200 km M 


° 
w 
pe) 
oO 
ine) 
—_— 
> 
o 
® 
\ 
oF 2a 
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REVIEWING THE IDEAS 


1. In each figure, the horizontal lines 
are parallel. Find length x. 


3. AJKL ~ APQR 
A What pairs of angles are congruent? 


B What pairs of sides must 
correspond? 


4. AABC ~ ADEF. What is the measure x? 





5. If ABAD ~ ARSV, then ZA is 
congruent to what angle of ARSV? 


6. AABC ~ ATRS. What is the ratio? 


Cc S 


length RS 
length RT 
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7. Which pairs of triangles are similar? 
The figures are not necessarily drawn 
to scale. 





8. Using the 3-4-5 right triangle, give the 
name (sin, cos, or tan) for each ratio. 


A ?A=3 B 
B?A=5 5 : 
c 2? A=3 , o 


9. For the triangle in Exercise 8, use the 
table of trigonometric ratios to 
estimate the measure of ZA to 
the nearest degree. 


10. Use the table of trigonometric ratios 
on page G-68 to find each of these. 


A sin27° ce tan 19° E tan 48° 
B cos 38° D cos/71° F sin 83° 


11. Use the table of trigonometric ratios 
to give the degree measure of ZA. 


A sinA=0.940 c sinA=0.500 
B cosA= 0.988 bd cosA = 0.500 





12. Suppose that sin A = 0.485, 
cos A = 0.875, and 
tan A = 0.554. 
j A 
Find x and y. 430 





y 











RESEARCH PROJECTS 


A 


Find how you can use similar tri- 
angles to determine the heights of 
trees, buildings, and so on, by 
measuring their shadows. (See 
Mathematics: A Man's Key to Progress 
by Richard A. Denholm; Pasadena, 
California: Franklin Publications, 

1968, pp. 53-55; Grolier Ltd.) 


Find out about the origins of trig-, 
onometry. (See The Wonderful World 
of Mathematics by Lancelot Hogben; 
Garden City, New York: Doubleday, 
1955.) 


a ‘Give the r name ena cos, 
or tan A) for each of the © 
e following: - a 


— - sina” 
8B ce 


. Find b if sin A = 0.515, 
| GosA — 0.857, and 
tanA=0.601, 







opp, OPP - 
Snr 







ye A adj 


: Give the on ratios: 


39 





c tan A A 


36 


In the drawing, a 
—sinA=0,500 a. 
and a= 6.18 cm. c : 
_ What is a 
lenge c? A Cc : 


6.18 cm 


b 


. Using the triangle in Exercise 8, 


find b if tanA = 0.577. | B - 





1c as 


A pantograph is a mechanical linkage 
that can be used to produce drawings 
that are similar to a given drawing. 


Pantograph 


Find out how pantographs are made. 
Try making your own model of a 
pantograph and demonstrate its use. 
(See The World Book Encyclopedia; 
Chicago: Field Enterprises Educational 
Corporation, 1974, vol. 15, p. 112.) 
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Pentominos are regions formed by five squares connected 
edge to edge. There are exactly 12 different pentominos. 


pomeed cee coy res os 
fas Boks BP ee ee 


Cut out the 12 pentominos from graph paper. Then try the 
problems below. The pieces may be turned over or rotated. 


1. Make a square using pieces E, F, G, H, and J. 

2. Form a3 by 5 rectangle using pieces F, G, and H. 

3. Form another 3 by 5 rectangle using pieces B, C, and D. 
4 


. Each of the 12 pieces has the approximate shape of one 
or more letters of the alphabet. What are they? 


on 


. Form a Roman numeral for 1066 using the appropriate pieces. 


6. How many words can you spell with the pieces? 


7. All 12 pieces can be used to form the following rectangles: 
A 3 by 20 B 4by 15 c 6 by 10 D 5 by 12 
How many of these can you form? 


8. Cover all of an 8 by 8 square except the four corner 
squares with the pentominos. 




















9. Choose one of the pentominos. Then use nine other pentominos 
to form a region whose dimensions are three times those of 
the pentomino selected. 


10. Determine the size of the largest ‘‘field ’ you can enclose 
with the 12 pieces. Any two pieces must touch along an 
entire side of a square. 


wei 22 Badied=5 42 5.95035 
6. AtanA;eB sinA;¢cosA 7.433; 835:C53 8.¢-1296 
yO DOT) 0640. b= 499 oe ae a 








ao Dv sm \ 








7 YL 
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UNIT G: Geometry 


MODULE 4: Circles, Cylinders, Cones, and Spheres 





OBJECTIVES: 


After completing this module, you should be able to: 

1. Identify the parts and terminology associated 
with circles, cylinders, cones, and spheres. 

2. Compute the circumference of a circle using the 

eS formulas C = 2ar and C=7d. 

o 3. Compute the area of a circle using the formula 

A= nr? 

4. Find the volume and lateral surface area of a 
right circular cylinder. 

5. Determine the volume and lateral surface area of 
a right circular cone. 

6. Find the volume and surface area of a sphere. 


Circles 


Investigating the Ideas 


Draw a circle with centre O 
and mark a point P on the circle. 


Can you draw the circles 


described below? 





Each of the circles must have its centre on the circle 
and must also pass through point P. 
[a] A circle that is the same [ec] A circle larger than the 


size as the given circle. given circle. 
A circle smaller than the _—[p] The largest of all such 
given circle. circles. 


Discussing the Ideas 


1. The curve encompassing all the circles which have centres 
on the given circle and pass through point P is called a 
cardioid. 

A Draw several more circles of that type. 
B Look up the word cardioid in a dictionary to see why 


this curve has this name. 
A 
B t 
D C 


A Give a definition of chord, radius, and diameter. 

B The set of points on the circle shown in color is 
minor arc ABC (SYMBOL: ABC). Why is it a minor arc? 
What points on the circle could be a major arc? 

c Line t is tangent to the circle. How are t and the 
circle related? 


2. Give your own definition of circle. 


3. The figures below may help 
you to review some terms 


A 
associated with circles. C 





4. a What is meant by the interior of a circle? 
B What is the exterior of a circle? 
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1. 


* 5. 


. Extend the table at 


. Suppose that a line n is perpendicular 


Using the Ideas 


The circle with centre O has a 
diameter of 2 centimetres. 


A How long is a radius? 
B What is CD called? 


c Which is a minor arc of the 
circle, ABD or ACD? 





A circle has a radius of 5 centimetres with centre at 
point P. Which word (interior, exterior, or on) describes 
the location of each of the following points of the circle? 


A Point X is 3.7 centimetres from P. 
B Point Y is 50 millimetres from P. 
c Point Z is 6.09 centimetres from P. 


the right up through 
10 points on a circle. 


to the radius OA at point A. Let B be 
any other point on line rn. 


aA Which is longer, OB or OA? 


B Does line n touch the circle in more 
than one point? 


c Is line n tangent to the circle? 





A Draw acircle with centre O anda 
radius of 2 centimetres. Mark a 
point P in the exterior of the 
circle 3 centimetres from O. 

B Draw at least 10 circles whose centres are on the circle 
and which pass through point P. The curve encompassing 
all such circles (the envelope of the circles) is called 
a limacon (pronounced ‘‘lee’ ma-son’’). 
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Spheres 


Investigating the ideas 


Choose a small ball such as a marble, 
_ golf ball, tennis ball, baseball, or 
handball. 





Can you cut a circular hole in a piece 
of cardboard so that the ball you 


chose will just slip through the hole? 





Discussing the Ideas 


1. A ball is a model of a sphere. If the ball 
just slips through the circle that you cut 
in the cardboard, then the circle is the 
size of the great circle on the sphere. 

A What is the diameter of the sphere that 
you chose? 

B If the ball is too big for the hole, is 
the circle a small circle on the sphere? 


Small circle 











2. A How many points of intersection do two 
great circles on a sphere have? 
B How are the points of intersection 
related? 


3. A plane cuts from a sphere a 
spherical cap. When is a 
spherical cap a hemisphere 
(half a sphere)? 





Spherical cap Hemisphere 


4. If a plane and a sphere have only one point 
in common, then the plane is tangent to the 
sphere. 


A What physical examples of a plane tangent 
to a sphere can you find? 

B If a plane intersects a sphere in more than 
one point, what is their intersection? 
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a. 


Using the ideas 


In the figure, plane n contains point O, the centre of the sphere. 


A What is the intersection of plane n 
and the sphere? 


B What is OB called? b--sadh 
c If Pis a point such that OB = OP, a: a 
where is point P? 


pb What is the set of points on the <=" 
sphere on one side of plane n called? 


. Can three points on a sphere all lie on one line? Explain. 


. Point A is on the sphere with centre O. 


What is the set of all points B such that OB < OA? 


. A What part of a sphere is related to a whole sphere 


as a semicircle is related to a whole circle? 


B An arc is related to a circle in the same way as 
what part of a sphere is related to a sphere? 


. Suppose that a plane is perpendicular 


to the radius OA of a sphere at point A. 
A Which is longer, OB or OA? 


B Does the plane touch the sphere at 2 
more than one point? 
c Is the plane tangent to the sphere? 
. Three arcs of great circles on 
a sphere form what is called a Spherical 
spherical triangle. The second triangle 


figure shows a special spherical 

triangle. It encloses one eighth 

of the sphere’s surface. Suppose _-77 taagents 

you define the measure of an angle i 

of a spherical triangle as the 

measure of the angle between the 

tangents of the circles at the 

great circle intersections. 

A What would be the measure of each angle of this 
special triangle? 

B What is true for the sum of the angles of a plane 
triangle that is not true for a spherical triangle? 





a 


a 





Cylinders and Cones 
Investigating the Ideas 


Suppose a label from a 
cylindrical food can is 

the size and shape of this 
parallelogram. Cut out 

two parallelograms like A 
this one. 


Can you show that the label above will fit around 


two differently-shaped cylindrical cans? 





Discussing the Ideas 


1. The parallelograms in the Investigation were Se 
used to form models of right circular cylinders. xis Height 
Which of the two cylinders you made do you think 
has the greater capacity? 


Right circular 
cylinder 


ee, 


2. What is the difference between an Axis 
oblique cylinder and a right cylinder? aay 
Height 
Oblique circular cylinder 


3. A portion of a circular region 
can be used to make 
a model of a cone. 


Make a model of a 
cone which has a 
slant height of 

10 centimetres. 


4. What do you think is the difference 
between an oblique circular cone 
and a right circular cone? 





Oblique circular cone 
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Using the Ideas 


1. The rectangular sheet of paper 


was used to form a model of a 

right circular cylinder. 

A What is the height of the sarsoreet 
cylinder? 

B Give the height of another 
cylinder that could be formed 


from this rectangular sheet 22 cm 
of paper. 


28 cm 





2. Patterns for models of right circular cones are shown below. 


[al [e] [o] 
La co" 


A What is the slant height of each cone? 
B Which cone will have the greatest height? 
c Which cone’s base will have the greatest diameter? 


3. Three planes intersect this cone. 
Match each planea,B, and ¢c with 
the correct intersection D,e, orF. 





4. a Sketch the intersection of plane a 
and the circular cylinder. 


B Sketch the intersection 


of plane b and the Ci ee 
circular cylinder. amas] 


oh thes 
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Circumference 


investigating the Ideas 


Draw four circles each with a radius of 10 centimetres. 


OVO 


Gan you inscribe regular polygons of 3, 4, 6, and 8 sides in the circles? 





Discussing the Ideas 







1. Find the measure of the 
sides of each inscribed 


polygon to the nearest 
Then record the length 
of one side and the 
— : a aa eee 
2. A Which inscribed polygon 
has the longest sides? 
B Which inscribed polygon 
has the greatest perimeter? Ca ee 


c Do the perimeters of the 
inscribed polygons increase 
as the number of sides 
increase? 





3. Consider regular inscribed polygons with a large 
number of sides. 
A What happens to the length of the sides . 
as more sides are added? 


B What happens to the perimeter as more 





Using the ideas 


. A Draw circles with diameters 
of 4, 6, and 8 centimetres 


B Inscribe squares in each circle. 

c Measure the sides of each square 
to the nearest tenth of a centi- 
metre and find the perimeter of 
each square. 


pb Compute the ratio 7 when P is 
the perimeter of the square and 
d is the diameter of the circle. 

E What do you notice about the 


ratios § for the circles? 


. Repeat Exercise 1, but inscribe regular 
hexagons in the circles. 





. Repeat Exercise 1, inscribing regular 
octagons in the circles. 





. Compare the ratios § found in Exercises 1, 2, and 3. 
Does the ratio g increase as the number of sides of 
the inscribed polygons increase? 


. It can be proved that as the number of sides 

of the regular inscribed polygons increase, 

the ratios § approach a definite number. F=ilil 
This number is the ratio of the circumference 

of a circle to its diameter. What is your 

estimate of this number? 





The Number 7 
Investigating the Ideas 


Choose several cylindrical objects 
with different diameters. The 
illustration below suggests a 

way of using a string to find 

the circumference of a circle. 


Can you complete a table 
like the one at the right 
for the circles you chose? 





Discussing the Ideas 


1. A Is the last column in the table 
approximately the same number 
for all the circular objects? 


B Find the average of the numbers 
in the last column. 


2. The ratio §, which is the same for 
all circles, is given a special 
name, z (pronounced ‘“‘pie’’). The 
table at the right gives various 
approximations for 7. 

A What is z to the nearest 
hundredth ? 

B What is z to the nearest 
thousandth? 





Se circumference 


Babylonia, 2000 8.c., 7 =3 2 
Egypt, 1700 B.c., 7 =(%) 


China, 1000 B.c., ese ee 
i 100 A.D., Ws V10 | 
~ 300 A.D., T= GRe 
500 A.D., 7 computed to six 
decimal places 


Greece, Niobe nieces: 

#250 B.C. aif <n <3} 
Europe, Middle Ages, 7=3,37, V10. 
Today, with digital computers, 7 has been 


computed to 100,000 decimal places. 





st = 3.141592653589 . .. 


3. Since c = 7, you Can find the circumference of any circle 
by the formula C = wd. What is the approximate circumference 
of a circle whose diameter is 10 centimetres? (Use 7 =~ 3.14.) 


4. If ris the radius of a circle, then the diameter d = 2r. 
Therefore, C= 7-d=~7: 2r= 2zr. What is the approximate 
circumference of a circle whose radius is 4 centimetres? 
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~~ 
ae 


1. 





x5. 


Using the Ideas 


Find the circumference of each circle with the 
given diameter. The flow chart may help you. 





d a:d c=7d 
A d=8cm ec d=62cm Eld— 071m G d=1dm 
B d=15cm bp d=120 mm F d=1.3m H d=2.4cm 


. Acircle has a circumference of 83.21 centimetres. 


What is its diameter? (Use z ~ 3.14.) 


. Compute the circumference of each circle with the 
given radius. The flow chart may help you. 








r Q-a-r C=2nr 





r 


A r=5cm B r=6.8mm c r=37 mm bp r=08m 


. The Earth is spherical with a radius of about 6400 


kilometres. What is the approximate circumference 
at the equator to the nearest thousand kilometres? 


Suppose a model of a cone is 
made from the pattern shown. 
A What is the circumference 
of the base of the cone? 
B What is the diameter of 
the base of the cone? 





. A bicycle wheel has a diameter of 65 centimetres. 


A About how many revolutions will it make per kilometre? 
B At 30 km/h, about how many revolutions will the wheel make per minute? 


. The best approximations for 7 are computed by using infinite series. 


The following is one way of getting 7 from an infinite series: 
3 

First compute a=} —43 - (3) +3-(3) —7-(3) +--- 
3 5 7 

Then compute 8=$—4- (3) +3 -(3) -—7-(3) +:°° 

Then compute 4 -: (a + B) to get an approximation for z-. 
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Area of Circles 


investigating the ideas 


Regular polygons of 

4, 6, and 8 sides are 
inscribed in circles 
whose radii are 4 units. 





Can you estimate the area of each regular polygon 
by counting squares? 





Discussing the ideas 


1 


2; 
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. The figure at the right is a 


As the number of sides of the polygon increased, 
did the area also increase? 


It can be proved that as the number of sides increase 
the areas of the inscribed regular polygons in a given 
circle approach a definite number, depending, of course, 
on the radius of the circle. This number is defined to 
be the area of the circle. 


What are your estimates for the areas of the 
circles in the Investigation? 


regular polygon inscribed in 

a circle of radius r. Think 

of cutting the polygonal region C=2-7'r 

to form the parallelogram below. 

A Explain why the base of the 
parallelogram is nearly z-r. | 

B Why is the height h nearly r? 


c Explain why the area of the é 
h 










parallelogram is almost le 


Bex ES 2 y Leese fi or = rag Soe) 1 
mer-rorm:r?. is nearly r. Nearly 7-ror5C 


The area A of any circle can bé found by the formula 4 = zr? 
where r is the radius of the circle. 


A What are the areas of the circles in the Investigation? 
B How close is this to your estimate in Exercise 2? 





5, 


Using the Ideas 


. Find the area of each circle with the given radius. 


The flow chart may help you. 






r r2 ee ea A= nr? 




















A r=/7cm B r=10cm c r=1.2m bp r=0.07 mm 
. The area of a circle is 78.5 square centimetres. 
What is its radius? (Use 7 =~ 3.14.) / 
. Copy and complete the table of data about circles. (Use 7 ~ 3.14.) \\ 
A \ 
B 
c 
D 
E 
F 
. Acircular mirror is cut from a 


square piece of glass 36 centimetres 
on each side. 
A lf the diameter of the mirror is 
as large as possible, what is 
its area? 
B What is the area of the glass 
outside the circle? 


36 cm 





36 cm 
Two circular holes are cut ina 
rectangular piece of sheet metal. 
The holes are 4 centimetres and 
6 centimetres in diameter. The 
sheet of metal is 21 centimetres 
by 10 centimetres. What is the 
remaining area of the rectangular 
piece after the holes are cut? 
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Cireumference and Area Problems 


1. a What is the circumference of 
the large circular region? 


B What is the distance along 
the S-shaped curve from A to B? 


c What is the distance from A to B 
around the large circle? 


pb What is the area of the large circle? 
—E What is the area of the shaded portion of the circle? 





2. Suppose that the ring is stamped out of sheet 
metal weighing 13 grams per square centimetre. 
What is its mass? 





_ 3. A giant sequoia tree has a circumference of 
30.9 metres. What is the diameter of the tree 
to the nearest tenth of a metre? 


4. An oval track has two straight sides 
100 metres in length. The ends of the 
track are semicircles with diameters 
of 63.7 metres. What is the distance, 
to the nearest metre, around the track? 





+100 m—— 





5. What is the area enclosed by the oval track in Exercise 4? | 


6. The Santa Maria Del Tule Tree, a Montezuma cypress in 
Oaxaca, Mexico, is reported to have the greatest 
circumference of any tree in the world. At a height 
of 150 centimetres above the ground, the circumference 
is 45.7 metres. What is the diameter of the tree to 
the nearest tenth of a metre? 


7. A Find the area of the semicircle on 
each side of the right triangle. 

B Show that the sum of the areas of the 
two smaller semicircles is equal to 
the area of the semicircle on the 
hypotenuse. 
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SPECIAL CURVES 


. Draw a circle with a 10-centimetre 
diameter. Draw a radius every 15°. 
Mark a dot at the centre of the circle, 
then measure 0.4 centimetres out from 
the centre and mark a dot on a radius. 
Then put a dot 0.8 centimetres from 
the centre on the next radius, a dot 
1.2 centimetres from the center on 
the next radius, and so on, until 

you have put a dot on each radius. 
Connect the dots with a smooth curve 
to form a spiral. 


2. Cut a circular hole 12 centimetres in 
diameter in a piece of cardboard. 
Cut a circular disk 4 centimetres in 
diameter from the cardboard. Mark a 
point P on the edge of the disk. Roll 
the disk along the circular hole (with- 
out slipping) and mark the path of 
point P with dots. Connect the dots 
with a smooth curve. This curve is 
called a deltoid. 





3. Draw a circle with centre O and a line @ 


containing O. Now construct many circles ae 

all with their centres on the first circle he | 

and tangent to line 7. The envelope of ree y 

all these circles will be a kidney-shaped é 
Curve called a nephroid. eee 


4. Use a protractor to divide a circle 
into 36 congruent arcs by marking 
points every 10° around the circle. 
Number the points successively from 
1 through 36. Join point 1 with 2 
by a segment, point 2 with 4, point 3 
with 6, in general, point n with 2n. 
For points numbered more than 18, you 
will have to repeat. Thus, 19 will be 
joined with 2, 20 with 4, and so on. 
The curve outlined by these segments ; 
is a cardioid. 2019 4g 1716 '° 


35 36 1 » 
4 
33° 3 





Volume and Surface Area of Cylinders and Cones 


Discussing the Ideas 


1. Think about a prism inscribed in a cylinder 
(as in the figure). We know that the volume 
of the prism is the area of the base times 
the altitude to the base. 


A How does the volume of the prism compare 


with the volume of the cylinder? 
B As the number of sides of the prism is 





Volume=7-r?-h 


increased, how does the resulting volume 


compare to that of the cylinder? 


c Explain why the volume of the cylinder is 


V = area of base - height = z- r?-h 


2. In the figure, a right prism is inscribed in a 
circular cylinder. 


A How does the lateral surface area (surface area not 
including the two bases) of the prism compare to 


that of the cylinder? 


B As the number of sides of the prism is increased, 
how does the resulting lateral surface area of 
the prism compare to that of the cylinder? 


right 





Lateral surface area=2-‘a-r-h 


c The lateral surface area of a right prism is the 
perimeter of the base times the height. Explain why the 
lateral surface area of the cylinder is 2-a-r-h. 


3. In the figure, a right pyramid is inscribed in 
a right circular cone. 


a Explain why the volume of the cone is4- 


B Explain why the lateral surface area of the cone is 
half the circumference times the slant height, or 7-r-s. 


c Explain why s?= r2+ h?2. 
p If r=3 and h= 4, what is s? 


4. If a cylinder is 1 unit thick, what is its 
volume if the area of the base is B? 
Explain the formula for the volume of 
a cylinder in terms of counting slabs 
of a unit thickness. 
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aw:r?-h. 





1 
Volume=3:°7-r?-h 
Lateral surface area=7°‘r-s 


Cay Ke) 
o: SG) 





Using the Ideas 


1. Copy and complete the table for right circular cylinders. (Use 7 ~ 3.14.) 


La 


* 5 


o oOo BB PP 





A cylindrical can is designed to hold 
one litre (1000 cm?). The height of the 
can is 10 centimetres. What is the 
diameter of the base to the nearest 
tenth of a centimetre? 





Copy and complete the table. The dimensions are for 
right circular cones. (Use 7 = 3.14.) 









About how many cubic metres of sand 
are in a conical sand pile 2.5 metres 
in diameter and 1.2 metres high? 


Two rectangular sheets of 
typing paper, each 22 by 
28 centimetres, are used to 
form models of cylinders. 


A What is the lateral surface 
- area of each cylinder? 


B Which cylinder has the greater volume? 


22 cm 
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Volume and Surface Area of Spheres 
Investigating the Ideas 


Suppose you made a model of 
a sphere with a diameter of 

5 centimetres from modelling 
clay. Then you formed a cube 
from the clay sphere. 





What is your estimate for 


A the length of an edge of the cube? Find some 


ways to check 
your estimates. 


B the volume of the cube? 
c the surface area of the cube? 





Discussing the ideas 


1. Will the length of one edge of the cube be longer or 
shorter than the diameter of the sphere? 





2. The volume of the cube is the same as the volume of the | 
sphere. What is your estimate for the volume of the sphere? | 


3. Do you think the surface area of the cube is the same as 
the surface area of the sphere? If not, which has the 
greater surface area? 


4. We shall accept, without proof, the 
formula for the surface area of a 
sphere with radius r to be: 
Surface area = 4zr? 

A How does the surface area of a 
sphere compare with the area of 
a great circle of a sphere? 

B What is the surface area of the 
sphere in the Investigation? 





Surface area=4-7-r? 


o= 4h. 
5. The formula for the volume V of a sphere Volume = 3-7: Fr° 
with radius ris Y =47rr° 


A Use this formula to compute the volume 
of the sphere in the Investigation. 


B How close was your estimate for the volume 
of the cube to the calculated volume of the sphere? 
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1. Copy and complete the table for 
spheres. (Use 7 =~ 3.14.) 


mo © B P 





2. What is the mass of a solid iron 
ball with a 10-centimetre diameter 
if one cubic centimetre of iron 
has a mass of 7.8 grams? 


3. The Earth is nearly a sphere with 

a radius of 6400 kilometres. 

A What is its surface area? 

B About 70.6% of the Earth's 
surface is covered by water. 
How many square kilometres 
is this? 

c What is the Earth's volume? 


4. The radius of Earth’s moon is 
about 1728 kilometres. 


A What is the surface area of 
the moon? 


B What is its volume? 


5. A ball of wax has a radius of 
1 centimetre. When it is softened, 
it is pushed into a box with a 
square base 1 centimetre on each 
side. About how high will the 
wax be in the box? 


f= >.1 cm 





6. 


OTA 


* 8. 


* 9. 


Using the Ideas 


A basketball has a radius of 

approximately 12 centimetres. 

A What is the 
volume of 
the ball? 


B How much 
larger is 
the volume 
of a cube 
that will 
just hold 
the ball? 

c What is the surface area of 
the ball? 

pb How much larger is the surface 


area of the cube than that of 
the ball? 





Archimedes, the greatest of the 
Greek mathematicians, took pride 
in his proof that the ratio of the 
volume of the sphere to the volume 
of the touching cylinder is $. Show 
that this is so. 





One sphere has twice the radius of 
another. How do their volumes 
compare? How do their surface 
areas compare? 


What happens to surface area and 
volume if the radius of a sphere is 
tripled ? 
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REVIEWING THE IDEAS 


1. Name each of A B 11. A model of a right circular 
the following cylinder is made from a square 


on the circle. @ sheet of paper 28 centimetres 
A Achord. on each side. 

B A radius. 

c The centre. D 


28 cm 


pb A minor arc containing point C. 





2. If a plane intersects a sphere 
and contains the centre of the 
sphere, what is this intersection 
called? 


What is the lateral area of 
the cylinder? 


12. What is the radius of the base 
of the cylinder in Exercise 11? 


3. Which pattern will form a model for 
a right circular cone? 


13. A model of a circular cone is 
made from # of a circular region 
with a radius of 6 centimetres. 





4. What is the ratio of the circumference A mene PADS 
of a circle to its diameter? hs 
Bs What is the rf 
5. State the formula for the Sear ——* 
circumference of a circle. of the base? 
c What is the 
6. Find the circumference of a circle radius? 
with a radius of 12.3 centimetres. 
(Use 7 ~ 3.14.) 14. A cylindrical tank has an inside 
diameter of 2.1 metres and a 
7. If a circle has a circumference of height of 1.5 metres. What is the 
17.36 metres, what is the radius of volume of the tank? 
the circle to the nearest tenth of 
ametre? 15. What is the volume of a cone 
whose base and height are the 
8. What is the formula for the area same as the cylinder in Exercise 14? 


of a circle with radius r? 
16. What is the lateral surface area of 


9. Find the area of a circle with a a right circular cone with a height 
radius of 6.12 centimetres. of 12 centimetres and the diameter 
of the base 14 centimetres? 


10. What is the area of 
a rectangular piece 
of paper that will 
just fit around 
the juice can? 


17. A golf ball has a radius of about 
2.1 centimetres. 


a Find the volume. 
B Find the surface area. 
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TES! YOURSELF 


20 cen hey oan is its” 
_ circumference? (Use 7 = 3. 14.) 


centimetres. 


What is the 


circumference 


of a great circle — 


_of the sphere? —. 


RESEARCH PROJECTS 


A 


Investigate several different kinds 
of mathematical curves such as the 
astroid, the deltoid, parabola, 
ellipse, and hyperbola. Show con- 
structions of the curves. (See Book 
of Curves by E. H. Lockwood; 
Cambridge, Massachusetts: 

C.U.P., 1963; Macmillan.) 


Make a collection of ordinary objects 
that are examples of cylinders, cones, 
and spheres. Find the dimensions of 
each and then use the appropriate for- 
mulas to find the area and volume of 
each object. Make a display of them. 


5. A Sync: has a radius of 


_ 4 centimetres and a height 


of 6.5 centimetres. 
What is the lateral surface area?” 


}. What is the volume of the cylinder 
_ in Exercise 5? 


What is the lateral 
_ Surface areaof 
. this circular cone? 


. What is the volume of the cone _ 
in Exercise OF 


9. What is the : 
surface area — 
_ of a sphere 


 witharadius ~ 





C Make a geometric pattern using 


colored threads and heavy paper. 
(See Curves in Space by Donovan 
A. Johnson; St. Louis: Webster, 
1961; McGraw-Hill Ryerson.) 


D Mosaic designs are often formed 


from polygons and other geometric 
figures. Using a straightedge and 

a compass, construct your own 
mosaic design. (See Mathematical 
Recreations by Maurice Kraitchik; 
New York: Dover Publications, 
1953, pp. 193-213.) General 
Publishing.) 


CUMULATIVE REVIEW 


For Exercises 1, 2, and 3, draw AABC 
in the position shown on the grid. 











1. Show the slide image of AABC 
after a translation of 
“left 3, up 5.” 


2. Show the reflection image of 
AABC if the x-axis is the 
reflecting line. 


3. Using the origin (0.0) as a centre 
of rotation, a rotation image of 
point A is (1, 2). What are the 
rotation images of B and C for the 
same rotation? 


4. Suppose APQR = AXYZ. 
a 2Q =llll B PQ =|lll 


5. State which pairs of triangles are 
congruent and give the congruence 
theorem (SSS, SAS, or ASA) that 
applies for each pair. 





n 
6. Lines p and q iy i 
are parallel. 4/3 y 
Name the angles 5/6 q 
congruent to 21. vie 


. Find the area and perimeter of 


. Suppose f||g and 


each region. 


‘ ne 2 cS 





= O— 
ine) 


mZ2= 66°. 
What is the 
measure of 
each of the ) 
other angles? ) 


. Find the measure of the third 


angle. 





. Find the length of the third 


side of each triangle. 


11. 


12. 


13. 


14. 


Lo: 


16. 


Find the volume of each solid. 


If a pyramid has a base area of 
276 square metres and a height of 
15 metres, what is the volume? 


The horizontal lines are parallel. 
Find length x. 





In the figure, ADEF ~ AGHI. 
Find the length of g and h. 





AABC is a right triangle. 

Give each ratio. 

A sinA 

B cosA 10 
ce tanA A C 


If cos A = 0.707, 

what is the B 
length of the 
hypotenuse to 
the nearest 
hundredth of 
a metre? A C 





alte; 


18. 


19. 


20. 


21. 


In every circle, what is the ratio 
of the circumference to the diameter? 


What is the circumference of a circle 
whose diameter is 10 centimetres? 


What is the area 
of a circle whose 
radius is 6 metres? 





A What is the 
volume of 
this cylinder? 

B What is its 
lateral 
surface 
area? 

c¢ What is its 
total surface 
area? 





A pyramid has a square base 6 metres 
on each side and a height of 8 metres. 
A circular cone has a diameter of 
6 metres and a height of 8 metres. 


A Find the volume of the pyramid. 
B Find the volume of the cone. 


. A sphere has a radius of 2 centimetres. 


A Find the volume. 
B Find the surface area. 
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SSE FULTS UR RRB Eee ee 2 ea 


Ser VS i xel 21S 
GEODESICS 


A geodesic is the shortest path between two 
points on the surface of a geometric figure. 
On a sphere, a geodesic is an arc of one of 
the great circles of the sphere. Airline 

pilots flying long distances generally fly 
along the geodesics of the Earth. 
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If you stretch a string tightly between two 
points on a globe, the string will fall along 
the geodesic for the two points. Use a piece 
of string and a globe to find the geodesic 
‘between each pair of cities in the first list. 
Then choose the name of the third city, from 
the second list, that also lies almost directly 
on the geodesic of the pair in the first list. 


AT 


| 
I 











. Vancouver, B.C. and Miami, Florida 











Bangalore, India 
. New York City and Berlin, Germany Berlin, Germany 
. Peking, China and London, England Calcutta, India 
. Mexico City and New York City Fairbanks, Alaska 

Glasgow, Scotland 
. Rome, Italy and Chicago, Illinois Havana, Cuba 


. Toronto, Canada and Tokyo, Japan Helsinki, Finland 


zonmrmooow p 





. Portland, Oregon and Melbourne, Australia — 





Honolulu, Hawaii 







1 
2 
3 
4 
5. London, England and Sidney, Australia 
6 
7 
8 
9 


. Addis Ababa, Ethiopia and Singapore, China Le Mans, France 





10. Madrid, Spain and Seoul, Korea New Orleans, Louisiana 





11. Copenhagen, Denmark and Denver, Colorado Reykjavik, Iceland 


rK Ge 







12. Detroit, Michigan and Lima, Peru Topeka, Kansas 





< TEST 1. a chord; B axis; C sle 
YOURSELF — ‘8 76ceen 4. a 46 cmt 2 
_ Answers — oe 471cm? 8. 37.68 cem= 9.50, 
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OBJECTIVES: 








After completing this module, you should be able to: 


1 


a 


Find the probability of an outcome or an event in 
a probability experiment. 

Find the number of arrangements (permutations) 
of a given set of objects. 

Find the number of selections (combinations) from 
a set of objects. 

Solve probability problems by using tree diagrams. 
Find the probability of the union and intersection 
of two events. 


Probability Experiments 


(Sees Se ey 


Investigating the Ideas 


Suppose the jar at the right 
holds 650 orange beads and 
350 black beads, and they are 
well mixed. Suppose you grab 
a handful of beads and find 
that you drew out 43 beads. 


Can you predict how many orange beads and 
how many black beads you would get? 


Discussing the Ideas 








1. a What are your predictions of the number of beads of 
each color for some different-sized handfuls? 


B How did you make your predictions? 


2. Do you think it is very likely that someone could grab 
a handful of beads that are all the same color? Give 
your reasons. 


3. There are 650 chances in 1000 of drawing an orange bead. 
The probability of drawing an orange bead is oe. 
We write: P(orange bead) = 4 = 0.65. 
A What are the chances of drawing a black bead? 
B What is P(black bead)? 


4. Suppose you had a container which would 
hold exactly 100 beads when full. 


A About how many orange beads would you 
expect to see if you poured out the beads? 


B About how many black beads? 





5. The spinner dial is divided into four 
parts of equal size. 
A What are the chances of the arrow 
stopping in region 1? 
B What is P(1)? 
c About how many times would you expect the 
arrow to stop in region 3 in 200 spins? 





Using the ideas 


1. A container has 500 black beads, 
300 orange beads, and 200 white 
beads. Suppose you can scoop 
out 100 beads at a time. 
A How many beads of each color 
would you expect in a scoop 
of 100 beads? 
B The chances of drawing a black 
bead are ? in 1000. P(black bead) = ?. 
c¢ The chances of drawing an orange 
bead are ? in 1000. P(orange bead) = ?. 
D The chances of drawing a white bead 
are ? in 1000. P(white bead) = ?. 


2. Suppose a coin is tossed 100 times. 


A About how many times would you expect 
it to come up heads? 


B P(Heads) = ? and P(Tails) = ?. 


3. A When a die is tossed, there is 1 chance 
in ? that the face with 5 dots will come up. 


B What is the probability of getting a 5 with 
one toss of a die? 


4. The spinner dial is divided into three parts 

of equal size. 

A When the arrow is spun, the chances of its 
stopping in region 2 are 1 in ?. 

B The probability of the arrow stopping in 
regione2siSnte: 

c How many times would you expect the arrow 
to stop in region 3 in 60 spins? 

D How many times would you expect the arrow 
to stop in region 1 in 300 spins? 


~ " 
ih 
4 A Nn 








Sample Spaces and Outcomes 
Investigating the Ideas 


Suppose you had a rectangular 
block as shown and labelled the 
six faces A, B, C, D, E, and F. 
Suppose you tossed the block and 
recorded the letter of the face 
that came up. How many times 
would you predict that each letter 
would come up in 100 tosses? 


Can you check your prediction 
by trying the experiment? 


Discussing the ideas 


4cm 





1. Should the letters that are on the opposite faces, such as 
A and F, come up about the same number of times? Why? 


2. The set of all possible outcomes for a probability 
experiment is called a sample space for the experiment. 
The sample space for the experiment in the Investigation 
could be designated as {A, B, C, D, E, F}. 

If two outcomes have the same chances of occurring, the 

outcomes are equally likely outcomes. 

a Which outcomes do you think are equally likely for 
the experiment? 


B Do you think outcomes A and C are equally likely? 
Why or why not? 


3. The table shows the results of 100 
trials of the experiment above. 
A Complete the table. 
B If the experiment were repeated, 
do you think the experimental 
probabilities would be different? 


4. a Is each of the outcomes for 

tossing a die equally likely? 

B Do equally likely outcomes 
have equal probabilities? 








Using the ideas 


1. A sample space for a probability experiment is given. 
Give the probability of each outcome in the sample space. 


A Tossa 
coin. 





SAMPLE SPACE: {H, T } 


B Tossa 
die. 


SamPLe SPACE: {[+][-°][,-1 [ts] Relleg) } 
y epray opr ie ft 


yr] 
PROBABILITY: 3° lll Prosasitity: — il il lM 
c Spin the bp Drawa 
arrow. card. 





SAMPLE SPACE: {A, B, C} 
oy 


PROBABILITY: 





SAMPLE SPACE: {J, Q, K, A} 


Lbad 


S| < 


I PRosasitity: lll il Ill il 


. What is the sum of the probabilities of the outcomes 
in a sample space? 


. A regular dodecahedron has its 
faces labelled 1 through 12. It 
is rolled and the number on the 
top face is recorded. 
A What is a sample space for 
the experiment? 
B Are the outcomes equally likely? 
c What is the probability of each outcome? 


. The table shows the results of an 
experiment with three outcomes. 
A How many trials does the table 
show? 
B Give the experimental probability 
for each outcome. 
c On the basis of the experiment, how many 
times would you expect each outcome to occur 
in 100 trials of the experiment? 





Probability of an Event 
Investigating the ideas 


Suppose a probability experiment 
consists of spinning the pentagon 
and then recording the number of 
the region indicated by the pointer. 





Can you predict about how many times Try the experiment 


in 100 spins the pointer would to check your 
show an odd-numbered region? prediction. 





Discussing the Ideas 


Us 


The event of getting an odd-numbered 
outcome has occurred if any number in 


the set {1, 3,5} is an outcome of the Event: {1, 3, 5} 
experiment. The probability of an event Se 
is the sum of the probabilities of each P (Event): 2 +4 oe 3 = il 


outcome in the event. What is the 
probability of an odd-numbered outcome? 


. A What subset of the sample space for the spinner 


experiment is the event for an even-numbered outcome? 
B What is the probability of the event? 


. The examples above illustrate three important ideas: 


[4] Any subset of a sample space is an event. 

[2|The probability of the event is the sum of the 
probabilities of the outcomes in that event. 

[3]The sum of the probabilities of the outcomes in 
a sample space is 1. 


Suppose F = {1, 2}. Is F a subset of the sample space 
of the spinner experiment above? What is P(F) ? 


. If an event is certain to happen, its probability is 1. 


Is the event of getting a number greater than zero in 
the spinner experiment certain? 


. If an event can never happen, the probability of the event is 0. 


The event of getting a number greater than 5 is the empty set ¢. 
What is the probability of the event? 


Using the ideas 


1. Complete the table for Experiment: Spin the arrow. 
the spinner experiment Sample space: {1, 2, 3, 4} 
shown. J 

Probability: “4° 4q.aca 





a The event of getting an odd 
number as an outcome. 

B The event of getting 1 as 
the outcome. 

The event of getting a 

number between 1 and 4. 








The event of getting a 
number greater than 0. 


The event of getting a 
number greater than 4. 








2. An experiment of tossing a die has a sample space {1, 2, 3, 4, 5, 6}. 
Give the probability that each event below will occur. 


Am 3:0} B {1,4} c {6} pd {1,2,3, 4, 5, 6} Ee {1,2,4,6} 


3. The example below shows how algebraic symbolism can be used 
to describe events. 


Example (using the experiment in Exercise 2): P(x > 3) = P({4, 5, 6}) =} 

Give the probability. 

A P(x=1orx=4) c P(x # 1) Ee P(x=10rx=4orx=6) 
B P(x is even or x > 3) D P(x is even and x > 3) F P(x #1 and x # 2) 


4. The numerals 1 through 9 are written on slips of paper and placed 
in a container. An experiment consists of drawing one of the slips 
from the container. For each event described, give the subset of 
the sample space and the probability of the event. Part A is 
worked as an example. 


A An odd number. — Asquarenumber. J P(x < 7) 

SOLUTION: P({1,3,5,7,9})=3 F Aprimenumber. «Kk P(x <7) 
B An even number. G A factor of 6. x & P(x is even or x < 7) 
ec A multiple of 4. H P(x > 7) xe M P(x is even and x < 7) 
pb A factor of 4. eR (xX =%7) te N P(x < 5 and x # 3) 


More practice, page S-28, Set 54 H-7 


Ordered Pair Outcomes 
investigating the ideas 


Suppose you toss a penny and 
a nickel 100 times. How many 
times do you think you would 
get two heads? 


Try the experiment and keep 
a tally of the events ina 
table like the one shown. 





Can you predict the number of times each event would 
occur.if you repeated the experiment 1000 times? 





Discussing the ideas 


1. Steve thought that each of the three outcomes was 
equally likely, so he predicted that both coins would 
come up heads about 33 times in 100 tosses. Do your 
results agree with Steve’s prediction? 


2. Paula said that Steve was not correct and used the 
following chart to explain her reasoning: 


a he Space Pate n 
The probability of 
both FOIns being 

_ heads is{. 


_ We write: | 


- Eachofthe | The set of | 
fourpairsis | four equally P(#,H) = 
equally likely. | | likely Pe eores 





A Each outcome in the sample space is denoted RE an 
ordered pair. What is the probability of each outcome? 


B The event {one head, one tail} is the subset {(/, T), (7, H) }. 
Why are there two ordered pairs in this event? seers 


c What is the probability of this event? 





3. How many outcomes are there in the 
sample space for tossing a coin and eee 
a die at the time? Outcome: (7, 4) 


Using the ideas 


1. An experiment consists of tossing a penny and a 
dime. Two of the elements in a sample space for 
this experiment are (4, T) and (H, H) where the first 
letter in each pair indicates the outcome for the 
penny and the second letter the outcome for the dime. Outcome: (H, 7) 
A Give the complete sample space for the experiment. 

B What is the probability of each outcome in the sample space? 





2. Using the coin-tossing experiment in Exercise 1, give the subset 
of the sample space (event) described in each part. 


A Penny heads and dime tails. pb At least one head comes up. 
B Penny comes up heads. E One head and one tail come up. 
c Dime comes up tails. F The two coins match. 


3. Give the probability of each event in Exercise 2. 


4. Two spinners like those shown are 
used in a probability experiment. 
Each outcome results in a letter 
and a numeral. 


A What outcome is shown on the 
spinners? 

B List all the outcomes as ordered 
pairs. How many are there in all? 


c¢ What is P(C, 2)? <“e > 


5. Two dice, one white and one colored, 
are tossed. The co-ordinate system 
shown at the right suggests how the 
sample space for the experiment 
can be found. Suppose x denotes 





y-axis 






the number on the white die and y = sip selSce) : 
denotes the number on the colored Ba ob wears 

die. Compute the probabilities. D4 ee © pe 

a P(x+y=2) ©& P(x+y=8) 8 2 eee 
BerP(x+y—»5) SF P(x y= 7) 1 nd cele ays 
c P(xt+y=10) @ P(x+y= 12) I eenrauieds cde 6 

Dp P(x+y#7) HW P(x>y) White die 


Using Tree Diagrams in Probability 
Discussing the Ideas 


1. Tree diagrams are helpful in counting outcomes and 
computing probabilities of certain events. The tree 
diagram below illustrates all the outcomes when a 
coin is tossed three times in succession. 


1 i 
2 2 
First tosS2.. = = = eee HBAs E Dee eb ieye). Sle T S'Sities 
1 ee if i) 
2 2 2 2 
Second!toss =: 2a = H2SkL 232.5 ) nr a eee Hi ou 2a Tess 
a a a! a) Al 1 1 1 
2 2 2 2 2 2 
UCC tTOSS meee eee Or | eg ee mH ae 
Outcome: A BSG D = -i8G H 


A How many different outcomes are possible if a coin 
is tossed three times in succession? 


B Outcome C can be denoted by (HTH). What does 
the symbol stand for? 


ce Describe outcome A. 


2. Each branch of the tree is labelled‘‘3’’ because the probability of 
tossing either a head or a tail is$. The tree diagram shows that there 
are 8 outcomes for three tosses of a coin. Since each outcome is 
equally likely, P(4) = P(HHH) =% and P(8) = P(HHT) =3. 

Note that the probability of each outcome can be found by 

multiplying the probabilities along each branch of the tree. 

Thus P(C) = P(HTH) =3-3-3 =%. 

A Which point in the tree diagram is associated with the outcome THT? 
B What is P(THT) ? 


3. A Explain how the tree diagram could be extended to show the 
outcomes for four tosses of a Coin. 


B How many outcomes would there be for four tosses of a coin? 
c What is the probability of each outcome? 


4. a How many outcomes would there be for five tosses of a coin? 
B What would be the probability of each outcome? 
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Using the ideas 


1. A spinner and a tree diagram for 
the experiment of flipping the 
spinner is shown at the right. The 
sample space for the experiment is 
{A, B,C}. P(A) =3, P(B) =4, and 
P(C) =4. A symbol like AC 
represents the event of getting A 
on the first spin and C on the First 
second spin. Give the probability spin 
of each event. 





1 al ll a al ak 
AicAAma:) tBAe 4a4CA : tN = spa tase a7 | ae 
BAB & BB ou CB Second 4 —— B---C---A--B--C---A---B--C 
GeACE F. -8C In CC : 


2. Two hockey teams are to play a series of 3 games. The teams 
are evenly matched, so for each game the probability that each 
team will win is3. Make a tree diagram for the three games, 
using W to represent the outcome of the home team winning and 
using L to represent the outcome of the home team losing. 

Label each branch with the probability 3. 


3. Using the tree diagram of Exercise 2, give the probability of 
each event. 


A WW: the home team wins the first two games. 


B WWL: the home team loses only the third game. 
c WLW —E The home team loses one game of the three. 
bp LWW F The visiting team wins the first and third games. 


4. Three marbles, two colored and one black, are 
placed in a box. An experiment consists of drawing 
one marble from the box, recording its color, 
replacing the marble, drawing again and recording 
the color, and so on. Make a tree diagram for three 
draws of this experiment. 





5. Use the tree diagram in Exercise 4 to find the 
probability of each event. 


aA BC ec CC eE CBC a BBB 
sp BB bp CCB F CCC H BCC 
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Some Counting Problems 


investigating the ideas 


Amy, Bill, Chuck, and Diane 
are to be seated at four desks 
in one row. 


How many different ways 
can you find for the four 





students to arrange themselves 
ina row? 


Desk Desk Desk Desk 
1 2 3 4 





Discussing the Ideas 


1. One way of counting the number of arrangements for 
the students in the desks is to construct a tree diagram. 
Part of a tree diagram is shown below in which Amy 
occupies the first desk. 


First Second Third Fourth 
desk desk desk desk 
Bill aS ae ———Diane 
Diane ———————Chuck 
Bill —-——--Diane 
ay CHU Ck ren ar sheeeear temeeeEll 


. Bite eraketeonicr 
Diane re eC Hiiditerse Sea Seil 


How many seating arrangements does the tree show? 
Make a tree that shows Bill in the first desk. 

Make a tree that shows Chuck in the first desk. 

Make a tree that shows Diane in the first desk. 


oo 8B Bb 


2. How can you use the tree diagrams in Exercise 1 to 
find the total number of arrangements of the four 
students at the four desks? 
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1. 


* 5. 


‘Three students, Jim, Sarah, and Michelle, are running 


for the offices of president, vice president, and secretary 

of a club. The person with the most votes becomes president, 
the person with next highest number of votes becomes vice 
president, and the third person becomes secretary. 


A Make a tree diagram that shows all the possible 
arrangements of the three students for the three 
offices. 


B How many arrangements are possible? 


. How many three-digit numerals can you form using each of 


the digits 2, 7, and 4 once in each numeral? 


. Four girls, Maria, Helen, Irene, and Jessie, are ona 


relay team. Each person runs one lap of the relay. 
How many different arrangements of order are possible 
for the four runners? 


vA 
. A triangle has its vertices 
labelled X, Y, and Z. How many 
different ways could the triangle x y 
be named using the three letters? A YZX is one name. 


The five cards are to be stacked 
on top of each other. How many 
different arrangements of the five 
cards are possible? 





. The names of six students are written on slips of paper, 


put into a box, and mixed thoroughly. The names are then 
drawn from the box and recorded in order. How many different 
possibilities are there for the order of the names? 
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Permutations 


Investigating the ideas 


Ho 


arrangements can you make 


usi 


w many different 4-letter 


ng the letters on these cards? 





How many meaningful words do 
your arrangements form? 


Discussing the Ideas 


V 


An arrangement of the elements of a set in a certain 
order is called a permutation of the set. Thus, SOTP 
is one permutation of the set of letters above. 


How many permutations did you find for the four letters 
in the Investigation? 


. Study the table below. 


ABC; AGB BAC; Py 
BCA, CAB, CBA 


z ry 





4. 
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A Does the product 1-2-3: 4 give the number of permutations 
of a 4-element set? 


B How many permutations does a 5-element set have? 


. In general, the product1-2-3-4-...:(m—1) -ngives 


the number of permutations of a set of n elements. 
A How many permutations for a set of 6 elements? 
B How many permutations for a set of 7 elements? 


The product of all the whole numbers from 1 through n 
inclusive is called n factorial and is denoted by n!. 


nl=1°2°3°4:...:(n=A)-n 
Explain how to compute each of the following: 
A 3! B 5! c 10! dp 3!-4! —e 5!+4! 


x 7. 


More practice, page S-29, Set 55 


. How many ways can 


. The ace, king, queen, jack, 10, and 9 of hearts 


Using the Ideas 


Extend the table of TABLE OF FACTORIALS 
factorials at the 
right to 12. 


How many different 
arrangements of the 
letters are possible 
for the word DEN? 





Use the extended table of factorials to find the 
number of possible batting orders for a baseball 
team of nine players. 


. Seven students sit in a row of seven seats. In 


how many ways can these students be arranged in 
the seven seats? 


these coins be 
arranged in a row? 





are placed in a line on a table. In how many 
ways Can they be placed in a line? 


Solve the equations, avoiding computation if you can. 
EXAMPLE: 6-5!=n n=6! 


21-6! 
wey jee UR 
aos ‘ aval 
a toe 
2 -5l pee a ee ee 
B 7-675! 1 Tso n 
© 12-n=12! pear g 
n 
6! 
pn: 4!=5! k — = 30 
n 
41.4 
~-231—=5) ee Sige uk OS 
En:3!=5! Li 30 
6! are) 
Aug te mots hag | OTTFFSSENT 
AOL ii oe 
Siaene Machen yismie 





The Counting Principle 


Investigating the ideas 


Suppose you had these four cards. it 
You use two of the cards at a time 


to form a 2-digit numeral. 3 2) 
How many different 2-digit numerals can you form using the four cards? 


Discussing the ideas 





First Second 


1. You could use a tree diagram to re ef 
digit digit 


help you solve the Investigation 

problem. Complete the tree dia- 2 

gram showing the cases where 3 1 <5 

and 4 are the first digits. 

2. a How many different choices — 

are there for the first digit? 

B After the first digit has been 
chosen, how many choices are 
there for the second digit? 


c How can your answers to parts a and B be used to 
find the total number of arrangements? 


3. Exercise 2 illustrates an 
important principle. 





Explain how this principle could be used to find the 
number of 2-digit numerals that could be formed from 
the set {1, 2, 3, 4, 5} if no digit is repeated. 


4. The previous exercises illustrate problems of a 
permutation of n objects taken r at a time, when r<n. 
For example, using the counting principle repeatedly, 
we can find the number of arrangements or permutations 
of the four letters W, X, Y, and Z when taken three 
at a time to be 4-3-2= 24. 


How many permutations are there of five objects taken two at a time? 
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* 7. 


Using the ideas 


. From the set {A, B, C, D, E}, a 2-letter arrangement 


is to be selected. 

A How many choices are there for the first letter? 

B How many choices are there for the second letter 
after the first letter has been selected? 

c How many 2-letter arrangements (permutations) are 
possible? (Use the counting principle.) 


. In a classroom, there are five seats in the row next 


to the windows, but only three students sit in these 
seats. In how many ways can the students arrange 
themselves in this row? (HINT: The first student 

can sit in any 1 of 5 seats; the second student can 
sit in any 1 of 4 seats; the third student can sit 

in any 1 of 3 remaining seats. Now use the counting 
principle.) 


. In how many different ways can a president, vice 


president, secretary, and treasurer be elected from 
a Class of 20 students? 


. There are 4 roads from 


City A to City B and 2 sty 2.00 = 

roads leading from City B 

to City C. How many NE se C 
different routes are I 


there from City A to 
City C? 


. Suppose 2-digit numerals are composed from the 


digits {0,1,2,3 4,5 6,7 8, 9}. 


A How many different digits can be 
used as the tens’ digit? 
B How many digits can be used as Tens’ digit Units’ digit 


the units’ digit? 
c How many 2-digit numerals in all? 
Check by direct counting. 


. How many 3-digit numerals are there? 


How many permutations of 3 different letters of the 
alphabet are posssible? 
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Combinations 
investigating the Ideas 


Suppose your teacher Tod 's aooltgn-ment - Page H-19 
made an assignment “d ie , 


like this. Chooee a 


How many different choices 


of problems do you have? 





Discussing the Ideas 


1. Did you find a systematic way to list the choices of 
three problems? Describe your method. 


2. How is the Investigation problem different from a 
permutation of 5 things taken 3 at a time? 


3. A combination is a subset of a given set. The Investi- 
gation involved choosing subsets of 3 elements each 
from a set containing 5 elements. The number of such 
3-element subsets is the number of combinations of 5 
elements taken 3 at a time. What is the number of 
combinations? 


4. Study the solution below to see how permutations 
can be used to solve the Investigation problem. 


Number of permutations of 5 elements taken 3 at atime: 5. 4.360 
Each 3-element subset has 3! = 6 permutations. 


Therefore, the number of combinations of - 





5 things taken 3 at atime is: — 


Show that the number of combinations of 5 elements 
taken 2 at a time is 10. 


5. The symbol ,C, means the number of Coat oes 


of n elements taken r at a time. Thus, ,<C. = ees = —= 15. 
Show how to find the following combinations: 
A ,C, B,C; c <C, pd ,C, 
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* 8. 


. If the student may read any 3 


Using the Ideas 


. From a list of 4 books a student 


can choose to read any 2 of them. 
How many choices does the student 
have? 


books of the 4, how many choices does the 
student have? 





. A If the student may read any one of the 4 books 


how many choices does the student have? 


B If the student must read all 4 books, how many 
choices does the student have? 


. A student must choose any 2 of the following activities 


for Club Day at school: 


Dance Hobbies Math Club School 
Newspaper 
Drama Photography Science Club 


How many different choices are possible? 


. On a 10-problem quiz, Carrie missed only 2 problems. 


How many different pairs could she possibly have missed? 


. Compute the number of combinations indicated. 


A ,C, B.C, c <C, D »C; 


. Six people are waiting for a cab. When the cab arrives, 


it can take only four of the people. How many different — 
groups of four people could ride together in the cab? 


From a deck of 52 cards, three cards are chosen. How many 
different combinations are possible? 





More practice, page S-29, Set 56 H-19 


Combinations in Probability 


investigating the Ideas 


Put four objects that are the 


same size and shape into a box. 


Tw 


same color, the other two another 


col 


of drawing two of the objects out 
of the box and recording their 


col 


o of the objects should be the 


or. The experiment consists 





ors. Repeat the experiment 


100 times. 





Can you predict about how many times two objects 


will be the same color in the 100 trials? 


Discussing the ideas 


1. 
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How close was your prediction to the actual results 
of the experiment? 


. You can use combinations to find the theoretical probability 


of drawing two of the objects that are the same color. 
A How many sets of 2 can be selected from a set of 4 
objects? That is, what is ,C,? 
B Since there are only two different sets of 2 which 
will match in color, the probability of drawing 
two objects that match in color is 
2 
P (same color) = c 
42 


What is this probability? 


. What is the probability of drawing two of the objects 


that do not match in color? 


. Suppose five objects are placed in a box. 


Three are white and two are black. 
A How many different sets of three could be drawn? 


B What is the probability of drawing the three white 
objects from the box? 


Using the ideas 


1. Three students, two girls and a boy, each 
write their names on a slip of paper and 
put them into a hat. Two of the names 
are drawn by a blindfolded student. 

A Suppose the students’ names are Vicki, 
Sue, and Ben. List all the different 
pairs of names that could be drawn. 


B How many pairs consist of a girl’s name and a boy’s name? 
c¢ What is the probability that a girl's name and a boy’s 

name will be drawn? 
pD What is the probability that the two girls’ names will 

be drawn? 





2. Six objects of the same size and shape 
are placed in a container. Three are 
one color and the other three are 
another color. The objects are mixed 
and three of them are drawn out of the 
container. 


A How many different sets of 3 can be drawn out? 

B In how many instances will the set of 3 be the 
same color? 

c What is the probability of drawing three of the 
objects that have the same color? 





3. Three orange marbles and two white marbles 
are placed in a container and mixed. Then 
three of the marbles are withdrawn. 
A How many different sets of 3 could be drawn? 
B What is the probability that the three orange marbles 
will be drawn? 





4. The numerals 1 through 10 are written on cards. 
The cards are mixed and two of the cards are drawn. 





How many different pairs could be selected? (,.C2) 

How many of the pairs will be pairs of even numbers? (,C,) 
What is the probability of drawing a pair of even numbers? 
What is the probability of drawing an odd-number pair? 


What is the probability of drawing an odd number and an 
even number? 


mooie p> 
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Union and Intersection of Events 


Investigating the ideas 


An experiment consists of flipping 
a spinner like the one in the figure. 
A sample space for the experiment is 


S = {1, 2,3, 4, 5}. 


The probability of each outcome in S Probabili 
is. Suppose that E is the event z ee ee 
{1, 2,3} and F is the event {2, 5}. E= {1,2,3} (E) = lil 


An outcome of the experiment is in F= {2,5} P(F) = lil 
event E or F-if it is in E U F. 


An outcome is in E and F if 
itis in E A F. E U F= {1,2,3,5}| P(E U F) =i 


En F= {2} P(E F) = Il 





Can you find the probability 


of each event in the table? 





Discussing the ideas 
1. What is P(E) + P(F)? 
2. Explain why P(E U F) is not the same as P(E) + P(F). 


3. Can you tell how to find P(E U F) if you know P(E), 
P(F), and P(E NM F)? 


4. The previous exercise may help you to understand how 
to find the probability of the union of two events. 





Can you solve this problem about the spinner 
experiment? 


What is the probability of getting either 
an odd number or a number greater than 3? 
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Using the ideas 


1. Suppose an experiment consists of tossing a die. The sample space 
is {1,2,3, 4, 5,6}. E is the event of getting an even number and F 
is the event of getting 3 or less. erent 


List the elements in E and F. Then find P(E) and P(F). 


A 


B 
c 
D 


Find E  F and give P(E fF). 
Find E U F and give P(E U F). 


Compute P(E U F) using the formula P(E U F) = P(E) + P(F) — P(E 2 F). 


2. A spinner is divided into 10 parts of equal 
size and numbered 1 through 10. 


A 


Let E be the event of getting a multiple 
of 3. What is P(E)? 


Let F be the event of getting a multiple 
of 2. What is P(F) ? 





What is the probability of getting a multiple of 3 


and a multiple of 2? 


What is the probability of getting a multiple of 3 


or a multiple of 2? 


. An experiment consists of tossing two dice and 
recording the sum of the number of dots on the 
two top faces. A sample space and the probability 


for each outcome are shown. 


Sample Space: S={2, 3, 4, 5, 6, 7, 8 
a oo 
Probability: sups ees 


Let E be the event of getting a sum between 3 and 9. 
Let F be the event of getting a sum less than 6. 


A 


Give the probability of each 
outcome in event E. 
Eis AanSquGvadi 8+} 


Landertalybepa 
Probability: lll ll ih Il til 
What is P(E)? 
Give the probability of each 


outcome in event F. 
| ESATA eT AM 


1 bold 
Probability: lll Ill Ill ill 


=-=,FToenmo 


More practice, page S-30, Set 57 


What is P(F) ? 

List the elements in E U F. 

What is P(E UF)? 

List the elements in E  F. 

What is P(E M F)? 

Find the probability of E U F using 


the formula 
Ptbeerr tb) Pye P(e 11). 
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REVIEWING THE IDEAS 


1. A coin is tossed 150 times. About 


2. 


. A sample space for 


. A sample space for an 


how many times would “‘tails”’ be 
expected to come up? 


A mixture of 100 white beads and 
300 red beads is in a jar. 
a What is the probability of 
drawing a white bead? 
B If you drew out a handful of 
beads and found that you had 
39 beads, about how many of 
each color would you expect to get? 


flipping the spinner 

is {1, 2, 3, 4, 5, 6}. 

List the elements in 

the following events. 

A Event A: The event of getting a 
number greater than 3 

B Event B: The event of getting a 
number less than 5 

c Event C: The event of getting an 
even number 

bd Event D: The event of getting a 
prime number 





. Compute each probability, where A, B, 


C, and D are the events given in 
Exercise 3. 


a P(A) 6 P(B) c P(C) 


dp P(D) 


experiment of flipping 

the spinner is {A, B, C}, 
and P(A) =3, P(B) =3, 
and P(C) =}. A symbol 
such as AC will be used 
to represent the event of getting A on 
the first flip and C on the seccnd flip. 





‘Make a tree diagram for two flips of 


the spinner. Label the outcomes and 
the probabilities along each branch of 
the tree. 
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10. 


11. 


12. 


. Use the tree diagram of Exercise 5 to 


find the probability of each event 
below. 


A AA 
B AB 


c BC 
bp BB 


E CA 
F CC 


. Four persons run a 1500-metre race. 


If there are no ties, in how many 
orders (permutations) can they finish 
the race? 


. Acar manufacturer advertises that 


one make of car is available in 3 body 
styles, 4 kinds of engine, and 6 
colors. How many different models 
are available? 


. Determine the number of combina- 


tions. 


A ,C, B.C, c .C, 
From a group of 5 people, 2 are to 
be selected. How many different pairs 


can be selected? 


Solve each equation. 
A 4-3!=n 


ce (3!)?=n 
1093.8 ae 
hide ee 


B 6!=+5!=n D n 


Second 
dial 





A Let E be the event of getting B on 
the first dial. List the elements of E 
and compute P(E). 

B Let F be the event of getting 2 on 
the second dial. List the elements 
in F and compute P(F). 

c What is P(E 9 F)? 

DB What is P(E U F)? 


RESEARCH PROJECTS 


A Find out what random numbers are 
and how tables of random numbers 
are developed and used. (See 
Probability: A First Course, Revised 
Edition, by Frederick Mosteller, 
Robert E. K. Rourke, and George B. 
Thomas, Jr.; Reading, Massachusetts: 
Addison-Wesley Publishing Company, 
Inc., 1970.) 





Create a probability baseball game 
based on tosses of two dice. For 
example, Outs: 6, 7, and 8; 

Singles: 5 or 9; Doubles: 10; 

Triples: 3; Home runs: 11; Walks: 4; 
Errors: 2; Sacrifice fly: 12. Draw 

a baseball diamond on a piece of 
cardboard and use checkers as base 
runners. Make up your own rules 
for playing the game. 
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A French naturalist, Comte de Buffon (1707-1788), found 
an interesting way to find an approximate value for 7 
based upon probability. Buffon’s method is described 
below. 


Draw a large number of parallel lines on a paper that 
are just as far apart as the length of some needle. 
Then perform the needle experiment as follows: 


Drop the needle at random from some height above the 
paper and record whether the needle hits one of the lines 
‘(as in A) or misses (as in B). Repeat the experiment 

many times. 


width 
between 
lines 


Follow the flow chart instructions to find an approximate 
value for 7z. 


What is your approximation for 7? 


Combine your results with those of several classmates. 
Do you geta pees oN We for 7? 


CNH 


OR vA 


b 
C 
: 





Ea ee ee 








UNIT H: Some Special Topics in Mathematics 


MODULE 2: Statistics 








OBJECTIVES: 

After completing this module, you should be able to: 

. Find the arithmetic mean of a set of data. 

Find the median of a set of data. 

. Determine the mode (or modes) of a set of data. 

. Construct or interpret histograms. 

. Construct or interpret line-segment graphs. 

. Construct or interpret circle graphs. _ 

. Carry out sampling experiments and make 
predictions based on the samples. 


NOORON = 


Collecting Data from an Experiment 


Investigating the Ideas 


Make a pendulum by 
tieing a small weight 

to a piece of string. 

Hold the string ata 
measured distance from 
the weight and count 

the number of complete 
swings (back and forth) 
that the pendulum makes 
in one minute. Repeat the 
experiment three times for 
each length shown in the table. 


Can you estimate how long a pendulum should be | 
in order to make one swing per second? 


Discussing the Ideas 








1. Did you always get the same number of swings for the 
same length of the pendulum? Find the average of the 
number of swings per minute for the three trials. 


2. What relationship does your experiment show between 
the length of a pendulum and its frequency in swings 
per minute? 


3. What was your estimate for the length of a pendulum 
that should make one swing per second? Compare your 
estimate with those of your classmates. Check your 
estimate by actual experiment. 


4. If F is the frequency of a pendulum in swings per 
minute, then the approximate length ¢@ of the pendulum 
in centimetres is given by the formula ¢ ~ 299° 
Thus, if F = 30 swings per minute, then 
the length of the pendulum is 299° = 29900 — 409 cm 
Show how to use the formula to compute the length of 
a pendulum that makes 60 swings per minute. 





5. Do you think the amount of weight used on the pendulum 
affects the frequency of the pendulum? 
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Using the ideas 


. Which playground swing, 
Aor B, will make more 
swings per minute? 





. Use the formula ¢ ~ 229° to compute the approximate 


length in centimetres of each pendulum whose frequency F 
in swings per minute is given below. 

A F=40 c F=50 e F=12 

B F=15 bp F=100 F F=300 





. Along pendulum on display in a science 
museum has a frequency of 6 swings per minute. 


A About how long does it take the 25 metres 
pendulum to make one swing? 


B What is the approximate length Se 
of the pendulum in metres? 


. A rope is suspended from a beam ina 
gymnasium. You could make 10 swings 
per minute on the rope. How long is 
the rope? 


. A group of students made a 
graph by taping their pendulums 
perpendicular to the line of 
frequency and at the frequency 
they found for the pendulum. 
Use the dotted curve connecting 
the ends to make estimates of 
the following: 

A The length of a pendulum 
which will make 60 swings 
per minute. 

B The frequency of a pendulum 
15 centimetres long. psig dU | 

c The length of a pendulum 0, 904,40. 50, 60,70 80.90 300 
with a frequency of 50 swings Frequency 
per minute. (Swings per minute) 


Length (cm) 
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Arithmetic Mean 


Investigating the ideas 


One student on this list said, 
“If everyone on the list were 
as tall as | am, our total height 
would be just the same as it 

is now.” 


Can you find the name of 


the student who could have 
made this remark? 





Discussing the ideas 
1. Explain how you found the student's name. 


2. The student who made the remark above had a height 
which was the arithmetic mean of the heights of all 
the student heights. The flow chart below may help 
you to recall how to compute the arithmetic mean of 
a list of numbers. 


/ 


A Guess which student’s weight is nearest to the 
arithmetic mean of the group. 


B Use the flow chart to compute the arithmetic mean 
of the weights of the students to the nearest tenth 
of a kilogram. 


3. The range of a set of data is the difference between 
the largest number and the smallest number in the set. 
Since the heights shown in the table vary from 150 cm to 
181 cm, the range in height is 31 cm. What is the range 
in weight? 


4. Guess which student in your class is nearest to the 
arithmetic mean in height for all the students in the 
class. Find a way to check your guess. 
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. The average distance from the sun 


. Linda and Mary each 


. The weights (in kilograms) of five 


Using the Ideas 


to each of the nine planets is 
given in the table. 





: M 

A What is the range of the ve 
distances from the sun? Earth 

B Find the mean distance of Mars 
the nine planets from the Jupiter 
sun. Saturn 

c¢ Which planet is nearest to ee 
the mean distance from the eptuns 

Pluto 

sun? 








bowled three games. 


A Find their 3-game 
totals. 


B Find their average 
(mean) scores. 
Who had the higher average? 


c The ea for each bowler is found by the 
formula h = %- (200 — A) where h represents the 
handicap a A is the person’s average score. 
Compute each bowler’s handicap to the nearest 
whole number. 





. The scores for a mathematics test given to a class 


are 82, 88, 72, 94, 90, 69, 74, 81, 89, 85, 72, 92, 
80, 66, 75, 85; 96; 72; 83, 87, 84, 82, 77, and 78: 
A What is the range of the scores? 

B What is the mean score? 


students are given in the table. 
A Find the range of the weights. 


B What is the arithmetic mean of 
their weights to the nearest 
tenth of a kilogram? 





. Melissa’s test scores on four tests are 82, 86, 84, 


and 81. What is the lowest score she can make on 
the next test to average at least 85 for all five tests? 


More practice, page S-30, Set 58 H-31 


Finding Medians 
investigating the Ideas 


The 15 words in the table were 
selected at random by dropping 
a pin on a newspaper and then 
recording the word that was 
nearest to the pinpoint. When the 
words were listed in a table in 
order from the longest to the 
shortest, the word large was 
found to be the word of ‘‘middle”’ 
length. Just as many words were 
longer than it as were shorter. 


. possibility 
. education 
. invested 

. programs 
. spending 
. instead 

. united 
large 

. here 

. said 

. the 

2. are 

. and 


1 
2 
3 

4 
5 
6 
7 
8. 
9 


Can you choose 15 words of 


your own and find the number 
of letters in the ‘“‘middle’’ word? 





NOWWWWOFAKATOND]WOOO — 





. is 
Discussing the Ideas 


1. Does your ‘“‘middle’”’ word have about the 
same number of letters as the ‘“‘middle”’ 
word in the table above? 


2. The middle number in a set of numerical data arranged 
in order of size is called the median. The number “5” 
in the table above is the middle number of the 15 numbers. 
The word of median length is “large.” 
A What is the length of the word that has the median 
length in your data? 


B ls your result about the same as your classmates’? 


3. On four tests Jody scored 
96, 88, 82, and 80. There Median = 28 - ae =~ 2%8 
is no middle number in this 
set of data. To find the median, find the arithmetic 
mean of the two numbers nearest the middle. 





A If 25 test scores were arranged in order, which 
score would be the median score? 


B If there were 30 scores, which two scores would 
be used to find the median score? 
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1. The variation in the price of a 
certain article in several super- 
markets is shown in the table. 
What is the median price? 


2. A Arrange the numbers in the 


Using the ideas 


set in order. 
65, 76, 72, 100, 80, 65, 
67, 65, 68, 40, 59 


Find the median of the set. 





3. On a class test of 25 students, Marjorie found that 
her score was the median score. No one else made 
that score. 


A 
B 


4.48 


5. The median income per family in 
a certain city is $9737. If the set of 
data is based upon 8461 families, 
about how many families earned 
less than $9737? 


% 6. The median of the four numbers 
48, 37, x, and 19 is 30. 


A What number must x be? 


How many students had scores higher than Marjorie? 
How many students had scores lower than Marjorie? 


What is the median amount of 
rainfall per month? 

Find the arithmetic mean of 

the rainfall measurements. 
Which is greater, the median 

or the mean rainfall per month? 
How much greater is it? 


What is the mean of the four 
numbers? 





More practice, page S-31, Set 59 H-33 


Modes 


Investigating the ideas 


The ratio of the circumference of any circle to its 
diameter is the number denoted by 7. An approximation 
of 7 correct to 150 decimal places is given below. 


Can you find which digit (or digits) occurred 
most often in the expression for 7? 





Discussing the ideas 


1. The number of times each digit of 7 occurred in the 
Investigation is called the frequency of that digit. 
A Which digit occurred most often? 
B Which digit occurred the least number of times? 
c What was the frequency for the digit 3? 


2. The mode of a set of numbers is the most frequently 
occurring number or numbers in a set, if there are 
such numbers. A number must occur more than once to be 


a mode. 

A Does the set of numbers in the table above have 
a mode? 

B Does it have more than one mode? 16 


3. The graph shows the frequency 
of the “‘last digit’ of 100 





> 
telephone numbers chosen at c 
random. What mode (or modes) 2. 
does the graph show for “‘last ® 
digits’ ? a 
OF P MDI uget4 CIGt 6G 4e7 INR BO 
Last digit 
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i 


1. 


Using the Ideas 


The table shows the ages and 


frequency of the students in - eens | 14 
a school band. Which age is quency oneal 17 | 23 8 


the mode of all the ages? 








Rita made a list of the ages of 42, 40, 36, 38, 51, 39, 38, 50, 45 
25 of her classmates’ mothers. 34, 38, 43, 49, 42, 37, 39, 55, 35, 
Which age is the mode of the list? 40, 44, 47, 38, 41, 48, 52 





In 60 tosses of a die, 

a student found the Outcome 
frequencies for each 
outcome as given in Bs) 
the table. 


A Which outcome (or outcomes) occurred most frequently? 
B What are the modes for the experiment? 














The results of a student 
survey concerning the 
amount of money earned 
from part-time work per 
week is shown in the table. — 


A Which amount per week did the greatest number of 
students earn? 


B Make a graph of the data in the table. 











page S-31, Set 60 H-35 


Histograms 
investigating the Ideas 


Suppose you tossed four coins 
at a time and kept a tally of 

the number of heads and tails 
for each toss. About how many 
times do you think each outcome 
would occur in 100 trials? 





Can you carry out the experiment and 
check your estimate of the outcomes? 





Discussing the ideas 


1. The bar graph at the right is 
a histogram of an experiment. 
Each vertical bar represents 
the frequency or number of 
times each outcome occurred. 


A If you made a histogram of 
your results of the experiment 
above, in what ways would it 
be like this one? 


Frequency 


B In what ways would your 
histogram be different? 





14,37) ee 


4H,0oT| |. 
3H,1T) 
OH, 4T 


2. The theoretical frequency of 
the outcomes for 64 trials of 
the experiment is shown in the 
table. How would a histogram 
for the experimental data 
differ from a histogram of the 
theoretical data? 
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. a How many students are 57 Student Heights 


. Two white marbles and four black 


. A student made this device for 


Using the ideas 







represented by the oon kee ——_|—_1- 


histogram? z ; 4 
B Give the frequency for o a lll 
each height interval. oe | 
¢ What percent of the saan 
students are in the here <> Toe COTTE eT 
161-165 centimetre interval? SF 2 2 FF = 
p What percent are over 2 hg eer 
180 centimetres tall? Height in Centimetres 


. Two students tossed a pair of dice 120 times and made a 


tally of the frequency of the dice totals as shown in the 
table. Make a histogram of this data. 


marbles are placed in a box and 
thoroughly mixed. Two marbles 
are drawn out at random. The 
experiment is repeated 30 times. 
Make a histogram of the outcomes. 


a probability experiment. A 

marble is dropped in the slot 

at the top. The probability 

of falling to the left or to 

the right of each hexagon is 3. 

A Find the probability of a 
marble reaching each of the 
slots A, B, C, D, and E. 

B Suppose 80 marbles are dropped 
in the slot. About how many 
marbles would you expect to 
fall in each slot? 

c Make a histogram of the 
theoretical frequency of 
marbles in each slot. Age Gr SO od ae c 
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Showing Data with Line-segment Graphs 


investigating the Ideas 


A group of students planted 
some bean seeds for a science 
project. They kept a record 

of the plants’ growth. The 
chart shows the record of one 
plant’s growth by the week. 





Can you estimate the height of the 
plant at the end of seven weeks? 





Discussing the Ideas 


1. Explain how you made your estimate of the height 
of the plant after seven weeks of growth. 


2. Becky made this line-segment 
graph to show the plant’s 
growth for each week. 

a Use the graph to tell in 
which week the plant grew 
the most. 


ga In which week did the plant 
grow the least? 


c¢ Assumimg growing conditions 
remain the same, how can you 
use the line-segment graph to 
estimate the plant’s height 
at the end of seven weeks? 


3. a What is your estimate of the 
plant’s height at the end of 
eight weeks? 

B Explain how you made your 
estimate. 
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1. The line-segment graph shows the 
closing prices of two stocks for 
one week. 


A 


What were the closing prices for 
stocks A and B on Monday? 

What was the highest closing price 
for each stock during the week? 
What was the lowest closing price 
for each stock during the week? 
Give the range of the closing prices 
for each stock during the week. 


. The line-segment graph shows the 


estimated world population from 
1600 to the present. 


A 


Give an estimate of the world 
populations for 1600, 1700, 

1800, 1900, and 1950. 

The latest estimate shown on 

the graph is for the year 1970. 

What is the population for that year? 
What is your estimate of the 

world population for the year 2000? 


. The line-segment graph shows the 


hourly temperatures for a certain day. 


A 


What was the coldest temperature 
during the day? At what hour 
was this temperature recorded? 


B What was the highest temperature? 


c What is the difference between 


the highest and the lowest 
temperature? 
How many degrees did the tem- 


perature fall between 3 P.M. and 
midnight? 


. Make a line-segment graph from 


the information in the table. 


8 
9 


Price per share (dollars) 


Population (billions) 


00 


1700 1800 






Using the Ideas 


Closing Prices 





7900 2000 
Year 


Hourly temperatures 


Degrees Celsius 
oOo 





ohh 


A.M...... 16 Noon 


2 4 6 81012 


Bomafmmnbonindavond 





246 61012 


A.M. Time P.M. 
Hourly Temperatures (°C) 


T AM eh 17a, Op ALM eee 19 1P.M.......25 4 P.M.......26 
A.M...... We ALM caer 21 2 P.M.......24 5 PLM.......25 


Q203)P Mires 2066 PLM. ccc 20 
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Circle Graphs 
investigating the Ideas 


Suppose you have $1.50 to 
spend at the Drive-Inn Diner. 


Can you choose several 


Hotdog 
Fre ach fries 
Onion rings | 


different items and spend 
exactly $1.50? 





Discussing the Ideas 


1. What fractional part of the $1.50 did you spend 
for each item? 


2. The circle graph at the right shows 
one way you could spend $1.50. The 
measure of the central angle for the 
sector of the circular region for the 
deluxe hamburger is 120° because 50¢ 
iss of the total amount spent and 
3° 360° = 120°. 

What are the measures of the central 
angles for each of the other items 
in the graph? 





3. Suppose one of your items was a hot dog. Then the central 
angle for the item should be SS - 360°. How many degrees 
is this? 


4. What would be the measure of the central angle of a 
circle graph for each of your choices from the menu? 
Explain or show how to make a circle graph of your 
selections from the menu. 


5. The circle graph shows the hours 
spent in daily activities. 
A What percent of each day (24 hours) 
is spent in each activity? . 
B What is the measure of the central 
angle of the sector for each activity? Hours spent in daily activities 
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Using the ideas 


1. A survey of 120 students was made 
to find out which sports were their 
favorites. The circle graph at the 
right shows the number of students 
who selected a particular sport as 
their favorite. 

A What fractional part of the 
circular region is represented 
by each sport? 

B Express each fractional part 
as a percent. 


2. The circle graph shows how a student 
accounted for his earnings of $12 for 
one week. 


A How many dollars were spent on 
recreation? 

B How many dollars were spent for 
clothes? 

c What percent is allotted to ‘other’? 
How much money is this? 





3. In a school of 840 students, 52% come to school by bus, 
28% walk, 12% ride bicycles, and the rest of them come 
by automobile. Find the number of students that come 
by each mode of transportation. 


4. Make a circle graph of the data in Exercise 3. 


IRUUAU 


A Begin with 11 and write consecutive whole 
numbers in a spiral (as in the figure) until 
you obtain a square with a prime number in 
each corner. How large is the square? 


B Can you find a line of prime numbers in the 
square? 





Make the square larger. What interesting 
patterns can you notice? 





More practice, page S-32, Set 61 H-41 


Sampling 


investigating the Ideas 














Open one end of a paper clip 
like this: 2 


Toss the paper clip on the 
front page of a newspaper. 
Note the letter nearest to 
the point of the paper 

clip and tally the letter. 
Repeat this experiment 
until some letter is 

tallied 20 times. 










Which letter do you think 
will get 20 tallies first? 


Discussing the Ideas 


1. Which letter had 20 tallies first? Was it the letter 
you expected? 


2. Which letter got the second most tallies? 


3. If you carried out the experiment until some letter 
got 40 tallies, do you think you would have gota 
different letter than you did? Try it. 


4. The letters that you tallied are a sample of all the 
letters on the newspaper page. By examining a sample 
of the letters, we may infer or conclude some things 
about all the letters on the page (the population). 
What things do you think you can conclude about the 
letters on the page, based on your sample? 


5. Samples must be chosen at random from the population. 
Otherwise, a biased sample may result and inferences 
or predictions made from such samples may be unreliable. 
Can you describe some things that might make a sample 
for your experiment a biased sample? 
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Using the ideas 


1. In a sample of 362 letters from 

a newspaper, the ten most fre- 

quently occurring letters were 

found with the frequencies shown 

in the table. 

A What percent of the letters 
were E’s? 

B Suppose the page had about 115 000 letters. About 
how many letters would be E’s? 


c About how many of the 115 000 letters would be T’s? 





2. Suppose you wish to take a survey of the students in your school 
to see which sport is their favorite. Tell whether each sample 
below is likely to be biased or unbiased. 


A The set of boys in your class. 

Every 5th student passing by a certain corner in the hall. 

The first ten students to leave the school building at the end of the day. 
The set of girls who play violins in the school orchestra. 

Every fourth student who holds a season ticket to hockey games. 


Every 20th student taken from a list of all students arranged 
alphabetically. 


“mo © B 


3. Suppose it is expected that 10 000 000 

people will vote in a national election. 

A professional poll samples 5000 voters a 

week before the election. The table at the 

right gives the number of people in the 

sample who planned to vote for each of the 

three candidates. 

a On the basis of this information, would 
you say that candidate A will probably 
win the election? 


B Candidate B concedes that candidate A may get as many 
votes as predicted by the poll taker, but still claims that he 
will win the election. Can you find some reasons that might 
make his claim true? 


c Do you think it is very likely that candidate C will win the election? 


bp Assuming that the sample is a fairly accurate indicator of 
voter preference, give the approximate minimum and maximum 
number of votes each of the three candidates can expect to receive. 
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Other Sampling Problems 490 Q@ Ao 64 


Investigating the Ideas 





Shuffle a deck of playing 
cards very well. Turn up 
the first four cards. Make 
a tally of the number of 
aces you turn up in the 
sample of four cards. 





Gan you estimate about how many times you will get at least one 


ace in the sample of four if you try the experiment 50 times? 





Discussing the ideas 


1. How well did your experimental results compare with 
your estimate? 


2. Since there are four aces in a deck of 52 cards, the 
probability of not getting an ace on the first card 
turned up is $8. The probability of not getting an ace 
on the second card turned up ise. Why? 


3. What is the probability of not getting an ace on either of 
the first two cards turned up? (Multiply the probabilities.) 


4. What is the probability of not getting an ace on the 
third card that is turned up? of not getting an ace 
on the fourth card? 


5. The product of the four probabilities in Exercises 2 and 4 

is the probability of getting no aces in a 4-card sample. 
_P(no aces) — 2s aa 28 8 = 0.718 

Therefore, the probability of getting at least one ace in 

a 4-card sample is 

1 — P(no aces) = 1 — 0.718 = 0.282. 

A Did you get at least one ace in 0.282 (about one fourth) 
of your trials of the experiments? 

B Combine your results with those of your classmates. 
How does your combined results compare with the 
theoretical probability of getting at least one ace? 
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1. 


we 4. 


. A sack contained a mixture of 1200 


Using the ideas 


The theoretical probability of 
drawing aces in a 4-card sample 
is shown in the table. Suppose 


you carried out the experiment [No aces @5 44 0.718 


250 times. (20.256 as” 


a In how many of the 250 trials Exactly 2aces’ | «0025... | 
would you expect to get no aces? 
B In how many of the 250 trials would 
you expect to get one ace? 
c About how many times in 250 trials would you expect 
to get exactly two aces? 
p About how many times in 250 trials would you expect 
to get exactly three aces? 
— Are you very likely to draw all four aces in 250 trials? 
Explain. 





. In a room of 52 people, four have red hair. If four of the 


people’s names are selected at random to win a door prize, 
what is the probability that at least one of the red-headed 
persons will win a prize? 


brown and white beans. Two students 
performed a sampling experiment with 
the beans. They withdrew one bean 
from the sack without looking in the 
sack, tallied its color, and then 

put it back into the sack. This 
experiment was repeated 100 times. 





A About what percent of the 1200 beans were brown? 
B About how many of all beans were brown? 


ce About how many of all beans were white? 


Carry out an experiment like the one suggested in 
Exercise 3. Compare the experimental results with 
the theoretical probability. 
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SOME SAMPLING EXPERIMENTS 


1. Choose a sample of at least 50 
students in your school. Find 
out the favorite kind of television 
program of each person. What 
conclusions can you draw from 
your sample? 





2. Choose a sample of 20 girls. Have each girl 
name her favorite school subject. What conclusions 
can you draw from your sample? 


3. Choose a sample of 20 boys. Have each name the 
school subject he likes best. Compare the results 
with those in Exercise 2. 


4. Conduct a survey of the students 
in your class on the question: 
‘“‘How many hours a week do you 
watch television?”’ 


Make a record, such as the one 
shown, of their responses. 








5. Conduct a survey to determine the number and kind 
of pets that the students in your school have at home. 


6. Conduct a survey to find out what kind of job, business, 
or profession that the students would like to pursue 
after they become adults. 


7. Mark off a square decimetre on your 
school grounds or lawn. Count, as . 
carefully as possible, the number ae 4 
of blades of grass in the square oey 
decimetre. 


a About how many blades of grass in one square decimetre? 

Bs Use your sample to estimate the number of blades of grass 
per square metre. 

c Find the area of the lawn. Estimate the number of blades 
of grass in the lawn. 
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The BIRTHDAY Problem 


The names and birthdates of 25 
well-known persons are given in 
the list at the right. 


1. Do you think it is very likely that 
any two of these have the same 
birthday? (Same month and day.) 


2. Check through the list of names. 
Do any two persons have the same 
birthday? 


3. Do any of the persons listed have 
the same birthday as someone in 
your class? 





Osborne, John; London, Eng., 12/12/1929. 
O'Toole, Peter; Connemara, Ireland, 8/2/1933. 
Owens, Jesse; Decatur, Ala., 9/12/1913. 

Paar, Jack; Canton, Ohio, 5/1/1918. 

Page, Geraldine; Kirksville, Mo., 11/22/1924. 
Page, Patti (Clara Ann Fowler); Claremore, Okla. 


11/8/1927. 
Palance, Jack; Latimer, Pa., 2/18/1920. 
Paley, William S.; Chicago, Ill., 9/28/1901. 
Palmer, Arnold; Youngstown, Pa., 9/10/1929. 
Palmer, Lilli; Posen, Germany, 5/27/1917. 
Parker, Eleanor; Cedarville, Ohio, 6/26/1922. 
Parkinson, C. (Cyril) Northcote; Durham, Eng. 
7/30/1909. 
Pasternak, Joseph; Silagy-Somlyo, Rum., 9/19/1901. 
Patterson, Floyd; Waco, N. C., 1/4/1935. 
Paul VI (Giovanni Battista Montini); Concesio, It., 
9/26/1897. 
Pauling, Linus Carl; Portland, Ore., 2/28/1901. 
Peale, Norman Vincent; Bowersville, Ohio, 5/31/1898. 
Pearson, Drew; Evanston, Ill., 12/13/1897. 
Pearson, Lester B.; Toronto, Ont, Can., 4/23/1897. 
Peck, Gregory; La Jolla, Calif., 4/5/1916. 
Peerce, Jan; New York City, 1904. 
Pegler, Westbrook; Minneapolis, Minn., 8/2/1894. 
Perelman, S. J. (Sidney J.); Brooklyn, N. Y., 2/1/1904. 
Perkins, Millie; New Jersey, 5/12/1940. 
Perkins, Tony (Anthony); New York City, 4/14/1932. 


SOURCE: Information Please Almanac 


4. Do any two students in your class have the same birthday ? 


5. Find a list of famous persons’ birthdays. Choose 25 names in a row 
as a sample. See if two of the persons have the same birthday. 


6. Choose several different samples of 25 names and repeat 
the experiment of Exercise 5. ln how many of your samples 
did you find two people with the same birthday? 


7. The probability that two people 
out of a group of people will 
have the same birthday is given 
in the table. Note that for 23 
people, the probability of two 
people having the same birthday 
is a little more than 3. 

A Choose a sample of 40 famous 
people from a list and find 
their birthdays. How many of 
them have the same birthday? 


B What is the probability that two 


of them will have the same birthday? 





8. Find a list of presidents, prime ministers, or heads of state and 
their birthdays. Select some samples of 25 persons. Find 
which sample contains two persons with the same birthday. 
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REVIEWING THE IDEAS 


1. Georgia earned $10.25, $16.50, and 


$12.25 in three weeks of part-time 
work. What was her average (arith- 
metic mean) earnings per week? 


. Linda had scores on mathematics 
tests of 89, 83, 94, 81, 78, 85, 

90, 96, 88, and 90. 

A What is the range of the scores? 
s Find the mean of the scores. 

c What is the median score? 


. The tally shows the resuits of a 
class survey of the number of 
brothers and/or sisters of each 
student. 

A Which number 
occurred most 
frequently? 

B What is the 
mode of the 
set of data? 





. Make a histogram of the data 
given in the table in Exercise 3. 


5. The line-segment graph below shows 


closing averages of the Dow-Jones 


Industrials. Give the closing average for 


each day to the nearest whole number. 


& 840 a ee 


ra 


® 


g av 


Cc 


osi 


C 





. Construct a line-segment graph of the 
following daily low temperatures: 
Monday, 12°; Tuesday, 4°; Wednesday, 
~3°; Thursday, ~10°; Friday, 0°; 
Saturday, 7°; Sunday, 15°. 
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7. The circle graph shows the percent 


of the population of a city in 

various age groups. 

A What percent 
is over 60 
years old? 

B What is the 
angle of the 
sector for the 
40-60 year old 
group? 





. Suppose the population of the 


city in Exercise 7 is 30 000. 
Determine the approximate number 
of people in each group. 


. Suppose you ask three of your best 


friends how they plan to vote in an 

election for class president. You 

find that all four of you plan to 

vote for the same person. 

a Can you conclude that your candi- 
date will probably be elected? 

B ls your sample of three friends 
a random sample of students in 
your class? 


. In a city of 1 000 000 registered voters, 


a professional poll of 1000 voters 
showed that candidate A would get 
450 votes compared to 325 for 
candidate B. The remaining voters 
were undecided. If conditions 
remain as indicated by the poll, 
what is the maximum number of 
votes candidate A should expect 
to receive? 


. From the results of several samples, 


Jeff estimated that about one out 

of every 15 students was left-handed. 
If there are 880 students in his school, 
about how many are left-handed? 


RESEARCH PROJECTS 


A Carry out a project to determine 


the ‘‘average” person in your class. 
Use heights, masses, age, waist 
measurements, foot size, and so on. 
Determine the mean, median, and 
mode of each set of data. 





Conduct a survey of the students in 
your school concerning preferences. 
Ask questions such as “What is your 
favorite automobile?” “Who is your 
favorite TV star?”’ or ‘‘What is your 
favorite meal?’’ Select some graphic 
method of displaying the data. Try 
to draw conclusions or make 
predictions from your survey. 
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MATH EMATICAMRECRES 






If you use three toothpicks, you can connect 
them at their ends in only three ways. 
























@ 


A B c 


Each figure is called a simple graph. Two e 
different-looking figures represent the same 
simple graph if they are connected in the same 
way. Thus, graph a above could appear in forms 
such as those below. 


EATI ONS 


Graph B might appear as these shapes: 


There is only one possible shape for graph c. 


If you use four toothpicks, you can form only 
five essentially different simple graphs. 





D E F G H 


Again different shapes represent the same graph. 
Thus, graph & might have these shapes: 


How many different simple graphs can you make using 
five toothpicks? Record each graph you find. 


= Koy-Wam si=e:) 


yEST ce 
YOURSELF 
Answers — oY 
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UNIT H: Some Special Topics in Mathematics 
MODULE 3: Real Numbers 








OBJECTIVES: 





After completing this module, you should be able to: 


1. 
ce 


3. 


interpret symbols such as V2, ~ V7, and V11. 
Find approximate square roots of positive rational 
numbers. 

Solve problems involving the Pythagorean Theo- 
rem and square roots. 


. Find repeating decimals for rational numbers 


and find fractional representations of repeating 
decimals. 


. Describe real numbers in terms of repeating or 


nonrepeating decimals. 


The Square Root of Two 
Investigating the Ideas 


Is there a number whose square is 2? That is, is there a number x : 
such that x? = 2? Study the number line and the examples below. 


12=1 1.22= 1.44 1.527= 2.25 2?7=4 
tT t 1} t : 
—_—_@e____e_®_@____@___@____@__o __@____@____@ _@ © 3 
1 1.5 2 
x must be within 
this interval 


Can you find a decimal whose square is a number within 0.02 of 2? | 


Discussing the Ideas 
1. Is (1.4)? greater than 2 or less than 2? 
2. Is (1.45)? greater than 2 or less than 2? 
3. If x?=2, is 1.4 <x < 1.45? B 


Because of the __ 
Pythagorean Theorem, 







4. The Pythagorean Theorem can 
help you mark a point on the 
number line for the number 
whose square is 2. Make a 
drawing like this on your 
paper. Make AC and BC each 
1 decimetre long. Then measure 
the length of AB (distance x). 


A Is the length a number whose square is very nearly 2? 
B What is your estimate of the co-ordinate x? 


we know that 
xe 17+ 1? and x*= 2. 





5. We shall assume that there is a number that multiplies 
by itself to give 2. We make the following definition: 





A Is there a negative number whose square is 2? 


B What symbol would you use for the negative number | 
whose square is 2? | 
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Using the Ideas 


These exercises will help you become familiar with the use of the 
symbol \V (called a radical sign) used in writing numerals for 
square roots. Study the examples. 


+ 


[a] \/2 is the positive number which when multiplied by itself gives 2. 
[3] ~ V2 is the negative number which when multiplied by itself gives 2. 


[lll is the positive number which when multiplied by itself gives 3. 
lll is the negative number whichwhen multiplied by itself gives 3. 
lllll is the positive number which when multiplied by itself gives 17. 
lllll is the negative number which when multiplied by itself gives 17. 
V6 is the ? number which when multiplied by itself gives |||] . 

- V6 is the ? number which when multiplied by itself gives ||lll 
V7 is the 2? number which when multiplied by itself gives |||. 

llill is the negative number whichwhen multiplied by itself gives 47. 


For a positive integer n, Vn is the positive number which when 
multiplied by itself gives ||lll. 


-_z<zTownnmoo%®ioe Pp 


2. Using the definitions that you completed in Exercise 1, give an integer 


for n in each exercise. 
A 2 oan Cila.V6)e(a V6) =n E aio aS aater es 
Bp V5-V5=n p (~V15) -(~V15) =n F 


° 


3. Give a positive number that makes each equation true. 


An:-n=9 c n-n=11 Eo n?=17 G n?=63 
Bn:n=7 Dn:-n=16 F n?=19 H n?= 64 


4. In the following sequence of square roots, those 


representing whole numbers are indicated. Use a 
radical sign to write symbols that represent the 
whole numbers 6, 7, 8, 9, and 10. EXAMPLE: 6 = V36 


ag 2 
iaekeae ei ee 
a 
Vit Vig (MEV VIB I6 Vito vio V0 
5 
Vi VB VB VA Vi VB Vo VB VB vw 
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2. 8 


vi0 


Irrational Numbers 


Investigating the ideas 


In the previous lesson you learned that certain square 
roots (V1, V4, V9, V16, V25, V36, and so on) represent 
whole numbers. Do you think other square roots, such 

as V2, might represent rational numbers? 


V2 is the positive number which when squared gives 2. 
If there were a positive rational number which when 
squared gave 2, it would be equal to V2. 


Do any of these rational [al 3 


numbers equal V2? 





Discussing the ideas 
1. Which of the rational numbers above is closest to V2? 


2. Do you think it is possible to find a rational number 
which when squared gives 2? 


3. It can be proved that there is no rational number § 
such that (§) ?= 2 and that V2 is not a rational number. 
We shall work with other numbers which, like V2, are 
not rational numbers. We shall call such numbers 
irrational numbers and, as with V2, agree that there 
are points on the number line for these numbers. The 
Pythagorean Theorem can help us locate such points. 

A Explain why the calculations 
shown help us to determine 


the distance x. x?= 22744? 


B How far is the distance x x25 
from zero to point A? 


c What number goes with 
point A on the number B A 
line? with point B? “3. 2.) 1S 0 a ees 
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For each figure, the Pythagorean Theorem can help you find 


Using the ideas 


numbers for points A and B on the number line. Give the missing 
numbers for each |||. Then give the numbers for points A and B. 














x? = lil 


The distance x from 
zero to A is ||lll. 


A: Il =: Ii 


x? = Ill 


The distance x from 
zero to A is ||lj. 


A: {il = B: ill 


x? = Il 


The distance x from 
zero to Ais I. 


A: ll = 8: il 


x? = lll 


The distance x from 
zero to A is |llj 


A: |i — B: iil 


x? = ll 


The distance x from 
zero to A is |llll 


A: lil — B: ill 
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Rational Approximations for Irrational Numbers 
Investigating the Ideas 


Although V2 is not a rational number, you have seen 
that there are rational numbers that are ‘‘very close’”’ 
to V2. Study the number lines and equations below. 


V2 is between 1.4 and 1.5. 


(1.4) ?= 1.96 (less than 2) 
Wa - 2 

(1.5) 2? = 2.25 (greater than 2) 
We write: 1.4 < ae <a 1.0 





(1.41)? = 1.9881 (less than 2) 
V2? =2 

(1.42) 2= 2.0164 (greater than 2) 

Segmant'CD We write: 1.41 < |W2) < 1.42 


magnified 10 times 


Can you locate V3 between successive hundredths ee 
using the method above? 


Discussing the ideas 








1. Which set of inequalities is correct? How can you prove it? 
Amt Omi V3. — 71,7 B, 1. Jee 3 51.8 
tO) 2 980 << (127)/2 (19/7) >= 3 = (1.8) 
2. Which inequality is correct? Prove it. 
Rel? tee VO <= 1,72 B lf VOeaer3 GC. “(\/3 253. ele 


3. Is V10 closer to 3 or to 4? Explain your reasoning. 


4. Use the equations to help (3.1)? = 9.61 
V102= 10 


you complete the sentence. 


To the nearest tenth, V10 ~ |llll. (3.2)2= 10.24 
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Using the ideas 


1. Give the largest possible integer for a. Give the smallest possible 
integer for b. Study the examples. 


Lads vias aan [B] 4.4 V9. Vi9 5.5 
87 es ee w= 19 po pee = 
a-a b-b b=3 a:a b-b —" 
A cae B yer a c MES 
a-a<13<b-b a-:-a<27<b-b a-a<153<b-b 
2. Write the letter for the point on the number line that goes with 
each number in the exercises. 
ApeeeeCD ee Gr hk Kee Laem, N....O.“1P, QR 
0.1 2 Bieeemeoeeoe 7 «8h OeeiOm iti? 13 14 15 16 
a V39 p V6 a V51 yu V24 m V129 p V156 
B vV79 —E V115 H V12 K V231 N V222 @ V250 
c V18 F V33 ' v9 Lt V48 o V174 R V61 
3. Give the largest possible one-place decimal for a. Give the 
smallest possible one-place decimal for b. 
A Ma V8 B al V52 c ET SAD 
a-a<8<b-b a-a<52<b-b a-a<113<b-b 
4. Use Exercise 3 to give the decimal to the nearest tenth that 
correctly completes each sentence. 
a V8 ~'l|lll B V52 ~ Ill c V113 = ill 
In Exercises 5 through 8, we are ‘‘closing in on’ an irrational 
number. Give the largest possible number for ¢ (lower bound) and 
the smallest possible number for u (upper bound) in each exercise. 
Between integers Between tenths Between hundredths Between pre 
M \ tet f 
fe Mcp 6.3 V38j<.u <2 3.<U Gea N3B =U 
6. 2 < V5 <u Cea 5a U ND CNS 
* 7. €<V29 <u €< vV29 <u f2N29 <U < V29 <u 
% 8. 0 < V87 <u LIN 81 <u ¢ < V87 <u ¢ av 87 <u 
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Finding Square Roots 


investigating the ideas 


The flow chart shows instructions for finding the positive 
square root of a number to any desired accuracy. 





Can you use the flow chart to find V18.49 ? 


Discussing the ideas 


1. What number did you first choose for V18.49 ? 
How did you make your choice? 


2. Paul chose 4.5 on his first 
estimate for V18.49. 


A What should be his next 
estimate for V18.49 ? 


B What is V18.49 exactly? 


3. Not every number has an exact square root. 
Study the example below. 
EXAMPLE: Find V537. 2386 


[a] Estimate of V537: 22.5)537.000 [e] 





20? = 400 450 

252 = 625 870 

Try 22.5 675 

1950 

1800 = [p] 
Use this method to 1500 
find V747 to the 1350 
nearest hundredth. 15,0 
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This number is 
an approximation 
for 





The average of 22.5 
and 23.86 is 23.18. 
Therefore, V537 = 23.2 
to the nearest tenth. 


By carrying out the division to 
thousandths, we can get better 
estimates of V537. 


Thus \/537 ~ 23.17 





4, 


*5. 


*6. 





. Using the estimation and division method shown in the 


flow chart, find the positive square root of each 

of the following numbers. Each can be found exactly. 

A 676 ¢ 12.25 E 44.89 G 3249 
B 6241 D 0.0324 F 28.09 H 139.24 


. Find an approximation of each number to the nearest tenth. 


A V17 c¢ V163 E V172.89 G@ V69.48 1 V0.18 
B V88 dp V21.4 F V435 H V200 J V139.5 


. Find an approximation of each number to the nearest hundredth. 


aA V86 ec V13 E V31.89 @ V7.91 t V0.394 
B V623 bp V18.99 F V52.89 H V3000 3 V1.05 


Which number is the best approximation of V2 to the 
nearest millionth? 


[a] 1.414213 1.414214 


The cube root of 27 is 3 because 3°= 27. 
The symbol for cube root is VW . Thus, ¥27=3. 


What number is represented by each of the symbols? 


ite B 1000 c 64 p 125 e V-1 


Each number in the sequence below is a whole number. 
Can you give the first four whole numbers of the sequence? 


V4489, V444 889, 44 448 889,... 


More practice, page S-32, Set 62 H-59 


Approximations for Square Roots 


investigating the ideas 





Discussing the ideas 


Le 


. Explain how to use the table to 


Certain entries are missing 
in this table of squares and 
square roots. 


Can you give the missing 


entries to complete the table? 


1 
2 
3 
4 
5 
6 
7 
8 
9 


A How did you find the number 
fora in the table? 

B Explain your method for find- 
ing the number for B. 

c¢ The number for ¢ is V30. Check 
your estimate by multiplying 


V3- V10. 





find a decimal approximation of 
each of the following. 


a V5 B V8 c V13 p V20 


. Explain how you can use the table to find a decimal 


approximation of each of these. 


A V30 B V90 e¢ V120 bp V190 


. How can you use the table to find each of these? 


A V324 B V169 c V256 dD V361 


. Close approximations of square roots of numbers not found 


in the table can be found by a process of interpolation. 
To find V7.5, we observe that this number should be 
between V7 and V8. The work can be arranged as follows: 


V7 ~ 2.646 and V8 ~ 2.828 V7.5 is approximately 


difference ~ 0.182 2.646 + 0.091, or 2.737 
0.5 x difference ~ 0.091 V7.5 = 2.737 


Use interpolation to find V17.5. 
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Using the ideas 


1. Use the table of squares and square roots in the 
Investigation to find the following. 


A V6 c V13 —e V1i8 G Vii 1 V196 

B V60 pb V130 F V180 H V110 J vV169 
2. Using the table, give a decimal approximation for a and b. 

a VB8=a B V20=a c V12=a 

V4. V2=b V4: V5=b V4-V3=b 

3. Use the table to find the number for n. 

A Vn= 2.646 c Vn= 12.247 F V225=n 

SOLUTION: n=7 p Vn=9.487 Gc V10=n 
B Vn= 3.317 E Vn=3.875 H V121=nhn 


4. Using the table and interpolation, find decimal 
approximations for each of these. 


A V4.5 ce V10.5 e—E V8.5 G V19.4 ' V13.6 
B V1.5 pb V17.5 F V18.3 H V16.2 J V14.8 


Complete the solutions in Exercises 5 and 6 by giving the 
answers as decimal approximations to the nearest hundredth. 


5. Find the hypotenuse of a triangle 
whose legs are 2 centimetres and 
5 centimetres respectively. 


d?= 2245? 
d?=4+25 
d?= 29 
d =llil 


6. It is 4 km along the road from 
Dock A to Dock C. It is 2 km 
from Dock C to Dock B. How far 
is it by boat straight across 
the lake from Dock A to Dock B? 


= 42+ 22 





Problem Solving with Square Roots 


Investigating the Ideas 


You can use the Pythagorean Theorem to find the length of 
the hypotenuse of a right triangle when the lengths of the 
two legs are known. Study this flow chart. 





| es 
& 


b 


Can you find the length of the hypotenuse (to the nearest tenth) 
of a right triangle with legs 2 centimetres and 3 centimetres? 





Discussing the Ideas 


1. Draw a right triangle with legs 2 centimetres and 
3 centimetres in length. Measure the length of the 
hypotenuse. Is this length about the same as the 
length you found using the Pythagorean Theorem? 


2. A draftsman wanted to give the 
diagonal distance (to the nearest 
hundredth) across this rectangle. 
How can he find this distance? 


3. A 13-metre wire supported a pole. 
It was fastened 5 metres from the 
base of the pole. How long was 
the pole? 

A A Student started to solve the 
problem this way: p?= 52+ 13? 
p?= 25+ 169 
p?= 194 


What is wrong with this solution? 





B How would you solve this problem? 
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Using the ideas 
1. Find the length of the hypotenuse of each right triangle. 


B Cc 
= b=3 c a=2 cic 
i Cc 
a=3 


2. A rectangle is 9 units long and 
3 units wide. How long is the 
diagonal of the rectangle, to 
the nearest tenth of a unit? 








3. A guy wire is attached to an 
upright light pole 10 metres 
above the ground. The wire 
is anchored to the ground 3 
metres from the base of the 
pole. How long is the wire 


to the nearest tenth of a 
metre? aa hlilnn 


@)\N 


<—10 m— 


4. Can an umbrella 60 centimetres eee ee Dea 
long be packed to lie flat in 
a box 52 centimetres long and 
30 centimetres wide? 





5. What is the length of the 
diagonal brace for the gate 
in the figure? 





6. It is 10 kilometres from Lodge 
Fisherman’s Point to the 
Lodge and 8 kilometres from 
Fisherman’s Point to Townsville. 
How far is it from the Lodge 
across the lake to Townsville? 







Fishermans 7 


Point S Townsville 


H-63 


Repeating Decimals Again $$$__——. 
~O285714 — 
-7)2.000000 — 





Investigating the Ideas 


In computing the decimal 

for the fraction 2 a student 
found that six different 
remainders occurred before 
the decimal started to repeat. 


Can you find all the 
different remainders 


when the decimal for 
S is computed? 








Discussing the ideas 0.17 
. 17 )3.0000000000 
1. Are you sure that 77 can be represented 17 
by a repeating decimal? Why? 130 
119 
2. It can be proved that: ah 


How would you convince someone that this is true? 


3. It can be proved that: 


The examples below illustrate a way to prove the statement 
above for some particular cases. 


[1] To find a fraction q for 0.7 





J 
9q=7 
J 


| a | 


Use this method to find a fraction for these repeating decimals. 
a 0.5 B 0.73 ce 0.129 
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Using the ideas 


1. The period of a repeating decimal is the number of digits in the 
entire group of digits that repeat over and over again. For 
example, the period of the repeating decimal .54 is 2. Write a 
repeating decimal for each rational number and give its period. 


a 3 B 3 c 3 Da eE 2 F > 2 
2. Find the products. 
AwiOnO.6re © B 10-04 p 100-0.07 
Answer: 6.6 c 10-0.38 E 1000-0.842 


In Exercises 3, 4, and 5, copy the exercises, giving the 
correct decimal for a, the number for b, and the fraction for c. 


3. q=0.4444... 4. q=0.27 5. q=0.074 
J { i 
10q=@ 100q= @ 1000q= @ 
1q=0.4444... 1q = 0.272727... 1q= 0.074074... 
9q=b) 99 q=b 999 q= b 
q-E q=-e q= 


6. Using the method illustrated in Exercises 3, 4, and 5, 
find a fraction for each repeating decimal. 


me0I555 oe the ca2!27ig E 0.123 G 0.05 1 3.2 
B 0.37 p 0.015 F O:0}4dmwn iHV40027 Jy 0.001001 


7. Find the repeating decimal for each fraction. 


1 2 1 2 
C 99 D 99 999 999 


E 999 F 999 


olrm 


As B 


© 


8. These exercises suggest another way to find a fraction for a 

repeating decimal. Give the number for a. Then give the 

number for b. 
0.111=a —-0.222=b H 0.0101=a —0.1212=b 
0.111=a -0.333=b 1 0.0101 = a — 0.2323 =b 
0.111=a —-0.444=b J 0.0101 = a ~ 0.6868 = b 
0.0101 = a ~ 0.0202= b K 0.001001 = a 0.002002 = b 
0.0101 = a ~ 0.0909 = b tL 0.001001 = a — 0.009009 = b 
0.0101 =a -0.1010=b m 0.001001 = a — 0.023023 = b 
0.0101=a > 0.1111=b nN 0.001001 = a — 0.467467 = b 


on moos PB 
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Repeating and Nonrepeating Decimals 


Investigating the Ideas 


The digits in each decimal below form a pattern. 


Can you discover the pattern and extend each decimal five more places? 





[a] 0.233233 .. . [E] 0.2468101214 ... 
0.050050005... [F] 632020200 

[¢] 0.1234567891011... [a] 0.1001002003 .. . 

[D] 0.1428571428571 ... [M] 1.41425314253142 ... 


Discussing the Ideas 


1. 


All decimals can be considered to be “unending.” 
Certain decimals, in which the same sequence of 
digits repeats again and again, are called repeating 
decimals. Every repeating decimal represents a 
rational number and every rational number can be 
represented by a repeating decimal. Which decimals 
in the Investigation represent rational numbers? 


. A nonrepeating decimal is ‘unending,’ but the same 


sequence of digits is not repeated over and over again. 
An irrational number is any number that is represented 
by a nonrepeating decimal. Which decimals in the 
Investigation represent irrational numbers? 


. Can you create your own nonrepeating decimal? 


What kind of a number does it represent? 


. The number V10 is irrational. What kind of decimal 


would represent V10? 


- Many irrational numbers do not have patterns in their 


decimal representations. The ratio of the circumference 
to the diameter of any circle is an irrational number 


What must be true of the decimal for 7? 


6. A Does 0.72 represent a rational number? Explain. 
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B Does 0.9217 represent a rational number? Explain. 


a eae ee 


WB 


Using the Ideas 


Tell whether each decimal represents a rational number 
or an irrational number. 


ASO 1271200 EE, 0.0369121518 |. 
B 0.4 F 3.249999999 ... 

Ceol Gh eu Lifeline ae G 189.647764776 ... 
D 0.142857142857 ... H 0.01020304050... 


Find a decimal approximation to the nearest hundredth 
for each of the following expressions. Use V2 ~ 1.414. 


A 3+ V2 B 2-2 ec V2-1 p V2+ V2 
= a2 5 ee Act ele 
5 6 We 2 

Use zr ~ 3.14 to find a decimal approximation to the nearest 
hundredth for each of the following. 
A 10:7 B 4-7 Gi ar +3? pi 

ku 2 257 
E 180 F 7 G 56-7 H 4 


1+ V5 
The ratio” 5 _ is called the 
Golden Ratio. A rectangle whose 
length and width are in this ratio 
is said to be the most pleasing 
rectangle to the artistic eye. 
Find a decimal approximation of sas 
this ratio to the nearest hundredth. 1+ V5 
Use V5 ~ 2.236. 
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The Set of Real Numbers 
Discussing the Ideas Real Numbers 


1. The union of the set of 

rational numbers and the 

set of irrational numbers 

is a set of numbers 

called the real numbers. 

A Is an integer a real number? 
Is an integer rational or irrational? 

B Acertain real number is not a rational number. 
What kind of number must it be? 





2. Since every decimal (repeating or nonrepeating) determines 
a certain point on the number line and every point on the 
number lines goes with a certain decimal, we say that the 
number line is complete, and call it the real number line. 


Some real numbers matched with their points on the 
real number line are shown below. 
— 37 


2 <Vi0 “Valse Waal GV2NIOS Bat V2e2 0) ; 
; 





ao 4 3 2 1 0 1 2 3 4 Ms) 


a Name a rational number between V2 and V5. 
B Can you name an irrational number between V2 and V5? 


3. You are familiar with the basic principles for addition 
and multiplication of rational numbers. Because the set 
of real numbers contains the set of rational numbers, we 
accept the same basic principles for addition and multipli- 
caulon, of real Dumpers, 





Use the commutative ane aecccnitte mnchaieean to sind 
the ital Sue the examples. 





(3: V2) - V2=3-2=lll (V5-4)-V5=4-5='ll 
c (V3- V5) -(V3- V5) = lll p (8- V7) -V7=llll 
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Using the ideas 


1. Give the word (rational or irrational) that best describes the number n. 
A nis areal number represented by a repeating decimal. 
B nis areal number that is not represented by a repeating decimal. 
c nis areal number that is not a rational number. 
D ncan be represented by a fraction. 


2. Find the products. 


A (2- V3): V3 c V7: (3: V7) E (2: V2)-(3- V2) 
B V2-(V2:-9) p V6-(V6-4) F (5- V3) - (7° V3) 
3. Give the integers for a and b. Then give the final product for c. 
Multiply 
A ( WBMS) * = (V2: V3) - (V2. V3) =a-b=c 
Multiply 
B (V8° V5)?= (V3- V5) -(V3- V5) =a-b=c 
c (W2°V7)?= (V2: V7) - (V2: V7) =a-b=c 
p (V7°V5)?= (V7- V5) - (V7: V5) =a-b=c 


4. In Exercise 3A, V2-V3 gave 6 when squared. What other symbol 
represents the number that gives 6 when squared? 


5. a Using the facts that V2 ~ 1.414 and V3 ~ 1.732, find a 
decimal approximation for V2- V3. 


B What is a decimal approximation for V6? 


6. Give a simple square root for the product. 


a V3-V5_ Answer: V3-V5= V15 


AN p V3-V7 F V13-V11 Hu V3-V17 
c V7-V5 e V5-V11 @ V11-V17 8 V13-V13 


7. Use the distributive principle to give a rational number for the 


product V2-(V2+ v8). 
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REVIEWING THE IDEAS 


1. 


Ill is the positive number that 

multiplied by itself gives 5. 

B ||| is the negative number that 
multiplied by itself gives 5. 

c¢ V13 is the ? number that multi- 
plied by itself gives |||. 

p ~V13 is the ? number that multi- 

plied by itself gives ||lll|. 


> 


. Give the number for point A on the 


number line. 





. Between what two integers is the 


point for ~- V37? 


. Give the largest possible integer for 


a. Give the smallest possible integer 
for b. 


a Vi2- viI2 
a-a<12<b-b 

B V29- V29 
HR dared 

ce V333- V333 


J 
a:‘a< 333<b-b 


. Give each square root to the nearest 


integer. 
A V12 ce V333 E 250 
B V29 Dp V19 F 163 


. A Which number, 3.6 or 3.7, is closer 


to V13? 


B Which number, 7.28 or 7.29, is 
closer to V53? 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


. Find a decimal approximation of 


V 18.44 to the nearest tenth. 


. Find a decimal approximation of V163 


to the nearest hundredth. 


. These numbers are approximations of 


the square roots of certain whole 
numbers. Find these numbers without 
using a table of square roots. 

Ay 1,7 c 7.21 

B 3.16 D 2.646 


The wire braces the post.-Find the 
length of the wire to the nearest tenth 
of a metre. 





Write a repeating decimal for §. 
Find a fraction for the number .2323.. 


A Write a nonrepeating decimal. 


B Does it represent a rational number 
or an irrational number? 


Find the product (2- V7) - V7. 


Give a decimal approximation for 
3: V5. 


The product V3- V11 is the square 
root of what number? 


Write the decimal for a real number 
between 4.8629 ... and 4.8643..... 


. Find the length of the diagonal of a 


square whose sides are 12 centimetres 
long. 


A 


Measure the length and width of your 
mathematics classroom. Then, by using 
the Pythagorean Theorem, determine 
the length of the diagonal of the room. 
Check your computation by measuring 
the diagonal length of your classroom. 
Find the height of your classroom. Use 
the height and the diagonal length of 
the floor to compute the diagonal 
length from one corner of the floor of 
your classroom to the diagonally 
opposite corner of the ceiling. 





Do you think there are other kinds of 
numbers that are not real numbers? 
You may be surprised to find that 
there is no real number x such that 
x?= —1. Mathematicians have invented 
complex numbers or imaginary num- 
bers so that such equations can be 
solved. Find out some things about 
imaginary numbers and give a report 
to the class or write a paper about 
them. (See Numbers: Fun and Facts 
by John Newton Friend; New York: 
Charles Scribner’s Sons, 1954, pp. 
34-41; John Wiley.) 
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= 
> 


How many right triangles like these can you 
draw before they start to overlap? The outer 
leg is always 1 unit long and the other leg 

is the hypotenuse of the preceding right 
triangle. 


a 
2 
= 


1. Try to find the length of the hypotenuse 
of each triangle you drew. 


2. Can you find the total perimeter of the 
polygon you constructed? 


(oy Vi sie] =? 


3. Can you find the total area of the polygon? 


TI 





UNIT H: Some Special Topics in Mathematics 





MODULE 4: Other Topics in Mathematics 















OBJECTIVES: 


After completing this module, you should be able to: 
1. Solve problems in addition and multiplication, 
modulo 4. 
2. Solve problems in a mathematical system based 
on rotations and flips of a square. 
_3. Represent vectors by arrows and show the sum of 
_ two vectors graphically. 
4. interpret drawings and solve problems involving 
simple electrical circuits. 





Congruent Integers, Modulo 4 


Investigating the Ideas 


The trundle wheel starts on the number line with the zeros 
aligned and rolls back and forth. The wheel is designed 

so that 0 on the trundle wheel will touch the points for 

each integer in the set {...,-16, 12, 8, -4,0, 4, 8, 12, 16,.. -}. 


—_— +. —_—_—s ——_— = =, Tl“ —_—— > 
s —_ ~~ - ~ xr na 
4rundle Re in WEF 

he =F 
Pe VF [Ly HAS 
/ 





wheel : a, ee 6 





Can you list several positive and negative integers in 
the sets that match with 1, 2, and 3 on the trundle wheel? 


Discussing the Ideas 


1. The numbers in the set that match with 0 on the trundle 
wheel are the integers that are multiples of 4. Describe 
the pattern for the numbers in the sets for 1, 2, and 3. 


2. Suppose we designate the e 
four sets above by the Maier EP TRLN GE hs 3 <i 
four trundte wheel numbers. Wyse {s, o8. e735 uO aene 
A Is every integer in exactly Dic> {6 5-61-2126 10 

one of the four sets? ors 
B Is the difference between cles Beh ett Mo 
any two numbers in the same set a multiple of 4? 


3. The integers -15 and 5 are in the same set, the 1 set, because 5 — -15 = 20 
and 20 is a multiple of 4. Which of these pairs are in the same set? 


A 21,1 B 3,14 c 2, 34 Di 05; er 


4. We say that 18 is congruent to 6, modu!o 4 because 
their difference is a multiple of 4: 18 — -6 = 24. 
We write: 18 = ~6 (mod 4) 
Similarly, -11 = ~3 (mod 4) because ~11 — ~-3 = -8 and -8 is a multiple of 4. 
Which of these statements are true and which are false? 
A 1= 7 (mod 4) c 16 = 8 (mod 4) E 47 = 1 (mod 4) 
B 15 = 9 (mod 4) Db 0 = 100 (mod 4) F 23 = 51 (mod 4) 


*6. 


The exercises on this page 
refer to these four sets. 


Sf ee he aren 04,8, 12°) .F 
oe Peel bolt (083417 0,09,.13,",°2 ,} 
Ole lO) Om enero, 10,14... } 
re oe sO aslaoers 11, 15,.. .} 


. In which set is the given integer? 


A 19 c 26 e 101 G 16 
B 14 p 44 F 43 H 201 


. Find the differences. 


AIGis 42 
B “3-21 


Cx 1/--s 
BD =1—2/ 


Esio 50 
F 10— 20 


. Tell whether each statement is true or false. 


Use Exercise 2 to help you decide. 
A 6 = 2 (mod 4) c 17 = 8 (mod 4) 
B ~3 = 21 (mod 4) Db ~1 = 27 (mod 4) 


. Copy and complete each statement with one of the 


integers 0, 1, 2, or 3. 


A 9 =|[ll| (mod 4) D 27 = |llll (mod 4) 
B ~6 =|llll (mod 4) E ~19 = lll] (mod 4) 
c ~16 = {lll (mod 4) F 76 =|lll| (mod 4) 


. Complete each sentence. 
A Every number in set ? is congruent to 0, modulo 4. 
B Every number in set ? is congruent to 1, modulo 4. 
c Every number in set ? is congruent to 2, modulo 4. 
pb Every number in set ? is congruent to 3, modulo 4. 


Find the sum of the two integers. Then tell whether the 


sum is congruent to 0, 1, 2, or 3. 
EXAMPLE 1: 7+ 16= 9, -9 = 3 (mod 4) 
EXAMPLE 2: 14+ 8= ~22, -22 = 2 (mod 4) 
fy APP oe te) Caoca 7, E 23+ 47 
Bi0.4- 36 Dy 5+ 15 Fee oa 2 


Using the Ideas 


1 ~1002 
JTL7 
G 42-2 
Mee See L 


E 13 = 53 (mod 4) 
F 10 = 20 (mod 4) 


~39 = [lll (mod 4) 
“40 = Ill (mod 4) 
“41 = [lll (mod 4) 


<a? 


G@ 38+ 52 . 
H 64+ 32 
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Addition, Modulo 4 


investigating the ideas 


OG: r{ are O44: 074285, ae} 2 <>», 49°6, 520256, 10; 92 =} 
a aed, ao eG 3 {.° a5, elf oels A aeeee 





Can you complete each equation below by using 
only the four integers 0, 1, 2, or 3? 


[1] (“3+ 9) = 2 (mod 4) (-7 +71) = ? (mod 4) 
[2] (5+ -2) = ? (mod 4) [7] (14+ -2) = ? (mod 4) 
[3] (32+ -20) = ? (mod 4) (“4+ 14) = ? (mod 4) 
[4] eae ccs (13+ -4) = ? (mod 4) 
[5s] (11+-5) = ? (mod 4) (-5 + -8) = ? (mod 4) 


Discussing the ideas 


1. 


In Equation 1 above, in which set was ~3? 
In which set was 9? 
In which set was (~3 + 9)? 


If any two numbers from set 1 are chosen, 
in which set is their sum? 


5008 B Pb 


A In Equation 2, in which sets were the two addends 5 and ~2? 
B In which set is their sum? 


. If you know one integer is in 1 and a second integer is in 2, 


in which of the four sets is the sum of the integers? 


. Suppose that an operation of addition, modulo 4, is defined 


on the set {0, 1, 2, 3} and that ©, designates the operation. 

We write 2 ©, 1 = 3 because the sum of any number in set 2 
and any number in set 1 is a number in 
set 3. 


A What does this equation mean? 1 ©, 3=0 
B What is 3 ©, 2? 
c What is 2 ©, 0? 


- How is modulo 4 addition like ordinary addition? 


How is it different? 
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Using the Ideas 


. Copy and complete the addition 
table for modulo 4. 


. Use the table to solve each 
equation in modulo 4. 


A1l@®,2=x dpr®,3=1 
B20,2=y E20,n=2 
co @,z—0 F 30,t=2 








. Is the operation ©, commutative? 


. Does 0 in modulo 4 have the same property as 0 in 
ordinary addition? That is, is 0 the identity element 
for addition? 


. Find the modulo 4 solution for each equation. 
A004,p=0 c 20,r=0 


. In modulo 4, 1 and 3 are additive inverses because 1 ©,3=0. 
A Give the additive inverse of 2. 
B What is the inverse of 0? 


. One interpretation of modulo 4 addition 
can be made by using ‘‘clock arithmetic.”’ 
Using a clock with the four numbers as 
shown, you can write 3 ©, 2 = 1 because 
2 hours after 3 o’clock would be 1 o'clock. 


Complete each statement using the modulo clock. 
a 1 hour after 2 o'clock will be |lllll o’clock. 

2 hours after 1 o’clock will be ||| o’clock. 

3 hours after 3 o’clock will be lll o’clock. 

2 hours after 2 o’clock will be |lll o’clock. 

3 hours after 0 o’clock will be lll o’clock. 


moo 8 


. Write equations using modulo 4 addition for each 
statement in Exercise 7. 
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Multiplication, Modulo 4 


Investigating the Ideas 


How many of these equations can you complete 


using only the integers 0, 1, 2, or 3? 





[1] 2x3 = ? (mod 4) [s] 6x 4 = ? (mod 4) 
[2] -2x2= ? (mod 4) [6] 5x -3 = ? (mod 4) 
[3] -3x 3 = 2 (mod 4) [7] 8x 12 = ? (mod 4) 
[4] 4x3 = ? (mod 4) [s] 7x 1 = 2? (mod 4) 


Discussing the Ideas 


1. a In Equation 1 above, in O<{..., 8 -470%4.8, =.) 
which of the four sets eS 

Gio Mr mise ere corner Reays? hie 

B In which set is 3? 2<>{...,76, 2, 2,6, 10,.. J 

c In which set is 2 x 3? 3.<> {..., 75,5 le Schelde os} 


2. Repeat question 1a-—c using the factors in the 
other equations above. 


3. If an integer is from set 2 and another integer 
is from set 1, in which set is the product? 


4. If two integers are both from set 2, in which set 
is the product? 


5. The examples above suggest a kind of ‘‘multiplication”’ for 
integers, modulo 4. The operation is designated by ©,. 


Any integer Any integer An integer 
in3 x in 2 = in 2 
3 ®, 2 = 2 
Explain these products. 
A2®,2=0 B3®,1=3 c 0®,3=0 
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* 7. 





. Copy and complete the 


. Use the table to solve each 
equation in modulo 4. 
A1®,2=x D3 ®,t=1 
B26,2=y Es®,1=0 
c 1®,z=3 F2®,3=n 


Using the Ideas 


multiplication table 
for modulo 4. 





. Is the operation ©, a commutative operation? 


The equation 2 ©, k = 0 has two solutions in 
modulo 4: k = 2 or k=O. What are the solutions 
for2 ®,m=2? 


In ordinary arithmetic, the identity element for 
multiplication is 1 because for any real number n, 
n-1=n. What is the identity element for modulo 4 
multiplication? 


. The rational numbers = and § are multiplicative inverses 


because 3-3 =1. 
A Does each modulo 4 integer 0, 1, 2, and 3, have a 
multiplicative inverse? 


B Give the multiplicative inverses of the modulo 4 
integers which have inverses. 


Perform the indicated operations. 

A 2 ®, (3 ®, 2) D (2 ®,3) O, (1 &, 3) 
B (2 ©,3) O, (2 W, 2) Bad a (0002) 

c 3.8, (2 a1) F (1 @,0) O, (1 @, 2) 
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The Rotations of a Square 


investigating the Ideas 


Cut out a small cardboard square. Draw an outline 

of the square on a piece of paper. The display below 
shows four rotations in which the square is turned so 
that it fits back into the outline again. The arrow on 
the square shows its starting position. 


= 


Rotation & Rotation U Rotation L Rotation / 


~ 360° 


Can you show that a combination of any two of these 
rotations will give the same result as one of the 
four rotations? 





Discussing the Ideas 


1. Rotation / is so named because it is the identity 
rotation. It leaves the square in its original 
position. How can the other letters U, A, and L 
help you to remember these rotations? 


2. What single rotation produces the same result as 
a combination of these two rotations? 


A F followed by U c F followed by AR E / followed by L 
B F followed by L D U followed by U F / followed by U 


3. Suppose the operation ‘‘followed by’”’ is 
denoted by a star (*). Copy and complete 
the ‘followed by”’ table shown at the right. 
It has been completed for U * R=L 


4. For each part, give the rotations for x 
and y. Then give the single rotation for z 
that is the same as the combined rotations. 


TAG -@2ee 
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Using the Ideas 


. Give the rotations for x and y. Then give the combined rotation z. 


7 ieee 
Gels AEP 
Zz Zz 


. Using elements of the set {/, R, U, L} and the operation *, 
write an equation for each part of Exercise 1. The equation 
for part a of Exercise 1is Ll &* L=U 


. Solve each equation. The replacement set is {/, R, U, L}. 
Use the table completed in the Discussion or actually use 
a square to help you find the solution. 


A Lx x=R pb xxU=/ aqL*l=x 
BR*x=U E Ux x=U oe be i | 
ec x*xR=! F | * x=R 1xx*xLl=RA 


. Solve each equation for x in the /RUL system. Use the table of 
Discussion Exercise 3 to help you. 


a (R%&L) x U =x 
Rx (L* U) =x 
(le R)*& R =x 
| * (R&R) =x 


(Ux*R)x U =x 
U * (R* U) =x 
(L*R)*x L =x 
Lx (Rx L) =x 


oo @B 
zo wv m 


. What basic principle for the operation * is suggested by the 
equations of Exercise 4? 


. In what way is the identity element / for the operation * 
like an identity element for arithmetic operations? 


. For each equation, give the rotation for y. 

A/xy=!/ BRey=!/ c Ux y=! pL*ey=/ 
. In the set of integers, each integer has an additive inverse. 

That is, if x is any integer, x + (—x) =0. 


Does each rotation /, R, U, and L have an inverse with respect 
to the operation * ? Give the inverse of each rotation. 
(See Exercise 7.) 
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Rotations and Flips of a Square 
Investigating the Ideas 


You can get some new moves of a square by turning, or flipping, 
a square around its four lines of symmetry. 


Can you find a combination of two of the flips that will give 
the same result as one of the four rotations (/, R, U, or L)? 





Discussing the ideas 


1. The A flip is called the “left diagonal’’ flip and 
Bis the “right diagonal” flip. How would you name 
the flips H and V? 


2. Will the combination of any two flips give the same 
result as any single flip? 


3. The figure shows that an H flip “EL 
followed by a V flip is the same 


as a U rotation alone. (The U 
dotted arrow shows the reverse 
side of the card.) 


What single rotation could replace these flips? 
a H followed by Q c D followed by V E H followed by 1” 
B V followed by V p D followed by # F V followed by 


4. Suppose * denotes the operation ‘‘followed by”’ for 
both rotations and flips. Complete each statement and equation. 


* [al | *fodalsitl ihenge oar adil a 


Ree ob SAiseo V 27 


An Hflip followed by a J flip is An L rotation followed by a & flip 
the same as a ||| rotation alone. is the same as a ||| flip alone. 
We write: H * B= |llil We write: L * BR='llll 
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* 9. 


. Copy and complete the table for the operation 


. Suppose we call the system consisting 


. Use the table in Exercise 3 to show 


Using the Ideas 


. Give the rotation or flip for x and y. Then give the rotation or 


flip for z that gives the same result as x followed by y. 


A ees ees shale aes bs 


genet 7 eahe 


2 iLiad eae ea (Bd aR bed ierakes 


eee ce ee he a Be eee 


. Write equations for each part of Exercise 1 using flip and 


rotation symbols. The solution for Part ais 8 * L=H. 


“followed by.” In the table, the /RUL system 
has already been completed for you. 





of the set of eight elements, {/, R, U, 

L, H, V, Q, B}, and the binary opera- 
tion *, the octic mathematical system. 
Which element in the octic system is 
the identity element? 














that * is not a commutative operation 
for every pair of elements in the octic system. 


. In the octic system, the element / is the identity 


element. Show that each element in the system has 

an inverse element. 
EXAMPLES: Since 8 ® Q=/, the inverse of Qis Q. 
Since R * L =/, the inverse of RF is L. 


. Solve each equation in the octic system. 


A (UxH)*V =x c Rx (V *D) =x E (V*V) *R =x 
B Ux(Hx*V) =x p (R*V) xD =x F V*(V *R) =x 


. Do you think that the operation * is associative in the octic 


system? (HINT: Look at the results of Exercise 7.) 


Solve the equation/*k*RxeLeU*x*VkH*xeR*eD=x. 
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Vectors 


Investigating the ideas 


Three arrows are drawn from 
the origin to the points 
whose co-ordinates are (3, 2), 
(~3, 4), and (“1,-4)e The" 
arrows are denoted by a, 

b, and c respectively. 


Can you show three more 
arrows on graph paper 


that are the same length 
as these arrows but point 
in the opposite direction? 





Discussing the ideas 


1. What are the co-ordinates of the tips of the arrows 
you drew? Compare these co-ordinates with the original 
co-ordinates of a, b, and c. 


2. The mathematical term for an arrow is vector. Each 
vector can be named by giving the co-ordinates of its 
endpoint (the arrow tip). Thus, a = (3, 2). 

How would b and ¢ be designated? 


3. The length or magnitude of a vector can 
be found by applying the Pythagorean 
Theorem. The length of z= (2, ~1) is 
found as follows: 


(length z)?= x?+ y2= 22+ (-1)?=4+41=5; 





length z= V5. 
What is the length of each of these vectors? 
A a= (3,4) Bebe ees) 


4. What vector would have the same length as z in Exercise 3 
but point in an opposite direction? 


5. The special vector (0,0) is called the zero vector or 
null vector. What is its length? 
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. Give the ordered pair that 


. Find the length of each 


. Show the arrow for each 


Using the ideas 
names each vector. 
Ar c s Ee t 
Bou Dv F Ww 


vector in Exercise 1. 


vector on graph paper. 
a p=(-4,-1) © r=(0, -2) 





B t=(1,~1) F n= (-2,5) 
c q= (4,0) @ s= (3, 3) 
p k= (3, ~4) H r= (-5, 0) 


. Find the length of each vector in Exercise 3. 


. Which of the two vectors is longer? Compute their 


lengths, then check by drawing arrows. 
a a= (2,3) or b= (1,4) c e= (6,8) or f= (-7,7) 
B c= (1,1) or d= (2,0) p g= (5,0) or h= (0, ~4) 


. Prove that v = (-8, 6) is twice as long as u = (4, ~3). 


. What vector is three times as long as b= (2, 1) and 


points in the same direction? 


dAUUTU 


Suppose a Cube and an open-top box, 
into which the cube will just fit, 
have their vertices numbered as 


shown. How many different ways 
can the cube be placed into the 
box? 
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Addition of Vectors 
Investigating the ideas 


Draw vectors a and b on 
graph paper. Suppose a 
and b are two sides of a 
parallelogram. 


Can you draw the 


other two sides of 
the parallelogram? 





Discussing the Ideas 





1. What are the co-ordinates of the other vertex 
of the parallelogram in the Investigation? 


2. Draw an arrow c to the vertex of the parallelogram 
you found. The vector c is called the sum of_ 
vectors a and b. We denote this asa © b=c. 

The symbol © is used to distinguish it from the 
addition symbol for numbers. Do you see we 
numerical relation between a= (3,~1), b 
and the ordered pair for c? Describe the relationship. 


3. Lisa said that she found 
the sum of two vectors by 
adding the numbers in the 
ordered pairs together. 


aa (eos) 


a 
b (1 ess) 


2 yoy 
c= (3+1,2+ 3) = (2,5) 
Try Lisa’s method for 


these sums. 

A r= (4, 3), s= (1, 5). 
Findr @s. 

B j=(1, a k = (- 2, 4). 
Findj @ k. 
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Using the Ideas 


. Sketch the arrow for each vector. 


AM—1(2 22) B) $= (3, ~1) c t= (-2,2) p u= (~1,-3) 
. Use the vectors in Exercise 1 to find these sums. 

ar@s c t@u eEu@r 

Bs@t ps@®u Ft@r 


. The null vector or zero vector is (0,0). If p = (-7,3),; 


what is the sum of p and the zero vector? 


. Is there an identity element for addition of vectors? 


That is, for every vector j, is there a vector whose 
sum with j is vector j? What is the vector? 


. A What is the sum a @ b where a= (7, ~3) and b= (-7,3)? 


B What is the sum b @ a? 
ce Do you think addition of vectors is commutative? 


. If the sum of two vectors is the null vector, each 


vector is called the additive inverse of the other. 
A What is the additive inverse of t = (eee tay) X 


B Does every vector have an additive inverse vector? 


. Let d = (2,6), e= (-3, -2), and f= (4, -3). 


A Findd @e. c Find (d @e) Of. 
B Finde @f. D Findd @ (e Of). 


. Do you think addition of vectors is associative? 


Let n= (-3, “7) and m= (5,4). Find the ordered pair 
forxifm © x=n. 





Series Switches 


Investigating the ideas 


Electrical circuits have switches which can be opened 
or closed to determine whether or not current will 
flow through the circuit. 


ec jg _ NE ee 


AN OPEN SWITCH A CLOSED SWITCH 
No current flows through the switch. Current will flow through the switch. 


Switches A and B are connected 

in series. The bell will not ring if 
both switches are in open positions. 
Show the circuits for other possible 
positions for switches A and B. 


Can you decide for which circuits the bell will ring? 


Discussing the Ideas 





1. a Will the bell ring in the series circuit if only switch A is closed? 
B Will the bell ring if only switch B is closed? 
c Will the bell ring if both switches A and B are closed? 


2. Suppose an open switch is designated by 0 and 
a Closed switch is designated by 1. 


pao ise ais the same ast end o— 
A is open and B is open. One open switch 


We can describe this by the equation 0 ® 0 = 0 where © means and. 


What equations can you write using the symbols 0, 1, and @ for A, B, and C? 


A 0 ee is the same as Br Ae 


B Cc 
A open and B closed One open. switch 
B eo ‘is the same as Se — 
A closed and B open One open switch 


C 6 4 ee | ——_e—_—_e—_—_ 
r = s the same as . 


A closed and B closed One closed switch 
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Using the Ideas 


. Use the results of Discussion 
Exercise 2 to complete the 
table for the circuits. 





. Use the table in Exercise 1 
to solve the equations. 


A0@®1=x c 1®2z=0 
B1®y=0 dod t®1i=1 


. The circuit has two switches, 
A and B, connected in series. 
The bell is ringing. 
A In what position are 
switches A and B? 
B Write an equation for 
the circuit. 





. The bell is not ringing in 
the circuit. Switch A is 
closed. 

A In what position is B? 


B Write an equation for 
the circuit. 


. A,B, and C are three a lS 9s CAN mele Ofte. 
A B c 


switches in series. 
A Will current flow through the circuit? 


B Which single switch could replace these three switches, 
an open switch or a closed switch? 


c Solve the equation (0 © 1) ® 0=|fll. 





. Solve the equations. 

a (00) @1=llll ce (0@1) @1=lllil 
B (1@0) @1=illl bp (181) @1=llll 

. Can you show that the operation © is commutative? 


. Is ® an associative operation? 
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Parallel Switches 


investigating the Ideas 


Two electrical switches 

A and B are shown in 

parallel. Current will 

flow through the circuit 

and the bell will ring 

when at least one of the 
switches, A or B, is closed. 
Describe all the possible 
positions for switches A and B. 





Can you decide in which positions the switches 


must be in order for the bell to ring? 





Discussing the ideas 


1. What single switch, open or closed, is equivalent 
to each of these parallel switches? 


2. Suppose that 0 denotes an open switch, 1 denotes 
a closed switch, and © denotes switches in parallel. 
Exercise 1a can be described by the equation 0 © 1=1 
because if A is open and B is closed, current will 
flow through the circuit. 


Write equations for the switches in parts B, ¢, and p 
of Exercise 1. 


3. Use the results of Exercise 2 
to copy and complete the table 
for parallel circuits. 
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Using the Ideas 


1. Use the table in Discussion Exercise 3 to solve 
these equations for parallel switches. 
A0@®1=x c1@01=2z EO0@0=t 
By @®0=0 d1@0=+r FO@®n=1 


2. A circuit contains two switches 


in series which are connected in 
parallel with a third switch. To A 8 
determine if a current will flow 

C 


through the circuit, we can write 

fale aes A and B C 

vey Ni. 

(1®0) O®i= 0 Oi=1 

Therefore, the circuit is equivalent to one closed switch 
and current will flow through the circuit. 


Write and solve similar equations for the switches below. 


A B c rg 
= eae {a} 
D F 


A B | A B | 
“f; C c 
g ce 
seer E a 
‘ss GC C 
3. Solve the equations. Each contains © and ©. 
a (1@0) @1=|} c¢ (0@0) O1=([ e& (1061) @0='illl 
B (160) @1=ll o (081) @1=[h F (1@1) @0='llll 


x 4. a For the circuit below, what is the fewest number of 
switches that can be closed to make the bell ring? 


B What is the greatest number 
that can be closed and yet =I D 
the bell will not ring? C E 
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REVIEWING THE IDEAS 


. Complete the 
addition 
table for 

the modulo 4 
system. 





. Solve the equations in the 
modulo 4 system. 


A 3 @, =x 
B 260,3=y 


CTO O11 Zz 
D 20,2=t 


. Complete the 
multiplication 
table for 

the modulo 4 
system. 





. Using the table shown, solve the 
equations in the /RUL system. 


AR*x=U 
Bix x=L 
c Rx U=x 
pb xx*Ll=/ 
elLx*L=x 
FLex=U 





. Solve the equations in the octic 


system. 
A Bxex=!/ 
B x *xV=R 


c (Ux x) k*V=V 
dD (V*L) *B=x 
eE (R ®*B) ®* x=H 
F (QR *D) & x=/ 
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6. A Give the 

co-ordinates 
of a. 

B Find the 7 
length of a. 

ce What vector 
has the same 
length as a but is opposite 
in direction? 





7. What vector is aa @ b? 
(See drawing for Exercise 6.) 


8. If r= (-2,3) and s= (7, ~1), 
what vector is r © s? 


9. What vector is the additive 
inverse of v= (6, 2)? 


10. If j= (5,6), k= (3, ~2), and 


31 


11. Tell whether the switches are in 
series or in parallel. 


fi 
B 


12. Will current flow through this 
circuit? A, B, and C are 
switches. 





13. Solve the equations for series © 
and parallel © circuits. 


A (1@0)=x E (1©0) ®0=x 
B (1®00)=x F (101) ®©1=x 
ec (1@®1)=x gc (001) ®1=x 
dp (101)=x H 0 @® (1 @1)=x 





RESEARCH PROJECTS 


A_ Invent a modular 
arithmetic based 
on the days of 
the week. Make 
an ‘“‘addition”’ 
table and a 
“multiplication” 
table for the system. 





B_ Invent a mathematical 
system based on the 
rotations and flips 
of an equilateral 
triangle around its 
centre and its 
lines of symmetry. 








There is an algebra of ‘‘tire switching”’ 
on an automobile. Find out about this 
nonmathematical system. (See 
Algebra: A New Way of Looking at 
Weybright and Talley, 1968, pp. 32-54; 
Musson Book Company.) 


Invent more complicated circuits. 
Analyze the circuits using the symbols 
0, 1, ©, and @ as developed in this 
module. (See Mathematics and the 
Modern World by Mario F. Triola; 
Menlo Park, California: Cummings 
Publishing Company, 1973, pp. 39-48; 
Addison-Wesley.) 
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CUMULATIVE REVIEW 


1. Six names are placed in a hat. 10. a What is the 
Two of the names are boys’ names. range of the 
What are the chances of drawing heights? 

a girl’s name from the hat? B What is the 
arithmetic 

2. A probability experiment has six mean of the 
equally likely outcomes. What is the heights? 





probability of each outcome? 
11. On five tests Kitty had scores 
3. A probability experiment has only of 91, 82, 88, 94, and 85. What 
two outcomes, A and B. If P(A) =2 was her median score? 
what is P(B)? 
12. The table shows 




















4. A penny and a nickel are tossed. the number of rere 
Give the probability of each event. points scored 
A Two heads c A head and a tail by each player Willis 
B Two tails p At least one tail on a basketball Marto 8 
team. 
, : Mills 0 
5. Two black marbles and two white A What is the 
marbles are placed in a box. The median score? | Ford 2 
marbles are withdrawn one at a time B What is the 
. : Baker 6 
until all have been withdrawn. mean? 
Draw a tree diagram that will show c What is the Evans 0 
all possible outcomes for this mode? Mode 1 
experiment. Nt 
13. The histogram shows the results 
6. How many different arrangements of an experiment of tossing 
(permutations) are there for the three coins. 
letters A, B, C, and D? ALWhat was the He 
a4 most frequent zm" 
7. How many combinations can be outcome? 5 8 
made with the letters A, B, C, D, E, ~, fhe ienaes c 4 
and F if three letters are taken Shae “2 
; occurred the 
at a time? 0 
fewest number EZEEb 
| : res 
8. Compute. —— of times? zz 
3! - 2! ¢ How many trials of the 


experiment does the graph show? 
9. A die is tossed. Let E be the 





event of getting a 3 or more and 14. Construct a line-segment graph 
let F be the event of getting a1 or 2. of these hourly temperatures. 
A What is P(E)? ae. Ee a i 





What is P(F)? 
What is P(E 2 F)? 
What is P(E U F)? 


o 0 B 
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15. 


16. 


ice 


18. 


19. 


20. 


7A 


raph 


23. 


24. 


A What percent 
of the lunch 
was the chili? 

B How large is 
the central 
angle for the 


fries? Lunch $1.50 


A sample of voters in a city shows 
that 53% favor candidate A and 47% 
favor candidate B. If 20 000 

people vote in the election, about 
how many votes can each candidate 
expect to get based on this sample? 


If x?= 2, then x= V'jjlll or x = ~ Vill. 


Which decimal is the best 
approximation for V2? 1.4 or 1.5? 


Locate approximately on a 
number line the points which 
correspond to V3, V21, and V20. 


Give the best choices of integers for a 
and b. 


An are 10 <b c a< V95<b 
Ba< V40<b Dp a< vV601 <b 


Find the decimal approximation 
for the following numbers to the 
nearest tenth. 


A V48 B V930 c V5625 


Write a repeating decimal for. 


Write a fraction for each decimal. 
A. £0162 B 0.071 10277. 


Complete each sentence with 

repeating or nonrepeating. 

A Every rational number has 
a ? decimal representation. 

B Every irrational number has 
a ? decimal representation. 





25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Find each product. 
A V15-V15 Cao.V 90 ay 7 
B Vi 2- V7 |p V2-13>V2-V3 


Give a decimal approximation (to 
the nearest hundredth) for each 
expression. Use V5 ~ 2.236 and 
Nee ea 4: 


a vV5+V2  ¢ V5-v2 
e V5-V2 wv V5= v2 


Solve the addition equations in 
the modulo 4 system. 


A.1@,3=x B20,3=y 


Solve the multiplication equations 
in the modulo 4 system. 


A0®&,3=x B2®,2=y 


Give the rotations for r and s and 
then give the combined rotation for t. 


IE a = 
er eetlee 7 


t 


In the octic system, R % R= |llll. 


If v= (7,4) and t= (2,2), 
what is v © t? 


What is the inverse vector for 
the vector r= ("2,6)? 


Which switches must be closed before 
current will flow through the circuit? 


[a] Only A and C. i 
Either A or C. “i 
[¢] Both A and B. f nasa 


[>] Both A and D. 
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‘HEIMATICAIRECRE 


<= 
= 


A recent and interesting branch of mathematics is 
known as ‘‘Game Theory.” The theory of games began 
with the work of the mathematician John von Neumann 
(1903-1957). Game theory not only applies to simple 
games but also has important applications in business, 
psychology, and the social sciences. The game described 
below is a simple application of game theory. 


Cs! NT @) 


AN 


Try playing this game with a classmate. 


Each player starts a game with 20 counters. 

Each player has two cards, one labelled X and the other Y. 
Each player chooses one of his cards and both players 
turn up the cards simultaneously. 


_ 


The table below shows how the players win counters 
according to their choices. 


4 
yess 


Player B 


Shee 
A wins B wins 
Card Y B wins A wins 
1 counter 1 counter 


The game is completed when one player wins all of the 
other player’s counters. 


N) 
ic 
hr 
oc 
oJ 
ss 
< 
S) 


Try to develop some strategies that may help you win 
the game. 


/4N Ei 
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1. Write each product using an exponent. 
AO GO C22 e222 2 Ee 10-:10-10-10-10-10 
B &:8-8 bp 95)-95)-95:- 95 FE 0°S (070-3 10 oe ser 


2. Write each product as a power of ten. 


A 10?7-10' C102 5102 EW 10ce.t04 a 10°-10° 

B 107-102 pb 10*-10' F 10*-10° H 107-10? 
3. Write each quotient as a power of ten. 

Ay 1022710" Cui0 es 0< Ev0?=3102 @ 102-108 

B 102-10") De 102.210) F102--5105 H! 1042-10" 
4. Write each base-ten numeral in expanded notation. 

A 38 c 802 E 2035 G 14035 1 687 524 

B 621 D 1259 F 8001 H 81 253 J 300 050 








sev? | | 


1. Round each number to the nearest ten. 
A 72 c 129 E 1253 G 15633 ' 200 008 
B 85 bp 635 F 7507 H 48 106 Ay Sigey sete 





2. Round each number to the nearest hundred. 
A 385 c 1258 eE 9050 G 23975 1 843 705 
B 649 p 6845 F 17 883 H 105 105 J 503 507 


3. Round each number to the nearest thousand. 
A 1295 c 5765 E 20 801 G 458 358 
B 2603 Db 15976 F 135053 H 755555 


4. Round 5 607 384 to the nearest 
A ten. c thousand. Ee hundred thousand. 
B hundred. pb ten thousand. F million. 


S-2 
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1. Use multiples of 10, 100, or 1000 for each |||. 

A To estimate 526 + 385, find the sum 500 + lll. 

B To estimate 1285 — 938, find the difference |||] — 900. 
c To estimate 493 - 32, find the product 500 - |||ll . 

D To estimate 3207 + 376, find the quotient 3200 = |||. 
E To estimate 543 - 208, find the product ||lll| - 200. 

F To estimate 6388 + 5892, find the sum 6000 + ||. 

G To estimate 41 850 ~ 68, find the quotient ||| + 70. 


2. Give an estimate for each of the following problems. 


A 336 + 520 D 1538 + 48 G 2436 — 498 J 7437 + 15 805 
B 1640 — 1099 E 327-62 H 3208 = 825 K 526 - 879 
c 873-6 F 9051 + 832 § 3128 - 168 tL 6172-983 





a 


1. Find the sums. 


A 256 BG, 35 c 158 pb 351 E 1205 F 15 873 
+ 33 +57 + 49 + 493 + 999 + 3059 





G 42 H® $9159 1 506 J 942 kK 3841 L 76 437 
67 48 721 267 1762 8 649 
1-99 tee i, tie he +307 +4211 os 001 





2. Find the sums. 


A 8259511105 G 364 + 721 + 480 MGOS 999R-9349 
B 862-15/,4719 H 6300 + 503 + 59 N 76095 + 2649 + 850 
e 135+ 49 + 63 IPOH 11 So ta103 © 45 083 + 30 906 + 1285 


pb 350 + 35 + 3500 J 756 + 8005 + 10 700 P 850 721 + 37 842 + 7655 
E 943+ 17 + 306 k 3700 + 37 000 + 370 @ 937 210 + 653 213 
F 77+ 103 + 520 L 538 + 5603 + 809 R 8 340 756 + 4 750 095 


xxx Clrlti‘(i‘CUOUUUCU US 


1. Find the differences. 





Vow tod B 72 c 100 
= 54 =39 = 53 

G 1576 H 2834 t 6912 
= GAL — 1843 — 6853 

2. Find the differences. 

AD oS — 27 F 1586 — 958 

B 150—69. G 4081 — 3982 

ce 302 — 124 H 7800 — 839 

p 950 — 666 1 9040 — 150 

E 1500 — 875 J 3897 — 2999 





L 


fe) 








dD 248 E 963 F 801 
450 = 211. — 352 
J 5350 K 9500 t 10000 
— 4795 — 6306 rsa 
51 753 — 1845 P 100 000 — 10 000 
67 595 — 39 008 @ 100 000 — 1000 
30 000 — 3000 R 100 000 — 100 
67 805 — 1800 s 343 000 — 24 793 
97 031 — 950 T 956 000 — 955 311 


=  »€©€Ku”SsT ghee 


1. Find the products. 


A 52-6 bp 129-4 
B 73:8 Ee 456-7 
c 87-9 F 903-5 


2. Find the products. 


A 54:18 D253 ~35 

B 26-67 E 125-88 

c 46-22 F 605-76 
3. Find the products. 

A 179-201 D 535 - 806 

B 368 - 555 E 490-359 

c 843 - 347 F 993 - 865 


S-4 


1576 - 
4609 - 


8080 -9 


1200 
5306 
7953 


1734 


7951 


Ash, 
1 
-44 


-213 
5877 - 


303 


- 537 


J 12901tes 
K 37 059-5 
tL 90903 -7 


J 15000-18 
K 37 112-23 
L 53 025 - 85 


J 6305 - 833 
K 5950 - 970 
t 8005 - 508 


ss a 


1. Find the quotients and remainders. 


a 5)74 p 6)384 G@ 3)501 uy 6)1522 
B 7)105 E 4)149 nH 5)419 x 4)1905 
© 8)125 F 9)570 1 7)959 L 2)9999 
2. Find the quotients and remainders. 
A 42)183 Dp 54)1568 G@ 74)2075 
B 63)516 E 27)2245 H 68)8346 
c 36)172 F 49)1677 1 81)8000 
3. Find the quotients and remainders. 
A 189)4160 p 351)4593 @ 235)10 815 
B 304)2463 E 705)6615 H 324)22 043 
¢ 611)5500 F 931)9200 t 654)54 321 


m 8)34 300 
nw 9)51 355 
o 7)61 499 


19)51 300 
34 )29 806 
99 )81 565 


& 


r 


262 )37 470 
K 936)105 100 
L 677)200 000 


G 
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1. Evaluate 2x — 1 using the numbers in the set {1, 2, 3, 4}. 


2. Find the missing numbers for each part. 


a lfa=6, then6+a='lll. F If f= 4, then 5f— 3 = lll). 

B Ifb=2, then 17— b=|llj|. a If g=8, then (16—g) + 2=|ll. 
c If c=3, then 6c =|. nu If h=3, then 15— 3h= fll. 

p If d= 42, then d=+6=|lll. 1 Ifk=5, then 4k+2=|l. 

E Ife=17, thene—5=|l. J If j= 10, then j?= fll]. 


3. Suppose {0, 1, 2, 3, 4, 5, 6, 7} is the replacement set for 2x + 3. 


What is the replacement for x that will make the value of the expression 


A 11? B 5? cri ite bp 15? 


Ee 9? 


__LUlUCtC“‘(C(C‘(C‘CS(COC;:;‘;=?s 


1. Solve the equations. Use {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 
as the replacement set. 


aAx—3=4 E 3y= 18 1 4d—6= 22 

B 5a=20 F 19—2n=11 Jv (13—a) +4=15 
ec 81+r=9 G 3t+1=16 Kk 16+ 3c= 16 

p 6+q=15 H 36= 2m=2 tL 2h=-5=2 


2. Find the solution set for each inequality. Use 
{0, 1, 2, 3, 4, 5, 6, 7, 8,9, 10} as the replacement set. 


Ax<5 
By>9g 
¢cat+5<12 
DP di 5 


ee eee 


1. Solve the equations. 


aA /7+c=13 
B 21—x=17 
ce 72=r+ 23 
dp 8t= 40 

—E 38+ y=52 


E 2w>4 

FE 15>t>9 
G 3g+1<10 
H t? > 16 


Ft+9=4 
@ 42=r+19 
H 21—t=16 
'! 17x=51 
J 7r= 42 


te Oye 2 '<.19 
dmg? — 11.25 
K x?+x < 50 


ut d°*+1< 100 





Kk 54+y= 54 
40w = 120 
t+19=19 
N 28=-x=4 
o 15y—3=27 


F 


2. Give the number for the |||. Then give the number for x. 


A 3x+4=10 
3x = Ill 
X— 6 

eE 5x—4=6 
5x = Ili 
x=? 


B 2x—3=9 
2x = Ili 
x=? 

F /x+6=27 


7x = Ill 
x=? 


c 4x+2=14 Dp 2x+7=15 
4x = lil 2x = Il 
x=? x=? 

G 4x—6=14 H 8x+5=5 
4x = lil 8x = Ill 
x=? x=? 


a 


1. Give the number for the |lll]. Then find the number for x. 


A 19+ (x>ah)=15 B 3(x—1)=3 c 6x + 23= 23 
x—1=llll x—1=Illl 6x = lil 
x=? . x=? x=? 
D 3x + 2x= 45 E 4x— 2x= 14 F 5x+ 3x—4=20 
lillx = 45 lillx = 14 lilx = 24 
x=? x=? x=? 
2. Solve the equations. 
A 2x+3x=10 c 11x — 3x = 24 E 2x+ (x + 3x) =12 
B 6x — 2x= 12 D (7x — 2x) + 4x = 36 F 4+ (3x—x) =10 
3. Solve the equations. 
A (7x + 2x) —5=40 D (7x — 2x) — 3x=6 G@ 3+ (8x — 3x) =13 
B 7+ (9x — 3x) = 37 E (8x — 4x) +4=20 H (10x — 7x) —10= 11 
c (5x + 2x) +x= 48 F.. (6X 4..3x) > 2=7 ! (x + 2x) + 3x = 54 


_CLULUlUCC~CCCCi*dCS 


Write and solve an equation for each problem. 


iF 


The product of a certain number 
and 8 is 72. What is the number? 


. Six times a certain number minus 


2 is 34. What is the number? 


. When the sum of a certain number 


and 8 is multiplied by 6, the 
product is 66. What is the 
number? 


. When the sum of a certain number 


and 5 is divided by 7, the quotient 
is 13. What is the number? 


5. Maria bought 3 cans of soup for 


57 cents. How much did she pay 
for each can? 


. Ricardo had 93 cents. After he 


bought 3 pens, he had 6 cents left. 
How much for each pen? 


7. Jan is 3 years older than Sam. In 


5 years the sum of their ages will 

be 33. 

a What is the sum of their ages 
now? 

B How old is each person? 





1. Complete the table of numbers 


for the equation x — y= 3. 


pairs (x, y) from the table in Exercise 1. 


3. Complete the table for the 
equation 2y — 4=x. 


4. Graph the equation 2y — 4 =x using the pairs (x, y) 


from the table in Exercise 3. 


5. Make a table of pairs (x,y) for each equation. 
Then graph the equation. 


Ax+y=8 B 2x+y=12 





1. Factor each number completely. 


A 30 bp 18 G 27 J 105 
B 56 E 72 H 42 xk 103 
c 24 F 44 a 51 t 110 


2. Use exponents to give the prime factorization of 
each number. 


A 15 —e 54 ' 336 m 308 
B 18 F 60 J 252 nw 820 
c 27 @ 125 « 500 o 704 
D 36 H 140 Lt 512 P 612 


S-8 


es |e lee 
5 | i 


2. Make a graph of the equation x — y= 3 using the 


c y+3=x 


4+ © 3 9 





125 
136 
150 


632 
198 
810 
350 


x = < ec 





tt os ae ee 


305 
489 
512 


750 
900 
960 
980 
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1. Find the greatest common factor (GCF) of each pair. 


A 6 and 18 F 24 and 36 K 
B 11 and 12 G 14 and 35 L 
ec 15 and 25 H 24 and 42 a 
D 24 and 6 1 60 and 100 ie 
E 10 and 35 J 14 and 49 ° 


2. What is the GCF of the numerator and denominator 


of each fraction? 


9 20 

A 72 D 95 G 
10 20 

B 40 E 54 H 
44 14 

C 55 F 44 i 


fe 
No 


brie 


S|P 
ON 


Gs 
lp a8 


a 
_| 
(34) 
o 


ir 
-_ 
a8 


28 and 42 p 90 and 120 
30 and 70 @ 68 and 95 
28 and 48 R 92 and 93 
75 and 125 s 150 and 270 
48 and 72 Tt 360 and 450 

M 300 P 500 

N 3 a 32° 

© ios R 3560 


1. Find the least common multiple (LCM) of each pair. 


A 2 and 5 F 4 and 5 
B 6 and 9 G 15 and 12 
ce 10 and 4 H 20 and 25 
D 2 and 7 § 15 and 20 
—E 8 and 3 J 2 and 17 

2. Find the LCM of each group of numbers. 
A 2, 6, and 10 F 4, 6, and 12 
B 3, 5, and 10 G 2, 4, and 7 
c 4, 6, and 15 H 2, 4, and 9 
p10; i2eand 15 i 45, 10.4and 15 

8, 12, and 15 


E 2, 3, and 5 J 


L 


° 


6 and 15 Pp 30 and 40 
9 and 33 @ 10 and 13 
10 and 12 rR 18 and 30 
12 and 16 s 16 and 24 
21 and 15 90 and 60 


ox 


Kk 2, 7, and 5 
t 5, 6, and 15 
m 3, 8, and 12 
nN 10, 20, and 30 
o 8, 12, and 16 
S-9 
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1. Find the sums. 
A O42 

4+ 6 

;oreo 

S919 

OFe oF 


o © BB 


2. Find the sums. 
6147 7/ 
6+-4+-7 
ise Giae tl 
p 67°4+7 
e 674+ 7 


> 


oO B 


1. Solve the equations. 


+) A A 
A O- 3=n 
B 1-— 3=n 
c 0-"“3=n” 
dp 1—"“3=n” 
ELS T3=n 


2. Find the differences. 


A 17-8 
5— 13 
0—19 
7o— 115 
—eE 20— 30 
Ff. s6— <9 
$-19 


o 0 8B 


ba | 


J 


“16489 

14+ 712 
SS aT 
Elooeeo 
ye 77a 


F 15+ -13+7 
@ -5+19+ 73 


nH 267 204. 8 
12S cpa lig oO 


Je OO. alle 


at 


50 2/0 
05-1400 
lout s 
“OS? 07 
p (6es2 


x 





1205-9 
-98+—100 
1/5. S223 
~106 + ~106 
=9354-0 


(30 + 30) + (30 + ~30) 


tc. (30 +7 30)aF (30 + 30) 


(30 + 30) + (~30 + ~30) 
(~30 + 30) + (~30 + ~30) 


o (30+ 30) + (“30 + 30) 


a | 


Think about missing addends. 


Ss A A 


2— 6=n 
6—"“2=n 
62t2—n 
hot Seen 
“2-—"6=n 
Us) 
“4—~14 
26 a9 
22.-A9 
0 =6 
1295 


L 


o 2 £ 


9» © @ 6G 2 &€ 


Ss A A 


5—- 9=n 
“5—-— 3=n 
“8-—"2=n 
7—"6=n 
"6 49e=n 
20 ed 
whys) 
48— 5 
“Do 12 
10 — ~33 
75 — 47 


< ¢ 


x £ 


Ss A A 


L= Ean 
14-— 6=n 
“4—"6=n 

“12— 3=n 
“12—"“3=n 
38— 58 
“05—3 
220. al 
65 — 65 
543 — ~17 
418 — 814 


| ae 


1. Find the products. 





A 2:10 F “123-6 Kk 20-~14 Pp 1-87 u 200-8 
B 4-6 G@ ~100-0 Lap .3 a, 1:87 v ~500-0 
c 20-73 HM 1-53 wm ~1-43 rR 10-87 w ~35:~4 
bp ~3-~16 1 ~30-3 nN ~50-~30 Ss 4107 6/7 x ~56- 22 
—e ~10-15 J 0-~27 Ooms <2 Tt ~10-87 y ~30-~45 


2. Find the products. 


A 3:3:°3 F “5p 4 K (-5-4)-(-5-4) 
Pe a | a 6-5-3 Lt (-S-~4) > (5-4) 
cro. Wr H ~10--10--8 m (~5-~5)- (4-4) 
dp 3:-3°3 1 -3-15°4 nN (~5-~4) - (“5° 4) 
fale Fane We Secle- 3-4 o (~5-~4)- (-5- 74) 





Eee 


1. Find the missing factor. 


P F IF P F F P F F P 2 F 
A’ 2/+ 3=n —E 22+ 2=n Mo 772>8=n wm 100+ 10=n 


Bp 15+" 5=n F 49+ -7=n J (2/27 =n wn ~1000+ ~-10=n 
c 18+ 3=n G 54+ 6=n Kk 36="12=n 0 ).'-125+*"-25=n 
pb 19+"1=n H “73+ -1=An t 45> 45=n Pp 0+~128=n 


2. Find the quotients. 


a-15+3  - 55+-11 Kk -300+60 »P 8 s (12-3) 
Bp 18+ 2 G 48-16 Lt ~472--8 
© 21+3 4 -65+-5 wm -1000+-25 a pg 
p42=-7. 17383471 nw -1000=-10 

Be oS Loam (4-6) (-4— -6) 
eE 13-13 J ~120 + ~—40 o ~3500 + 70 R (16— 15) rT) 46)" 


S-11 
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1. What is represented by each of the following? 
a |3| ce |5| E |~42| G |4+2| 1 |-44+2| «x. |-4—~2| 
B |3| pd |-8| F |0| nH |4—2| s_|-4+ =2| L.|4—~2| 


2. Solve the equations. 


A x=|-8| bp |"3-1|=x @ |-14—~7|=x J |5—x|=2 
B |3| =x = |\75-0}—x HW |21 + ~3)h=%x Kk |x—~6| = 30 
ce x=|4-—2| F |-8+-3|=x 1/3550) =x Lt |-9+x|=20 


3. Give the correct symbol (<, =, or >) for each i. 
a 5) |-51 e 5 lil |-s e |3|—|6| ilb3—e 
a -5liiibs 0 |-5! i io — 5 e |-3|—|-6| if |-6| — |-3| 


ee 


1. Give the missing number for each |||. 


a If 4x+6=2, B if 3x +16 = 13, c If 2x—6=10, 
then 4x = ill, then 3x = Il, then 2x = lil, 
and x = Ill. and x = Il. and x = Ill. 


2. Give the missing integers in each equation. 


A3x+4=5 = 3x=[l)h = x='lll. 

B2Xx-6=14 = 2x=|l| = x='lll. 

¢4x+5="3 = 4x=(h = x=llll. 

D3(x+2)=9 = x+2=(l) => x=(l. 

—E 2(x+14)=20 = x+14=|l] > x='ll. 

3. Solve the equations. 

A3+x= "2 D x+6= 13 G 4x+3=15 J ~4(x+ 1) = 16 
B 5x=45 E (x+5)—3= "8 H ~2x—8=10 K 5(x+ 2) =~35 
c -17+x=~56 F 3x+1= 5 ' 5x=+3= 15 L 3(x+6)=0 


S-12 
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1. Write two fractions equivalent to each given fraction. 


Aga mOS fof. 3G (uPoe P§ (88 V 43 

B ? e 2 H 3 K 5 No Qf TT# Wo 

cg Fi 12 Lp of R 4 us x 35 
2. Give the lowest-terms fraction for each given fraction. 

Aié Om G4 S37 Mar Pa S$ i00 Vas 

Bit cg OULU UN LCC BS w 3 

eae BanGs Comme MiAChra! Pe SAings 6S ain bea otar tease,  —* 180 
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1. Give the missing number for each |||. Then tell 
whether the fractions are equivalent or not. 


A ess 3-8 = lil, 5-5 =i B Ss 5-24 =I, 6 - 20 = ill 


¢ SPD 4.36 =I) 9-20 = oP) 7.0 =) 5-42 = 
8 4 - 36 = [lll 9 - 20 = Ill ee 7-20 = ll, 5-42 = ill 


2. Give the correct symbol (= or #) for each li. 


a Fibs > 3s =o Kiss SAS 
et | ee | | | 
ot ibe or ce Uh Beilbs oF ilbes oS ills 
3. Find the integer for x in each equation. 
ae OCG ee! aR Bt 
Oe se ee 


x=  §  —_== 


1. Find the sums. 

















agts De+3 G 3+ yu 5+-4 
B2+4 —eE3s+3 H+? K 3+ 
ci+3 Fett 1 t+ Lote 
2. Find the sums. 
aA 222 B 363 c 538 Dp 8% E 763 
+1746 + 94 + 265 +145 +248 
G 334 H 6-85 1 3145 J 31% K 18% 
445 105 15700 1935 14% 
1 2 sie 2 Zoe 
a 93 AF 63 5F 5 ttre + 3875 




















1. Find the differences. 


a §-3 p ih -§ an-@ 4 3-4 
ee n §-3 K 3-§ 
c §-3 r %-3 1%-4 13-4 
2. Find the differences 
a 63 B 83 ce 16% p 253 E 633 
he aL = 99070 y = 1B ce 








@ 798 ww 1253 1 10075 J 5347 K 750% 


— 3570 Se = ht —1504 ~ 3393, 





S-14 





sie 
ae 
al. 


N|> 
— 
ln 


als 
3 
ale 


10633 
+3212 


15530 


+ 12875 
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1. Find the products. 


aid 0 3-4 
e3-3 e 3-4 
2. Find the products. 
A 3°2 D “1-9 
saps Mah 20m ARSE 
cr 3 F -4-35 


& 
Ole 


alo alt 


= 
olnm 


@/co 


als 


jee) 


oes 
5 


peal 
5 


Ret 
8 


i 
QIN if 


r 
oO 


L 


BSS 


Qn alo 


5 


3. Write each mixed numeral numeral as an improper fraction. 


Then find the product. 


A 14°35 p §--23 
B 23°7 E 3:33 
Cin ls F 3--45 


1. Find the quotients. 


Go. i Tho 
7 Pea We A. 
AD S42. SES oe PA 
C973 G Pisces 


a 4-718 
H 13-13 
i 43-33 


OMe 
G 56 =: 

“a4 
H1+6 
a 


y 10-38 
K 8 - -9 
L 70°63 


J 3. -9 
38, ..°5 

Kips oi 
5 Ant 

tt kek 


2. Write each mixed numeral as an improper fraction. 


Then find the quotient. 


A 236 D 4~ 32 
B 34-4 E 23-54 
© 44 +15 F 34-13 


G 2442 
H -14= 48 
1 5+-8 


J -25 +83 
Kk -43+~-1 
L -34+16 


wb 
n =-0 
m 4% -58 
Ni “15 + Ba 
0 25°24 


m =~ 10 
=9..3 
N 7078 
=3ene4 
0 4> 5 
4 Ades 
& 45> 18 











Write and solve an equation for each problem. 


1. Carl is 12 years old. Sam is 


Carl’s age. How old is Sam? 


2. Marie bought a pair of shoes at 


ood 


a ‘‘5 off”’ sale. If the shoes were 5. 


regularly priced at $15, what was 
the sale price of the shoes? 


3. A furniture store is having a 


ra 


3 Off’’ sale. What is the sale 


price of a chair regularly priced 


at $105? 





1. Find the sums. 
A 6.5+ 1.43 
B 12.32 + 0.471 
c 243.2 + 3.65 
D 0.538 + 8.469 


2. Find the differences. 
A 6.28 — 3.7 E 
Blo: 701 9.39 F 
c 38.6 — 27.7 G 
db 0.937 — 0.66 i 


3. Find the sums. 
A 3.75 + ~2.49 
B 73.1 + 69.5 
c 5.34 + 8.09 
dp 69.5 + 37.42 


E 0.366 +6.2+0.18 


RE i 


4. Jody played volleyball for? hour 


yesterday and 3 hour today. How 
much time did she play in two days? 


If Mrs. Jackson drives 90 kilometres 
in 1% hours, what is her average 
speed in kilometres per hour? 


* 6. A football team won 3 of its games. 


It won 4 more games than it lost. 
How many games did the team 


play? 


F 243.2 + 3.61 + 4.438 J 
G 36 + 2.64 + 0.735 K 
H 0.7305 + 69.1 + 0.88 L 


35.8 — 6.45 1 30.2 — 4.86 
4.85 — 0.769 J 7.06 — 2.49 
10 — 1.58 K 23.56 — 17.742 


18.6 — 5:935 L 326.1 — 44.78 


5 0.97es0105 
0.935 + —0.769 
~28.9 + 33.73 
~0.0639 + 0.0115 


ee 


4.7 + 32.643 + 825.6 
55.89 + 5.589 + .5589 
0.85 + 0.937 + 0.9539 
326.043 + 82.62 + 1.9 — 


mM 84.27 — 62.99 
N 500 — 65.37 

© 830.7 — 179.03 
5000 — 493.971 


Jomiaee! O8f eles 
$904 70 954-5 

83474 70.75 + F78 
60.8 + ~25 + 7.904 


1. Find the products. 











a | 














A 4.72xX6 F 3.86 x 0.4 K 64.3 x 2.66 P 9.731 X 42.56 
B 32 x 0.4 G 76.4 x 0.34 L 1.43 x 0.953 @ 0.0631 x 5.2 
c 43 x 0.07 H 8.26 x 0.65 M 23.7 x 0.564 R 504.6 x 7.31 
Doge2il &) 7:1 1 436.2 x 0.03 N 8.63 X 22.6 S$ 32.2 x 0.3742 
E 52.6 x 4.2 J 2.51X 0.361 © 92.7 x 0.365 T 0.653 x 0.641 
2. Find the products. 
A 0.3 x -0.9 F ~43.9 x -0.15 205.3 x ~8.61 
B ~2.1x6 G 5.96 x -1.7 F951 x- 37105 
Greo207-490.6 H ~12.4 x 68.4 9.421 x —5.631 
Dial fi 2.5 1 ~8.56 x ~3.501 0.075 x —0.99 
E 8.3 x 0.43 J 143.6 x ~340 e300) meODELG 
| SET 92 zl 
1. Represent each number in scientific notation. 
A 400 F 350 000 K 0.5 P 0.0702 
B 3000 G 9000 000 L 8.49 a 0.00009 
c 6300 H 45 600 000 000 m 0.14 R 0.000453 
pd 20000 8 030 000 000 N 0.07 s 0.0000008 
—E 54000 J 7905 000 000 000 o 0.003 tT 0.0008002 
2. Give the ordinary decimal for each number. 
Ao 4.25102 Fod.2. «108 Kk 6x 107 p 7x 10° 
B 5.61 x 10? G 9.55 x 10° tL 8x 10° @ 4.4 x 107" 
c 3i7iEx0s HeicO7e< 105 mM 1.5x 107 R 3.9x 10° 
D 9.22 x 10' 1 9.005 x 10% N 3.4 x 10-2 $) B01. % 10a" 
E 4.05 x 10° J 3.54 x 10’ o 6.91 x 10% Te 133925010 - 23 
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1. Find the quotients. 


A 6)14.4 E 59)207.09 1 0.3)19.02 
B 8)507.2 F 81)25.920 J 1.8)6.498 
© 15)139.5 G 1.3)0.3296 K 0.35 )2.275 


Dp 26)98.80 H 542)504.06 L 4.05)1.4985 


2. Find the quotients. Annex zeros when necessary. 


a 5)4.1 F 0.8)92.4 Kk 160)24 

Bp 12)61.8 . G 0.55)22 L 8.8)1188 

c 18)6.21 H 7.2)28.8 m 0.516 )23.22 
D 32)33.6 1 0.25)8.07 N 4.68 )2.574 
E 95)5.89 J 1.35)621 0 0.38)2.47 





m 0.73)17.155 
N 0.048 )0.01728 
© 8.17)8.0883 
P 4.96 )0.56544 


P 0.604 )2.4764 
@ 5.56 )4.0588 

R 7.6)4.028 

s 0.021)0.0714 
T 9.012)67.69 


i eee 


1. Round each number to one significant digit. Use 
scientific notation and estimate the products. 


A 4264 x 7536 
B 567.3 X 384.5 
c 62.7 x 218.8 
Dd 0.736 x 0.38 
E 74.2 x 6.78 


G 


21.6 x 0.047 
8376 x 5.66 
325.7 x 478 
0.731 x 537.9 
865.7 x 0.338 


2. Round each number to one significant digit. Use 
scientific notation and estimate the quotients. 


A 19.76 + 3.95 
B 382.5 = 2.04 
ce 605.3 + 28.4 
p 86,730 = 5.99 
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88.6 + 331.2 
75.9 + 0.384 
0.207 + 0.0039 
6327 = 4.578 


0.647 xX 3846 

54 230 x 57.62 
7.06 x 0.407 

6573 x 0.0045 
0.00873 x 0.00531 


0.00173 + 0.0041 
0.083 = 0.00437 
0.44285 = 0.21756 
0.000872 = 0.00285 


O_O 


1. Find the decimal approximation for to the nearest 


A tenth. B hundredth. c thousandth. 


2. Find the decimal approximation of each number to the 
nearest hundredth. 


iD 3 A 8 id 20 
A 8 B83 C9 D 41 E 46 F 23 
3. Find the decimal approximation of each number to the 
nearest thousandth. 
1 8 15 32 41 38 
A 46 Boo C 46 D 45 E71 F 39 





I LULULUUCUCCCC~—~—CCS 


1. Solve the proportions. 


a 2=% c $= E 3:4=x:36 G x:9= 16:24 
B z= D m=4 Es 5: = 30° Xx H 9:x= 36:60 


2. Write and solve a proportion for each problem. 


A Apples sell at 6 for 43 cents. p A basketball player made 7 free 
How much for 18 apples? throws out of every 10 attempts. 
How many free throws did he make 
B The ratio of boys to girls is in 130 attempts? 
5:7. If there are 42 girls, 
how many boys are there? E Onamap, 3 centimetres represents 
75 kilometres. How many kilometres 
c If acar averages 8 kilometres of actual distance is represented 
per litre of gasoline, how many by 6.4 centimetres on the map? 


kilometres can it go on 23 litres? 





a 


Solve the following problems involving scale drawings. 


1. Measure the length of the bolt in centimetres. 
What is the actual length of the bolt, if the 
scale is 
A 1:4? B 1:8? Crean OF 1757 





2. If the scale on a map is 1 cm = 90 km, what is the actual 
distance between two cities whose distance apart on the 
map is 3.1 cm? 


3. The actual distance between two cities is 720 km. What is 
the distance on the map if the scale for the map is 1 cm = 40 km? 


4. A lot for Mr. Hoppe’s new house measures 80 metres wide by 
150 metres long. What would be the dimensions of a scale 
drawing of the lot using the scale 1 cm = 20 metres? 


1. Write a decimal for each percent. 


A 18% c 10% E 5% G 100% 1 2% K 7.5% M 1.5% 
B 33% Dp 9% F 70% H 1% J 75% L 4% N 33.3% 





2. Write a percent for each decimal. 
A 0.38 c 0.2 Esto G 1.30 § 0.093 K 16.3 m 0.017 
B 0.65 dp 0.03 F 0.15 H 2.05 J 49.5 Lt 0.178 N 0.309 


3. Give the lowest-terms fraction for each percent. 
A 37% c 40% E 75% G 2% 1 15% K 28% mM 520% 
B 50% bp 30% F 5% H 1% J 16% L 8% N 64% 


4. Find a decimal for each fraction to the nearest hundredth, 
when necessary. Then express the decimal as a percent. 


59 1 17 9 7 5 9 
A 7400 C 700 E 50 G 35 1 48 K 7 M 45 
3 3 1 9 5 7 27 
B 700 D4 F 40 H 46 J 72 L 33 N 29 


nA 


Solve these percent problems. 


1. 


Price of sweater: $15.75. 
Sale: 20% off. 


A Find the amount of discount. 
B What is the sale price? 


. Class: 35 students. 


Today: 28 present. 
What percent is present? 


. Earnings: $650 per month. 


Deductions: 26%. 
A How much deducted? 
B How much take-home pay? 


. Price of 10-speed bicycle: $155. 


Sales tax: 6%. 
A What is the amount of sales tax? 


B What is the total cost of the 
bicycle? 


. Purchase price of house: $38 000. 


Selling price: 120% of original 
purchase price. 
What is the selling price? 


. Which costs less? how much less? 


[a] $25 coat at 20% off. 
$30 coat at 30% off. 


I LULUmUCCCC~CCCCCS 


. Write a decimal for each percent. 


A 270% 
B 850% 


ec 1000% 
D 795% 


E 1250% 
F 3500% 


. Find the amounts. 


A 300% of 650 
B 425% of 400 
c 170% of 1600 


D 1200% of 525 
E 750% of 300 
F 903% of 8000 


. Solve each percent problem. 


A Population in 1940: 76 500. 
Population in 1970: 225% more. 
What is the population in 1970? 


G 0.6% of 750 
H 3% of 988 K 25% of 1500 
1 +% of 1280 L 3% of 5000 


1 
1 5% 


J 0.35% 


G 0.3% K 0.06% 


id 1 
H 79% L 3% 


J 0.04% of 3000 


B Length of material: 3 metres. 
Percent of shrinkage: 0.25%. 
Find the greatest amount of 
shrinkage. 
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1. Express each measure in metres. 


A 300 cm pb 15km G 46 km J 0.1 km m 0.1 cm 
B 1300 mm —E 40dm H 40 dam K 0.1 hm nN 0.1 mm 
c 5km F 74cm 1 530 mm tL 0.1 dam o 0.003 km 


2. Find the perimeter of each region. 


A B Cc D 


7 
S* 
Q 
oS 







1.8 cm 
wd gL 





1.6 cm 






!=65 cm 





w = 32.1 cm 

—e /!=8.75m 

w= 3.09 m 

2.6 cm 
2. Find the area of each parallelogram. Use the formula A= bh. 

A D b= 48.3 mm 
h= 56.1 mm 
E b=3.88 dm 
h= 1.36 dm 


$-22 


ee 


1. Find the area of each triangular region. 








123m 








2. Find the area of each triangular region. Use the formula A= 5 bh. 


A b=150cm 
h=93 cm 


B b=85m 


h=4.9m 


* 3. Find the area of each region. 





1. Find the sums of the angle measures. 


A 38°15' 14” 
27° 33' 42” 


E 87° 26’ 54” 
43°15' 7” 


2. Find the differences of the angle measures. 


A 36°38! 25” 
14° 12’ 19” 


E 136° 38’ 14” 


74° 52’ 36” 





B 22°34’ 47" 
35° 13’ 35" 


F 55°36’ 45” 
57° 48’ 48” 


B 48°37’ 15” 
21° 13' 28” 


F 112°56' 22” 
88° 55’ 28” 


c b=83m 
h= 475 m 


45° 22’ 16” 


53° 49’ 33” 


73° 48' 16” 
16° 11' 44” 


86° 25’ 39” 
35° 41' 28” 


75° 48' 


49°59’ 11” 


DB b=9.54 dm 
h=9.07 dm 


le35, m-ole- O famed 


62° 15’ 28” 
32° 44’ 40” 


H 145° 36’ 52” 
38° 14' 18” 


123°9"37" 
95° 48’ 50” 


H 90° 
43° 52’ 47” 
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1. Find the length of the hypotenuse of each right triangle. 





3. Find the length of the third side of each right triangle. 


A a=15,b=20 D a=21, b= 28 G a=16, c= 34 
B a=10,b= 24 Ea=—8, c= 15 H b=4.4,c=5.5 
c a=18, b= 24 F b= 48,c=52 ' a=6, .c=65 








1. Find the volume of each rectangular solid. Use the formula V = Iwh. 


c dp !=220 mm 


w=175mm 
12 cm h=30 mm 





A 2mm B 










15 mm 
—e /=86m 
gt Ae w=49m 
6mm Sait h=7.05 m 


13.4 cm 


4.2m 


2. Find the volume of each space figure. 
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1. Find the volume of each prism. 





1. AABC ~ ADEF. The letters a, b, 
c, d, e, and f represent the lengths 
of the sides. 





Find b, if a= 2, 
Find whe =A6. 


Find a, if d= 8, b= 24, 
Find d, ifa=21,c=1 
Find c, if a= 42, d= 14, 
Find e, ifa=6.4, b= 4.2,d= 
Find b, ife=13, f=12, c= 33. 
Find d, if a=0.9,c=0.8, f=0.4. 


zonmooioses ~p 


2. AGHJ ~ AKLM. The letters g, h 


zonrnmoo®s »~P 


j, k, |, and m represent the lengths 
of the sides. 


G K 
b= Ya 
a gah aM Fr L 

Find g, ifj=8,k=7, m= 14. 
Find m, if j= 8, /= 18, h =12. 
Find j, if m= 24, g= 12, k = 32. 
Find h, if /= 12, j= 15, m= 36. 
Find k, if g=6, m= 72, j =9. 
Find |, if h=10, k= 48, g= 16. 
Find g, ifh=5.5, /= 11, k= 7.8. 
Find j, if h= 33, = 10, m= 12. 
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1..Refer to AABC and ADEF. Fs C 3. Suppose 2 =2. Give the ratios. 


@ 
D 
A cAnz? +: 
2 eas 


B 5 = ill e : B B® 


Cc; 
~ ? 
c AABC ~ A % A : > - 








2. Refer to AMNP, AQRS, and ATUV. 


— N 
a MN _ RS ill : ee | 
~P 


NP il il : 


LJ 
BLQ=42 =4? | 


c AMNP~A2~A2" 
a 
V 


U 








1. In right AABC, b = 8, tan 36° = 0.73, 
and cos 36° ~ 0.81. Find a and c. 


A 6 
tan 36°=8 cos 36°=¢ 
2 ~0.73 ¢ ~ 0.81 
a ~ Ili c = lll 


2. In right ADEF, f = 22, sin 42°= 0.67, 
and cos 42° = 0.74. Find d and e. 


a sin 42°=4 B COS 42°=55 
3 ~ 0.67 22 ~ 0.74 
d = lll e = lil 


3. In right A TWX, w= 16, sin 40° =~ 0.64, 
tan 40° =~ 0.84. Find t and x. 


4. Use the figure to compute the trigonometric 
ratios for ZA to the nearest hundredth. 





A tanA B sinA c cosA 
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1. Find the circumference of each circle with the given diameter. 
Use the formula C = zd and the fact 7 = 3.14. 


B ec d=14cm F d=16m 
bp d=23 cm G d=17.3cm 
E d=310 mm H d=0.9 km 





2. Find the circumference of each circle with the given radius. 
Use the formula C = 2z7r and the fact 7 ~ 3.14. 


ec r=22mm F r=8.3m 
bp r=440m G r=0.35 mm 
E r= 525 cm H r=6.15mM 








1. Find the area of each circular region. Use the formula A= zr? 
and the fact 7 ~ 3.14. 


A B ec r=20m F r=379m 
bp r=12cm G r=3.2 dm 
E r=1.5m H r=0.4mm- 
2. A circular hole is cut in the 22 cm 


rectangular board at the right. 


A lf the diameter of the circle 
is the same as the width of the 
board, what is the area of the 
circle? 

B What is the area of the rectangular 
region after the circular region is 
removed? 


46 cm 





3. A Find the area of the inner region 
of the track. 


B Find the area of the track. 
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1. Find the volume of each right circular cylinder. Use the 
formula V = zr*h and the fact 7 ~ 3.14. 





4.7m 


2. Find the volume of each right circular cone. Use the 
formula V=30r2h and the fact 7 ~ 3.14. 


A 








r=10m, h=20m 
r=12cm,h=15cm 
r=3.1m, h=5.2m 
r=2.2m, h=1.53m 


r=5cm, h=/7.5cm 
r=40m, h=60m 

r=1.02 m,h=4.2m 
r=08m, h=1.8m 





1. Suppose the cube has | 2. Refer to the spinner. 
Give the probability 
that each event will 


the letters A, B, B, C, 
C, and C on its faces. 





Give the probability occur. 

that each event will 

appear. A P(even) 
B P(odd) 


a P(A) B P(B) c P(C) 





c P(multiple of 3) 


pb P(multiple of 4) 


3. An experiment of tossing a die has a sample fe % 
space {1, 2,3, 4,5, 6}. Give the probability iA 
that each event will occur. 
A P(x=1) D P(x > 5) G P(1 <x < 4) 
B P(x > 1) E P(x <5) H P(x is even) 
c P(x = 3) F P(x = 4) i P(x > 6) 
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1. Compute each of the following: 


A 4! B 6! c 7! D 2! 4! E 3! 5! F6!1=—3' 
2. How many different arrangements of 4. How many different ways can 8 

the letters in the word CART are students be arranged in a row 

possible? List them to verify your of 8 desks? 

answer. 

5. How many different ways can 9 

3. How many different arrangements of pictures be arranged ina 

the letters in the word CANDY are straight line on a wall? 

possible? 


6. Solve the equations. Give your answer as a factorial, when possible. 


A7:6!=n bp 6!+30=n G 7!-8-9=n 
B 9!-n=10! —E 5'+5=n H 61+ 3!=n 
cU5!l" n= F 8!=n=8 1. 6!—5!—="n 


RR ee 


1. From the set {3, 4, 5, 6, 7, 8}, 3. There are 5 roads from Athens to 
a 2-digit numeral is to be selected. Booneville and 3 roads from 
a How many different digits can be Booneville to Carson. How many 
used for the tens’ digit? different routes are there from 


Bs How many different digits can be Athens to Carson? 


used for the ones’ digit? Booneville 






c¢ How many 2-digit numerals are Athens Carson 
possible? 
2. Susan has 6 sweaters and 4 skirts. 4. From a menu of 8 items, you can 
How many different outfits does choose any 3 of them. How 
she have if any sweater can be many choices do you have? 


worn with any skirt? 


5. Compute the number of combinations indicated. 
A ,C, B ,C,; c ,C, D ,C, E ,C, F  C, 
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1. Suppose an experiment consists of tossing a die. 
The sample space is {1, 2, 3, 4, 5, 6}. 
A Let E be the event of getting a 1 or a6. 
What is P(E)? 
B Let F be the event of getting a 2, 3, or 5. 
What is P (F) ? 
c Find E 9 F. What is P(E 9 F)? 
p Find E U F. What is P(E U F)? 


2. A spinner is divided into 8 parts of equal size 
and numbered 1 through 8. 
a Let E be the event of getting a 1, 2, or 3. 
What is P (E) ? 
Bp Let F be the event of getting an odd number. 
What is P (F)? 
c What is P(E  F)? pb Whatis P(E U F)? 





3. An experiment consists of drawing two cards from those 
labeled E, F, G, H, |. Let E be the event of getting 
a vowel and let F be the event of getting a consonant. 


A What is P(E)? B What is P (F) ? © What is P(E U F)? 





ee 


1. What is the average (arithmetic mean) of each set of numbers? 





A 25,827;,29 D 123, 101, 132, 130, 114 
B 66, 65, 70, 67 E 208, 206, 199, 244, 235, 216 
c¢ 253, 250, 213, 248 F 4500, 4498, 4603, 4555 


2. What is the average (arithmetic mean) to the nearest whole number? 


A 38, 50, 49, 61, 56 E 1266, 1313, 1288, 1295 

B 305, 299, 316, 278, 366 F 10299 soc /essOnoenad, 
¢ 135, 164, 173, 122, 155, 90 G 58.2, 56.7, 52.5, 54.3 

D 675, 701, 699, 693, 711, 700 H 48.73, 53.71, 59.77, 49.99 
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1. Find the median of each set of numbers. 


A 46, 48, 49, 51, 55 F 8,6, 9; toml0, 11,12, 12, 12 
B 89, 84, 88, 80 O21, 195 toe 16719, 23,20 
Graicdmies, 120, 127, H 303, 305, 333, 306, 325, 321 

p 38, 35, 41, 42, 39, 44 1 1560, 1545, 1598, 1534, 1555 
—E 1200, 1300, 1400, 1500 J 72.6, 68.1, 93.1, 79.4 


Solve the problems. 


2. Test scores: 4. Masses of 6 teen-agers: 
Od; O2,6(25/5.0.1, 76, 80, 58.2, 56.7, 52.5, 54.3, 
77, 65 57.2, 55.4 
What is the median score? a What is the median? 


9 Bowling eearse B What is the mean? 
. Bowling scores: ; 
156, 143, 152, 118, 121, 125, ¢ Which shows the more 
average’ of the masses, 
104, 123, 118, 126, 142 the mean or the median? 
What is the median score? : 


____ iT ae 


1. In 120 tosses of a die, a class 
found the frequency for each 
outcome as given in the table. 
What is the mode for the experiment? 











2. A student survey of the number 
of books read in a month is 
shown in the table. How many 
books did the greatest number 
of students read? 








3. The table shows the 
temperatures of some 
cities on a certain 
day in March. What 
is the mode? 










11-15 | 16-20 | 21-25 | 26-30 
ste fel ele] ~ 
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1. A How many students 


are represented 


by this histogram? 


B What percent are 


13 years old? 


c What percent are 
over 13 years old? 


2. A What is the 
highest 
temperature? 


B What is the 
lowest 
temperature? 


Temperatures (°C) 


c How many degrees 
did the temperature rise 
between 8 A.M. and noon? 





Students 
-+ pe) wo > or 
(=) oO oO oO oO 











3. The circle graph shows how 


Marcia accounted 
for her monthly 
earnings 

of $600. 

A How much 


was spent 
for rent? 





sB How much was spent for food? 


. The circle graph shows how 300 


students are taking foreign 
language classes. 





A What percent 
take French? 


B What percent 
take Italian? 





1. Find the positive square root of each number. 


A 169 E 1156 
B 529 F 5041 
c 441 G 2916 
D 256 H 2209 


m 98.01 Q@ 46.24 
N 77.44 R 14.44 
o 70.56 S 0.3259 
P 37.21 T 0.1849 


2. Find an approximation of each number to the nearest tenth. 


A V14 D 
B V23 E 
c vV69 F 
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J V12.5 mM V51.9 
K V26.5 V0.55 
L V41.3 o v0.11 


Mathematical Symbols 


= Is equal to 
# Is not equal to 
> Is greater than 
< Is less than 
= Is less than or equal to 
= Is approximately 
= Is congruent to 
Is similar to 
{a,b,c} Set with elements a, b, c 
od Empty set 
U Union 


M Intersection 


Metric System Prefixes 


kilo- 


hecto- 


one thousand 
one hundred 


deca-_ ten 


Formulae 
Pac inc 
P=2-1+2-w Perimeter of rectangle 


Perimeter of triangle 


A=I-w Area of rectangle 
A=b-h Area of parallelogram 
A=i3:b-h Area of triangle 

a? + b?=c? Pythagorean Theorem 
V=Il-w-h Volume of rectangular 


solid 


> 


AB Line through points A and B 
AB Ray AB with endpoint A 
AB Segment with endpoints 
A and B 

ZABC Angle ABC with vertex B 
mZABC Measure of angle ABC 
AABC Triangle ABC 
RS Arc with endpoints R and S 
35° Thirty-five degrees, 

14’ fourteen minutes, 

20" twenty seconds 
% Percent 
7 Pi 
deci- one tenth 
centi- one hundredth 
milli- one thousandth 
C=7:-d Circumference of circle 
A=7-r° Area of circle 
V=%3-7-r* Volume of sphere 
V=7-r*?-h Volume of cylinder 
V=3-7-r?h Volume of cone 
V=B-h Volume of prism 
(B = base area) 

V=3°:B-h_ Volume of pyramid 
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Square root ; : a Square root 
of 10 times n| Number of 10 times an 


JiOxX nA | oe. Vi0 Xn 


2601 22.583 
2704 22.804 
2809 23.022 
2916 23.238 
3025 23.452 
3136 23.664 
3249 23.875 
3364 24.083 
3481 24.290 
3600 24.495 


S720 24.698 
3844 24.900 
3969 25.100 
4096 25.298 
4225 25.495 
4356 25.690 
4489 25.884 
4624 26.077 
4761 26.268 
4900 26.458 


5041 26.646 
5184 26.833 
5329 27.019 


5476 27.203 
5625 27.386 
5776 27.568 
5929 27.749 
6084 27.928 
6241 28.107 
6400 28.284 


6561 28.461 
6724 28.636 
6889 28.810 
7056 28.983 
7225 29:155 
7396 29.326 
7569 29.496 
7744 29.665 
792% 29.833 
8100 30.000 


8281 30.166 
8464 30.332 
8649 30.496 
8836 30.659 
9025 30.822 
9216 30.984 
9409 31.145 
9604 31.305 
9801 31.464 
10 000 31.62 
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GLOSSARY 


abacus A device used for calculating, usually in- 
volving sliding beads or counters along a wire. 


absolute value The undirected distance from a point 
on the number line to the origin. The absolute value 
of a number x is either x or ~x, whichever is non- 
negative. We denote absolute value with vertical 
lines: |~5| = 5; |5| = 5; |0| =O. 


acute angle An angle smaller than a right angle. 


addend Any one member of a set of numbers to be 
added. In the equation 7 + 9 = 16, 7 and 9 are 
addends. 


addition An operation that combines a first number 
(addend) and a second number (addend) to give 
another number (this number is called the sum of 
the two addends). 


additive inverse Each of two numbers whose sum is 
zero is said to be the additive inverse of the other. 


adjacent angles Two angles 
with a common vertex, a 
common side, and no common 1/2 


interior points. In the 
figure, 21 and 22 are adjacent angles. 


adjacent sides Two sides of 
a polygon with a common 
vertex. 


adjacent 
> sides 





algorithm (algorism) A computation procedure. For 
example, the algorithm for finding the quotient of 
two numbers. 


BD is the 
altitude. 





altitude (of a triangle) The 
segment from any vertex 
perpendicular to the opposite 


side. Also, see height. A DC 
A 
angle The union of two rays 
with a common endpoint B ZABC 
(vertex). C 
A 


angle bisector The ray which 
divides an angle into two 
congruent angles. In the D 
figure DB bisects 2 ADC. C 


apex angle The angle of an 
isosceles triangle whose vertex 
is the intersection of the two 
congruent sides of the triangle. A 





approximation A number that is suitably ‘‘close” to 
another number. For example, a decimal approxi- 
mation for 3 is 0.22. The symbol ‘‘~=’’ denotes “‘is 
approximately”; for example, 7 ~ 3.14. 


AC is the base. 


arc If ZAOB is a central angle A C 
of a circle, arc ACB (ACB) is the 
set of points on the circle which D B 


are interior to ZAOB or on ZAOB. 
ACB denotes a minor arc. ADB denotes a major arc. 


area The measure of a plane region in terms of a 
chosen unit, usually a square. 


arithmetic mean The quotient of the sum of num- 
bers in a set divided by the number of numbers in 
that set (Often called the ‘‘average.’’) 


associative (grouping) principle Theprinciple which 
states that the sum (or product) of three or more 
numbers is the same regardless of grouping: 
(a+b) +c=a-+t (b+Cc) 
or (a: b) -c=a- (b- Cc) 

average See arithmetic mean. 

axes (x-axis, y-axis) The coordinate axes in a plane 
are perpendicular number lines used to match each 
point in the plane with an ordered pair of numbers. 
Usually, the x-axis is the horizontal number line 


and is directed to the right while the y-axis is the 
vertical number line and is directed upward. 


bar graph See histogram. 


base (of numeration) The term ‘‘base”’ refers to the 
type of grouping involved in a system of numera- 
tion. For example, in base eight: 25,,) means 2 eights 
and 5; 346...) means 3 sixty-fours, 4 eights, and 6. 


base (of a polygon) Any side of a polygon may be 
referred to as a base. See figure for altitude. 


base (of a space figure) See examples below. 


Bases of 
a cylinder 


Base ofacone Base of a pyramid 
bisect To divide into two congruent parts. 


Celsius temperature Temperature based on the Cel- 
sius scale in which water freezes at 0° and boils at 
100°. ) 


centre A (fixed) point of symmetry for a geometric 
figure. See the figure for circle. 


centi- A prefix meaning one hundredth. 
centimetre A unit of length that is 700 Of a metre. 


central angle An angle with its vertex at the centre 
of the circle. See the figure for circle. 






centroid (of atriangle) The median 
point of intersection of the 
three medians of a triangle. 


centroid 


chord A segment with both endpoints on a circle. 
See the figure for circle. 
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circle The set of all 
points in a plane 
which are a specified 
distance from a fixed 
point called the 
centre. 









circle graph A diagram 
used to show statistical 10% 
information, particularly °?¥'"98 
to show how a given 
quantity is divided into 
fractional parts. 


circumcentre The point of Monthly expenses 


intersection of the per- 
pendicular bisectors of 
the sides of a triangle. 
It is the centre of the 
circle circumscribing 
the triangle. 





circumference The limit of the perimeters of regular 
inscribed polygons in a circle. The circumference of 
a circle is the product of its diameter and the num- 


ber 7. The formula is c = zd. 


Points of 
tangency 


> 


closure A property of a subset of a set A relative to 
an operation defined on the set A. For example, 
the operation of addition on the set of whole num- 
bers is closed relative to the subset of even whole 
numbers, for the sum of any two evens is even. 
It is not closed upon the subset of odd whole num- 
bers, for the sum of two odds is not odd. In the set 
of rational numbers the subset of integers is closed 
under subtraction, but the subset of whole num- 
bers is not. 


circumscribed circle A circle 
drawn through the vertices 
of a polygon. A circle can 
be circumscribed about any 
triangle but only about 
certain other polygons. 


circumscribed polygon If the 
sides of a polygon are 
tangent to a circle, then 
the polygon is circum- 
scribed about the circle. 
Also, see inscribed circle. 






closed curve Intuitively, a 
curve is closed if you can 
begin at any point and 
trace the curve until you 
return to the starting point. 





collinear (points) Two or more points lying on the 
same line. 


combination Essentially, the word combination 
means the same as ‘‘subset.’’ We say that from a 
set of 4 elements, 6 combinations of 2 elements 
can be formed, meaning that the set of 4 has 6 sub- 
sets of 2. We denote this as ,C.. 
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common factor A number that is a factor of each of 
two or more given numbers. For example, 3 is a 
common factor of 6 and 9. 


common multiple A number that is a multiple of 
each of two or more given numbers. For example, 
18 is a common multiple of 2, 3, and 9. 


commutative (order) principle The principle which 
states that the sum (or product) of any two numbers 
is the same regardless of the order in which they 
are added (or multiplied): 
a+b=b+aora:b=b:-a 


complementary angles Two angles whose measures 
have a sum of 90°. 


complex fraction A fraction that has a fraction for 
the numerator or the denominator, or both. 


composite number Any whole number greater than 
1 which is not prime. Composite numbers have 
more than two factors. 


concave figure See convex figure. 


cone A space figure formed by 
a closed plane curve and all 
line segments from a point 
not in the plane of the curve 
to all the points of the curve. 


congruent angles Angles which have the same 
measure. 


congruent figures Two figures are congruent if one 
of the figures is the image of the other by one of 
the rigid motions (reflection, rotation, translation) 
or by any combination of motions. 


congruent integers Two integers a and b are con- 
gruent, modulo m if the difference a — b is divisible 
by m. We write a= b (mod m). 
23 = 7 (mod 4) because 23 — 7 is divisible by 4. 
5= ~13 (mod 3) because 5 — ~13 is divisible by 3. 


congruent segments Segments whose endpoints 
are equally far apart; segments which have the 
same length. 


convex figure A figure is convex if every segment 
joining any two points on the boundary of the fig- 
ure contains only points on the figure or in its 


interior. 
convex non-convex or ; 
figure concave figure 


coordinate axes Two inter- 
secting perpendicular 
number lines used for 
graphing ordered number 
pairs (coordinates). 





coordinates An ordered number pair matched with 
a point in the coordinate plane. See the figure for 
coordinate axes. 


correspondence A matching of elements in one set 
with those of another set. 


corresponding angles Two angles matched by any 
one-to-one correspondence between angles of 
two triangles. [My Gl) 


For example, / 
ja Cc pH 


ZAand 2D. 

corresponding points Two points matched by any 
one-to-one correspondence between points of two 
triangles. For example, point C corresponds to point 
F above. 





corresponding segments Two segments matched 
by any one-to-one correspondence between seg- 
ments of two figures. For example, AB and DE are 
corresponding segments above. 


cosine See trigonometric ratios. 


cross section The intersection of a space figure and 
a plane. 


cube (geometry) A regular 
polyhedron each of whose 
six faces is a square. It is 
also a regular hexahedron. 


cube (numeration) A number raised to the third 
power. 8 is the cube of 2 because 2°= 8. Also, to 
raise a number to the third power. 






cylinder The space figure 
formed by two congruent 
curves in parallel planes 
and the parallel segments 
connecting corresponding 
points of the curves. 


Right 
circular 
cylinder 


deca- A prefix meaning ten. 
decametre A unit of length that is 10 metres. 
deci- Aprefix meaning one tenth. 


decimal (numeral) Any base-ten numeral written 
using a decimal point. 


decimal system of numeration A system of numera- 
tion in which powers of ten and place value are 
used. 


decimetre A unit of length that is 6 of a metre, or 
10 centimetres. 


degree A unit angle that is 30 of a right angle. 


denominator For each fraction -- b ~ 0, b is the 
denominator. 


diagonal A segment connecting two nonconsecutive 
vertices of a polygon. 


diameter Any chord that 
contains the centre of a 
circle. 





difference The number resulting from subtraction. 


digits The basic symbols used in a place-value sys- 
tem of numeration. In base ten, the symbols are 
0,1, 2, 3; 4, 5, 6, 7, 8; and 9. 


distributive principle The fundamental principle con- 
necting addition and multiplication. 
a:-(b+c)=a-b+a-c. 

dividend The number to be 
divided in a division 
problem. 


3 — Quotient 
5)17 — Dividend 


Divisor/ 15 
2 — Remainder 


divisible A given number is divisible by a second 
number if the remainder is zero. If a= b- c with 
b #0 andc #0, then a is divisible by either b orc. 


division The inverse of the operation of 
multiplication. FOF 


al 
ao cae fd 


divisor See dividend. 


F 
3 
4 


dodecahedron A polyhedron 
which has 12 faces. A 
regular dodecahedron has 
12 congruent pentagonal 
faces. 





domain The set of all input numbers for a function. 


edge A segment that isa 
side of any face of a 
space figure. A cube has 
12 edges. 





element A member of a set. 


empty set The set containing no elements. It is 
denoted by “‘{ }’’ or the symbol ¢. 


equal sets Sets containing the same elements. 
They may be listed in different order. 


equality The relation of identity. A statement of 
equality asserts that two symbols name the same 
object or number. 


equally likely outcomes Outcomes or results that 
have the same chance of occurring. 


equation A mathematical sentence using the equal- 
ity symbol (=). 7 +n=9 is an equation. 


equiangular triangle A triangle all of whose angles 
have the same measure. 


equilateral triangle A triangle having all sides the 
same length. 


equivalent decimals Decimals which represent the 
same number. For example, 0.5, 0.50, and 0.500 are 
equivalent decimals. 


equivalent fractions Fractions which represent the 
same number, such as 3, 7 and 4a. 


equivalent ratios Two ratios which represent the 
same rational number. For example, the ratio 5:10 
is the same as 1:2. 
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equivalent sets Sets having the same number of 
elements. 


estimate An approximation for a given number. 
Often used in the sense of a rough calculation. 


even number A whole-number multiple of 2. The 
set of even numbers is {0, 2,4,6.. .} 


event Any subset of a sample space for a probability 
experiment. If a die is tossed, the event of getting a 
number greater than 3 has occurred if any number in 
the subset {4, 5,6} results from the toss. 


expanded notation A representation of a number 
as a sum of powers of ten such as: 
3424=3-10°+4-:107+2-10'+5- 10° 


exponent In a symbol such as 5%, the numeral 4 is 
an exponent and 5 is the base. Positive exponents 
indicate how many times the base is to be used as 
a factor; 5‘=5-5-5- 5. Negative exponents are 
used to indicate reciprocals of powers of numbers; 
6-3 =, 10% = aG7. 


exterior angle of a polygon An angle formed by 
extending any one Side of a polygon. A triangle 
has six exterior angles. 
A 






~ 


~~ 
Exterior 


_ 
angle 7h 


D 
B Cc 
ZACD is an exterior angle of AABC. 





extremes The first and last terms in a proportion 
written in the form a:b = c:d. The numbers a and 
d are extremes and b and ¢ are called the means. 


face Any one of the bounding polygonal regions of 
a space figure. See the figure for edge. 


factor Any one member of a set of numbers to be 
multiplied. In the equation 5 - 7 = 35, 5 and 7 are 
factors. 


3X3x2x5 
factor tree A diagram x y. \ Vi 
suggestive of a tree 9 x 10 
showing the prime fac- 
torization of a number. 90 


factorial If m is a positive whole number, factorial n 
denoted by n!, is defined to be 
ni=1-2-3:4-...- (n—2)- (n—1) -n. 
0! is defined to be 1. 


flow chart A diagram which gives instructions in a 
logical order. 


formula A general fact or rule expressed by using 
symbols. For example, the area any parallelogram 
with base b and height h is given by b - h. The for- 
mula is usually presented with the equation A=b- h. 


fraction A symbol for a fractional number of the form 


7 such that b # 0. 


fractional number The set of non-negative rational 
numbers. 
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frequency The number of times an outcome occurs 
in a probability experiment or the number of times 
a bit of data occurs in a collection of data. 


function A correspondence that associates each 
element in a first set with a unique element of a 
second set. Different elements in a first set may 
possibly be matched with the same element of the 
second set. 


gram A unit of mass. The mass of one cubic centi- 





metre of water at 4°C. f(x) Graph * 
graph A set of points OM OP tbe) 
associated with a given 1 f(x) =2-x 


set of numbers or number 
pairs showing a relation 
or function. f 


graph (statistical) A picture used to illustrate a given 

. collection of data. It may be in the form of a bar 
graph, a circle graph, a line-segment graph, or a 
pictograph. 


great circle A circle formed by the intersection of a 
sphere and a plane containing the centre of the 
sphere. 


Small circle 






Centre Great circle 


greater than A number x is greater than a number 
y (written x > y) ifx=y +p and pis positive. ~3 is 
greater than -5, for 3=~5+ 2. Wewrite, 3 > 5. 


greatest common factor (GCF) The largest, or great- 
est, number that is a factor of each of a set of- 
numbers. 


greatest possible error Half of the basic unit in 
which a measurement is given. For example, if a 
length is given as 18 centimetres to the nearest 
centimetre, then the basic unit is the centimetre 
and the greatest possible error is 0.5 centimetre. 


hecto- A prefix meaning one hundred. 


height (of a prism) The perpendicular distance be- 
tween the planes of the parallel faces. 


heptagon A 7-sided polygon. 
hexagon A 6-sided polygon. 


Hindu-Arabic numeral A numeral for a whole num- 
ber formed from the basic Hindu-Arabic numerals 
0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. 


histogram A bar graph showing the frequency dis- 


tribution of a set of data. 
hy 


hypotenuse The side of a 
right triangle opposite 
the right angle. 


icosahedron A polyhedron 
of 20 faces. A regular 
icosahedron has equilateral 
triangles for its faces. 





identity element For addition, zero is the identity 
element since a + 0=a for any number a. Similarly, 
for multiplication, 1 is the identity element since 
a-1=a. 


identity principles For any number a, a+ 0=a and 
a-1=a. 


image The figure obtained after a rigid motion of a 
given figure. From a functional viewpoint, y is the 
image of x if there is a function f such that y is the 
output when x is the input; that is, f(x) =y. 


improper fraction A fraction whose numerator is 
greater than or equal to its denominator. 


incentre The point of inter- 
section of the angle 
bisectors of each angle of 
a triangle. The centre of 
the circle inscribed in a 
triangle. 






incentre .< 


inequality A mathematical statement using either of 
the symbols < or > such as? <§. 


inscribed angle An angle that 
contains three points of the 
circle and has its vertex on 
the circle. 





inscribed polygon See circumscribed circle. 


integers The set consisting of the natural numbers, 
the negatives of the natural numbers, and zero; 
Hts oh oy. NON Ley arer pa eran ee 


interpolation When we wish to find a number be- 
tween two entries in a table, we interpolate. For 
example, if a table of square roots shows 


V7=2.646 and V8= 2.828 


then a good approximation for V7.5 can be inter- 
polated between these numbers by choosing the 
number midway between them: 

2.646 + 2.828 


V7.5 is approximately a a eee 2.737: 


intersection The intersection of two sets is the set 
of all elements common to both sets. 


inverse (operation) Operations which are opposite 
in effect such as addition and subtraction or multi- 
plication and division. 


irrational number A real number that cannot be 
expressed as the quotient of two integers; a non- 
rational number. Irrational numbers have infinite 
nonrepeating decimal representations. 


isosceles triangle A triangle with at least two con- 
gruent sides. 


kilo- A prefix meaning one thousand. 


kilogram A unit of mass that is 1000 grams. 


kilometre A unit of length that is 1000 metres. 
lateral edges An edge of a prism connecting the 
parallel faces. 
A D 
Lateral face ABCD 





«—Lateral edges AB and CD 
(e; 


lateral face One of the faces of a prism containing 
two lateral edges. (See figure for lateral edges.) 


least common denominator The least common mul- 
tiple of the denominators of two or more fractions. 
for example, the LCD of2 and 3 is 12. 


least common multiple (LCM) The smallest non- 
zero number that is a multiple of each of two or 
more given numbers. The LCM of 4 and 6 is 12. 


legs (of a right triangle) 


The perpendicular sides y legs 


of a right triangle. 


length The measure of a segment in terms of a 
chosen unit. 


lessthan ais less than b (written a <b) if bis greater 
than a. (See greater than.) 


line of symmetry Line t is a line of symmetry of a 
set S of points if for each point A of S there is a 
corresponding point B such that t is the perpendic- 


ular bisector of AB. 80° 
70° 

line-segment graph A 60° apzavee 
50° 
diagram used to show 40° 
statistical informa- ae 
tion, particularly 10° 

that of a continuous O Bios ee 


nature. A.M. P.M. 


litre The basic unit of capacity in the metric system. 
1000 cubic centimetres. 


lowest-terms (simplest) fraction A fraction is in low- 
est terms if the numerator and denominator of the 
fraction have no common factor other than 1. 


mass The amount of matter in a physical object. Ex- 
cept in scientific work, the word ‘‘weight’’ is used 
synonymously with mass. A rock whose mass is 1 
kilogram on earth will have a mass of 1 kilogram on 
the moon, but its weight on the moon will be only 
about é its earth weight. 


mean See arithmetic mean. 


means The second and third terms in a proportion 
written in the form a:b=c:d. See extremes. 


median (of a set) The middle number of a set con- 
taining an odd number of elements that are arranged 
in order. If a set contains an even number of ele- 
ments, the average of the two middie numbers is 
the median. 
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median (of a triangle) The segment from the vertex 
to the midpoint of the opposite side of a triangle. 


metre The basic unit of length in the metric system. 
Defined as 1 650 763.73 times the wave length of 
the orange-red spectral emission line of krypton-86. 


metric system A system of measurement in which 
the metre, the litre, and the kilogram are the basic 
units of length, capacity, and mass. 


midpoint (middle point) A point which divides a seg- 
ment into two congruent segments. 


milli- A prefix meaning one thousandth. 


minute A unit of angular measure that is 80 of a 
degree. 


mixed decimal numeral A combination of a decimal 
and a fraction such as Ay and read as ‘four and 
one-third tenths.” 


mixed numeral A numeral such as 43 indicating the 
sum of a whole number and a fractional number; 
PBs 2 
43 =4+3. 


mode The most frequently occurring element of 
a set. There may be more than one mode of a set. 


multiple A first number is a multiple of a second 
number if there is a whole number that multiplies 
by the second number to give the first number. 
For example, 24 is a multiple of 4 and 6 since 
4x6= 24. 


multiplication An operation that combines a first 
number (factor) and a second number (factor) to 
give another number (this result is called the 
product of the two factors). 


multiplicative inverse See reciprocal. 


negative integers The set of numbers 
fin; eRe eed 


nonagon A 9-sided polygon. 


nonrepeating decimal A decimal not formed from 
any point on by repeating blocks of digits. Each 
nonrepeating decimal represents an irrational num- 
ber, while each repeating decimal represents a ra- 
tional number. 


number line A line with a subset of its points 
matched with a subset of the real numbers. We 
say that the rational number line has ‘‘holes” in it 
because some points are not matched with rational 
numbers. The real number line is said to be ‘“‘com- 
plete’ because each point is matched with some 
real number. (See real number line.) 


(9) 1 2 3 (Wee 
Whole number line 


SC ee! 0 1 2 3 Arr 
The integer number line 
<3 —__--___ + —__-@__»___-9_-0--e __4>-__ »___.9-____ 2 _-¢—_+. —_@ —___- -»- 
ean Zan lee 688 det i agethe eh dee 
The rational number line 
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number pair An ordered pair of numbers such as 
(3, 4); often, co-ordinates of a point in a plane. 


numeral A symbol for a number. 


numerator For each fraction =, a is the numerator. 


oblique prism A prism in 
which the base is not 
perpendicular to its 
lateral edges. 





Oblique prism Right prism 
obtuse angle An angle greater than a right angle 
and smaller than a straight angle. 


octagon An 8-sided polygon. 


octahedron A polyhedron 
having eight faces. Each 
face of a regular octahedron 
is an equilateral triangle. 





odd number Any number in the set 
i Ble Rolla orcs chy: 


one principle For any number a, a- 1 =a. 
See identity principle for multiplication. 


one-to-one correspondence Two sets S and 7 are 
in one-to-one correspondence if there is a match- 
ing so that each element in S is matched with 
exactly one element in T, and vice versa. 


operation A binary operation like ‘‘multiplication”’ 
associates each order paired of numbers with one 
number. Usually we speak of the four fundamental 
operations: addition, subtraction, multiplication, 
and division. ; 


opposites principle For any integer a, a+ a=0O. 


origin The intersection of the co-ordinate axes; the 
point associated with the number pair (0, 0). 


outcome A possible result in a probability 
experiment. 


paralle! lines Lines in the same plane which do not 
intersect. 


parallelepiped A space figure all of whose faces are 
parallelograms. 


parallelogram A quadrilateral whose opposite sides 
are parallel. 

pentagon A 5-sided polygon. 

percent Literally means ‘‘per hundred’. A symbol 
such as 3% is an abbreviation for ‘3 per 100” or 
700 - 


perimeter The distance around a polygon. 


period Each set of three digits in a numeral. In the 
numeral 421 365 761 409, there are 421 billions, 
365 millions, 761 thousands, and 409 units. 


permutation Any ordered subset of a set is referred 
to as a permutation. For example, six permutations 
of subsets of 2 can be formed from any set of three 
elements. 
{a, b,c} —— (a,b), (5, a), (a,c), (c, a), (b,c), (c, b) 


perpendicular bisector Ke 


A line which bisects a 
segment as well as being 
perpendicular to it. 


m 1 bis AB 
B 






A 


perpendicular lines Two intersecting lines that form 
right angles. 


pi (77) The ratio of the circumference of a circle to 
its diameter. 7 ~ 3.14159. 


pictograph A diagram 
used to show statistical 
informationwith the use 
of pictures. 


city A 2 RR? 
CityB RX 


City C RRRRR 


¥ = 1000 people 





plane figure A set of points in one plane. 


point of tangency Ifa line 
and circle intersect in just 
one point, the intersection 
is the point of tangency. 


Point of 
tangency 





polygon A closed plane figure whose boundary is 
made up of segments. 


polygonal path A path consisting 
of a union of segments which 
are connected end to end. 


polyhedron A space figure each of whose faces is 
a polygonal region. 


positive integer Any number in the set {1, 2,3, . . .}. 


power In the statement a = b”, a is the n"” power 
of b. For example, for 1000 = 10°, 1000 is the third 
power of 10. 


precision One measurement is more precise than 
another if its relative error is smaller than that of 
the other. 


prime factorization An expression of a composite 
number as a product of prime factors. 


prime number A whole number greater than 1 whose 
only factors are itself and 1. 


prism A 3-dimensional (space) figure whose bases 
are congruent polygonal regions in parallel planes 
andwhose faces are parallelograms. 


“AS 





Triangular prism Pentagonal prism 


probability The ratio of the number of times a cer- 
tain outcome can occur to the number of total 
possible outcomes. 


product The number a- b which results from apply- 
ing the multiplication operation to the numbers 
aand b. 


proportion An equation stating that two ratios are 


-a:b=c: Qn 
equal: a:b=c:d or> =e 


protractor An instrument for measuring angles. 


pyramid A 3-dimensional 
(space) figure with a 
polygonal base and 
triangular lateral faces. 


Pythagorean Theorem In any 
right triangle, the sum 
of the areas of the 
squares on the legs is 
equal to the area of 
the square on the 
hypotenuse. 





a?s b* = c¢? 


quadrilateral A 4-sided polygon. 


quotient The number a = b (or b ~ a) which results 
from applying the division operation to the num- 
bers a and b. 


radian A unit of angular measure. A central ang/e 
of a circle subtended by an arc whose length is 
equal to the radius; approximately 57.3°; exactly 
(180 = 7)°. 


radical sign The sign V_ which indicates that a 
root is the be extracted. For example, V7 is the cube 
root of 7 and V8 is the positive square root of 8. 


wey 
} Radius OA 


radius Any segment from the 
centre of a circle to a 
point on the circle. 





ratio The ratio of two numbers a and b is their 
quotient, .. 


rational number The quotient of two integers, the 
divisor not being zero. 


ray A half-line together A B 


with the: pointdeter=.2<.—— 6 0 
mining it (endpoint). Ray AB or AB 
real number line Any line with its points matched 


one to one with the real numbers is called a real 
number line. 


xX Y 


x val | OF meparayze2 serra 
The real number line. A point for each real number 
and a number for each point. 


real numbers All numbers, either positive, negative, 
or zero, having decimal representations. Those 
real numbers with nonrepeating decimals are the 
irrational numbers. 
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reciprocal If a- b= 1, each of the numbers a and b 
is the reciprocal (multiplicative inverse) of the 
other. Each nonzero real number has a unique 
reciprocal. Zero has no reciprocal. 


flew 


rectangle A parallelogram 
with four right angles. 


reflection A rigid motion 


that maps the points of Ht 
a plane onto itself. If p P, 
point P is reflected in e e 


a line with a reflection 

image P,, then the line : 
is the perpendicular 

bisector of PP,. 


region All the points in the part of a plane bounded 
by a simple closed curve. 


The interior of 
a quadrilateral 
is a region. 






This curve forms two regions. 


regular polygon A polygon that ' 
is equiangular and equilateral; be 
for example, a square. a 


relative error The ratio of the greatest possible 
error of a measurement to the measurement itself. 
For example, if a measurement is given as 10 centi- 
metres to the nearest centimetre and the greatest 
possible error is 0.5 centimetre, then the relative 
error is the ratio of 0.5 to 10 or 5%. 


remainder In whole-number division, if dividend D 
is divided by divisor d and the relation D= (q- d) +r 
is obtained where 0 < r < d, then r is called the re- 
mainder. Note that r= 0 if d is a factor of D (see 
dividend). Also, the difference in a subtraction 
problem. 


repeating decimal A decimal whose digits can be 
grouped from some point on in repeating periods. 
Examples: 0.333 .. .; 0.2727... .; 4.273149149 .... 
In these examples, the repeating decimals have 
(respectively) periods of 1, 2, and 3 digits and can 
be written as 0.3, 0.27, and 4.273149. 


rd 


right angle An anglewhose measure is 90°. 


rhombus An equilateral 
parallelogram which is 
not a square. 


rigid motion A transformation of the points of the 
plane that preserves all distances. 


Roman numerals The numerals |, V, X, L, C, D, M, 
and combinations of the numerals used in the 
Roman numeration system. 


rotation A rigid motion in which the points of the 
plane are turned about a fixed point. 
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rounding A process of replacing a number by an 
approximation (another number) with fewer sig- 
nificant digits. For example, rounding 456 789 to 
the nearest thousand would be 457 000. 


sample space The set of all possible outcomes of 
a probability experiment. 


scale drawing A drawing of an object made so that 
distances in the drawing are proportional to actual 
distances. A scale of 1:10 indicates that distances 
in the drawing are A of the actual distances. 


scalene triangle A triangle with no pair of congruent 
sides. 


scientific notation A notation used for writing any 
number as the product of a power of ten and a 
number between 1 and 10 (including 1). 


second A unit of angular measure that is go of a 
minute. 


segment A set of points A B 
consisting of two points SS. 


A and B and all points Segment AB or AB 
between them. 


semicircle An arc that is exactly half a circle. One 
of two arcs cut off by a diameter. 


set A group or collection of objects. 


Sieve of Eratosthenes A process of determining the 
set of all primes that are less than a finite number n. 


significant digits All nonzero digits reported in a 
measurement are significant, but if terminal zeros 
occur, then it must be specified whether or not 
they are significant. For example, suppose a popula- 
tion is reported as 43 000. 

43 000: If only the 4, 3 are significant, then the 
population is expected to fall between 42 500 and — 
43 500. 

43 000: If the first zero is also significant, then the 
population is expected to fall between 42 950 and 
43 050. 

In scientific notation, all digits in the factor times the 
power of ten are significant. 

2.3 X 10% has 2 significant digits. 

2.370 X 10% has 4 significant digits. 


similar polygons Two polygons are similar if there 
is a one-to-one correspondence between the ver- 
tices such that corresponding angles are congruent 
and corresponding sides are proportional. Congru- 
ence is a special case of similarity. 


sine See trigonometric ratios. 


skew lines Lines that are not in the same plane. 
They do not intersect, yet they are not parallel. 


space The set ofall points. This term usually denotes 
a 3-dimensional quality. We also refer to a plane as 
2-dimensional space and a line as a 1-dimensional 
space. 


space figure A geometric figure whose points are 
not all in the same plane. 


sphere The set of all points 
in space at a fixed distance 
from a given point. 


square root If x?=y, then x is a square root of y. 
We use the sign V to indicate the operation of 
extracting the positive square root of a number. 
For example, in the set of integers, 9 has two 
square roots, 3 and ~3. The symbol V9 by agree- 
ment denotes only the positive square root, 3. 


statistics The science of analyzing numerical 
information. 


straightedge An unmarked ruler. 


subset Set A is a subset of set B if every element 
of A belongs to B. 


subtend Literally means ‘‘to 
be opposite to.’’ For 
example, central angles 
and inscribed angles ina 
circle are said to subtend 
the arcs they cut off. 
Also, chords and arcs) 
in a circle subtend the AB subtends 2 AOB or 
angles of a circle. AB is subtended by 2 AOB 





subtraction The operation that is the inverse of the 
addition operation. 


a 1" 5-6 
oy eo a 5 


sum The number a+ b which results when the oper- 
ation of addition is applied to the numbers a and b. 


supplementary angles Two angles whose measures 
have a sum of 180°. 


surface area The total area of the polygonal regions 
(faces) of a polyhedron. 


symmetric figure~ A plane figure which can be 
divided into two congruent parts by a line (of 
symmetry). 


tangent A line which A 
intersects a circle in 
just one point. See also 
trigonometric ratios. 


B 





AB is tangent to 
circle O at point A. 


terminating decimal A decimal such as 0.5, 1., 1.24, 
0.0307, and so on, that represents the quotient of 
a whole number and a power of 10: 


0.5=%, 1.24 = 727, 0.0307 = 202 


tessellation A repeated pattern of geometric figures 
which will completely ‘‘cover a plane” without any 
gaps or overlapping. 


tetrahedron A polyhedron having 4 faces. 


theorem A statement to be proved true by means 
of basic assumptions and mathematical reasoning. 


translation A rigid motion in which each point of 
the plane is moved the same distance and in the 
same direction. 


trapezoid A quadrilateral 
with a pair of parallel 
sides. 


bases, or 
parallel sides 





triangle A 3-sided polygon. 


trigonometric ratios If one of the acute angles of a 
right triangle is chosen, then each of the six pos- 
sible ratios that can be formed between two of the 
sides of the triangle is called a trigonometric ratio 
of that angle. 

B 

is the sine of ZA (sin A). 

a 

is the cosine of ZA (cos A). A 


is the trangent of ZA (tan A). 
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union If A and B are sets, then the union of A and B 
(A U B) is the set consisting of all elements that 
belong to at least one of the two sets. 


unit The object adopted as a standard of measure- 
ment. For length, we choose a unit segment; for 
area, we choose a unit square; and for volume, 
a cube. 


variable A symbol, usually a letter, used to repre- 
sent any number in a given set. For example, we 
may say: ‘If x is a whole number, then 2 - x is an 
even number.”’ 


vector A directed line segment. y 
In the co-ordinate plane a 
vector is often denoted by an 
arrow emanating from the (a, b) 
origin and is denoted by the 
ordered pair of the point at 
the tip of the arrow for the x 
vector. 


vertex A point that two rays 
of an angle have in common. 
Also, the common point of 
any two sides of a polygon. vertex 
vertical angles Two pairs of 
angles formed by two inter- en == 
secting lines. 


volume The measure of a space figure in terms of 


a chosen unit. 


whole numbers Any number in the set 
NOME 2iGr eh. 


zero principle The principle which states that for 
any number a, a + 0 =a. Also, see identity element 
for addition. 
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INDEX 


Abacus, E-3 
Absolute value, E-112 
Absolute zero, F-44 


Addend, E-6 
Addition 
of decimals, F-42 
of integers, E-94 
in modulo 4, H-76 
of rational numbers, F-10 
of vectors, H-86 
of whole numbers, E-6 
Addition Mystery Trick, E-41 
Additive inverse, E-94, F-7 
Algebra, 
graphing linear equations, E-32 
writing equations, E-46 
Ammeter, F-78 
Ampere(s), F-78 
Angle(s), G-38 
adjacent, G-38 
apex, G-41 
base, G-41 
central, H-40 
complementary, G-39 
congruent, G-12 
corresponding, G-12 
exterior, G-41 
measure of, G-38 
right, G-22 
straight, G-39 
sums of, G-38 
supplementary, G-39 
unit, G-38 
vertex of, G-38 
vertical, G-39 
Angle-Side-Angle Theorem, G-20 
Apex, G-41 ‘ 
Approximation 
of rational numbers, F—56 
of irrational numbers, H-56 
Arc, G-74 
Area 
of a circle, G-84 
of a parallelogram, G-34 
of a rectangle, G-34 
surface, G-37 
of a trapezoid, G-37 
of a triangle, G-36 
Arithmetic mean, H-30 
Associative principle 
for addition of integers, E-94 
for addition of rational 
numbers, F-10 
for addition of whole 
numbers, E-8 
for multiplication of 
integers, E-102 
for multiplication of rational 
numbers, F-16 
for multiplication of 
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whole numbers, E-8 
Average, H-30 
Axes, E-118 


Babylonian numeral(s), E-2 
Bar graph, H-36 
Base, E-10 
angle, G-41 
of a pyramid, G-50 
one-third, F-64 
ten, E-4 
of a trapezoid, G-37 
twelve, E-25 
two, E-18 
Basic principles 
for addition of integers, E-94 
for multiplication of 
integers, E-102 
for rational numbers, F-16 
for unit fractions, F-16 
for whole numbers, E-8 
Biased Sample, H-42 
Binary operations, E-24 
Binary system, E-18, E-20 
Birthday Problem, H-47 
Bits, E-27 
Buffon’s Needle Experiment, H-26 


Capacity, metric, G-48 
Cardioid, G-76, G-87 
Celsius temperature, F-44 
Centre of a circle, G-74 
Centi-, G-32 

Central angle, H-40 
Chances, H-2 

Chord, G-44 


. Circle(s), G-74 


area of, G-84 
chord, G-74 
circumference of, G-—80 
diameter, G-74 
graph, H-40 
great, G-76 
radius, G-74 
tangent to, G-74 
Circuits, electrical, H-88 
Circumference, G-80 
Clock arithmetic, H-77 
Closure, E-96 
Coefficient of linear expansion, 
F-79 
Combinations, H-18 
Common denominator, least, F-12 
Common factor, greatest, E-70 
Common multiple, least, E-74 
Common side, G-17 
Commutative principle 
for addition of integers, E-94 
for addition of rational 
numbers, F-10 
for addition of whole 
numbers, E-8 
for multiplication of 
integers, E-102 


for multiplication of rational 
numbers, F-16 
for multiplication of whole 
numbers, E-8 
Complementary angles, G-39 
Complete factorization, E-68 
Composite number, E-64 
Conclusion, H-42 
Cone, G-78 
lateral surface area of, G-88 
oblique circular, G-78 
right circular, G-78 
volume of, G—80 
Congruence, G-12 
Congruent 
angles, G-12 
integers, H-74 
segments, G-12 
triangles, G-14 
Constant function, E-53 
Coordinate(s), E-52, E-118 
axes, E-118 
first and second, E-54 
Correspondence 
of angles, G-12 
of points, G-12 
of sides, G-12 
Cosine, G-66 
Counting Principle, H-16 
Cross section, G-79 
of a sphere, G-76 
Cube, G-46 
of a number, E-10 
root, H-59 
Cumulative reviews, E-126, 
F-94, G-94, H-94 
Cycloid, G-54 
Cylinder(s), G-78 
lateral surface area of, G-88 
oblique circular, G-78 
right circular, G-78 
total surface area of, G—89 
volume of, G-88 
Deca-, G-32 
Deci-, G-32 
Decimal(s), F-40 
adding, F-42 
approximations for rational 
numbers, F-—56 
approximations for irrational 
numbers, H-56 
dividing, F-52 
equivalent, F-42 
estimating with, F-54 
and fractions, F-42 
mixed-numerals, F—60 
multiplying, F-46 
nonrepeating, H-66 
notation, F-40 
and percent, F-82 
repeating, F-60, H-64 
and scientific notation, F-48 
subtracting, F-42 
terminating, F-60 


Decimal system, E-4 
Decrease, decimal percent of, F-90 
Degree, G-38 
Deltoid, G-87 
Denominator, F-2 

least common, F-12 
Descriptive statistics, H-42 
Diagonal, G-45, H-63 
Diagrams, tree, H-10 
Diameter, G-76 
Difference, E-6 
Digits, E-2 

significant, F-50 
Dissections, puzzle, F-96 
Distributive principle 

in algebra, E-42 

for integers, E-102 

for rational numbers, F-16 

for whole numbers, E-8 
Divisibility rules, E-76, E-78 
Division 

using decimals, F-52 

of integers, E-104 

of rational numbers, F-24 

of whole numbers, E-6 
Dodecahedron, H-5 
Domain, F-30 
Drawings, scale, F-76 
Duodecimal system, E-25 


Egyptian numerals, E-2 
Electrical circuits, H-88 
Element of a set, E-30 
Empty set, E-30 
Equality of rational numbers, F-26 
Equally likely outcomes, H-4 
Equations 

graphing, F-32 

solving, E~38, E-44, E-46 

writing, E-46 
Equilateral triangle, G-9 
Equivalent 

decimals, F-43 

fractions, F-2 

ratios, F-68 
Eratosthenes, Sieve of, E—65 
Error, relative, F-51 

greatest possible, F-50 
Estimation, E-14 
Euclidean Algorithm, E-72 
Event, H-6 

intersection of, H-22 

union of, H-22 
Expanded notation, E-11 
Expansion, coefficient of linear-, 

F-79 

Exponent(s), 

negative, F-38 

positive, E-10 
Exponential notation, F-40 
Extremes, F-70 


Face 
of a cube, G-24 


of a prism, G-25 
Factor(s), E-6, E-10, E-62 
greatest common, E-70 
tree, E-68 
Factorial, H-14 
Factorization, prime, E-68 
Fibonacci sequence, E-81 
Finite set, E-30 
Flips of a square, H-82 
Flow chart, E-46 
Fraction(s), F-2 
and decimals, F-42 
denominator, F-2 
equivalent, F-2 
improper, F-3 
lowest-terms, E-70 
numerator, F-2 
and percent, F-82 
proper, F-3 
unit, F-16 
Frequency, H-34 
of a pendulum, H-28 
Function(s), E-50 
constant, E-53 
domain of, F-30 
graphing, E-52 
identity, E-53 
machine, E-6 
range of, F-30 
and rational numbers, F-30 
Fundamental Theorem of 
Arithmetic, E-68 


Game Theory, H-96 
Generalization, E-37 
Geodesics, G-96 
Geometric numbers 
square, E-82 
triangular, E-83 
Geometry, Unit G 
angles, G-38 
lines, G-22 
planes, G-24 
points, G-12 


Pythagorean Theorem, G-42, 


H-52 
segments, G-22 
triangles, G-14 
Goldbach’s Conjecture, E-87 
Golden Ratio, H-67 
Googol, E-11 
Gram, G-48 
Graph(s) 
bar, H-36 
circle, H-40 
of equations, E-32, E-54 
of functions, E-52 
of integers, E-122 
line-segment, H-38 
Toothpick, H-50 
Gravity, specific, F-63 
Great circle, G-76 
Greater than, E-48 
Greatest common factor, E-70 


Greatest possible error, F—50 
Grouping principle, see 
Associative principle 


Handicap, H-31 
Hecto-, G-32 
Height, G-46 

slant, G-88 
Hemisphere, G-76 
Hexominos, G-28 
Hindu-Arabic numerals, E-2 
Histogram, H-36 
Hypotenuse, G-36 


Identity element 
in modulo 4, H-79 
in the octic system, H-83 
for rational numbers, F-16 
for vectors, H-87 
for whole numbers, E-8 
function, E-53 
Image 
reflection, G-8 
rotation, G-6 
translation, G-2 
Implication, in logic, E-116 
Improper fraction, F-2 
Increase, percent of, F-90 
Inequalities, E-48 
of integers, E-108 
of rational numbers, F-26 
Inferential statistics, H-42 
Infinite, set, E-30 
Input number, E-52 
Integer(s), E-90 
addition of, E-94 
basic principles for 
addition of, E-94 
basic principles for 
multiplication of, E-102 
congruent, H-74 
division of, E-104 
graphing, E-122 
inequalities, E-108 
multiplication of, E-100 
negative, E-90 
opposites, E-90 
pair, E-118 
positive, E-90 
subtraction of, E-96 
Integral exponents, F-38 
Interpolation, H-60 
intersecting lines, G-22 
Intersection of sets, E-32 
of event, H-22 
Inverse 
additive, E-94, F-7 
multiplicative, F-20 
Irrational number(s), H-54 
decimal approximation to, 
Isosceles triangle,G-17 


Kilo-, G-32 
Kilogram, G-48 
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Kilowatts, F-22 


Lateral faces, G—25 
Lateral surface area 
of a cone, G-85 
of a cylinder, G-88 
of a sphere, G-90 
Least common denominator, F-12 
Least common multiple, E-74 
Legs of a right triangle, G-36 
Length, G-30 
Less than, E-48 
Limacon, G-75 
Linear equations, graphing of, 
F-32 
Linear expansion, coefficient of, 
F-79 
Lines 
intersecting, G-—22 
parallel, G-22, G-56 
perpendicular, G-22 
of symmetry, G-9 
Line-segment graph, H-38 
Litre, G-48 
Lowest-terms, F-2 


Mariner Flight, E-23 
Mass, G-48 
Masses and springs, F-74 
Mayan numerals, E-3 
Mean, arithmetic, H-30 
Means, F-70 
Measure angle, G-38 
Measurement 
of angles, G-38 
of area, G-34 
greatest possible error, F—50 
of length, G--30 
metric system of, G-32 
of perimeter, G-31 
precision of, F-51 
Pythagorean Theorem, G-42 
relative error of, F-51 
scale drawings in, F-76 
of surface area, G-37 
tables of measures, S—33 
of triangles, 304, 307 
units of, G-30 
units of, and ratio, F-72 
using ratio and proportion in, 
F-72 
of volume, G-46 


Median, H-30 

Metre, G-32 

Metric capacity, G-48 
Metric system, G-32 
Milli-, G-32 

Minute, G-28 

Mixed decimal numerals, F-58 
Mixed numeral, F-12 
Mode, H-34 

Modulo 4, H-74 
Motions, rigid, G-12 
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Multiple 
least common, E-74 
Multiplication, 92 
basic principles for integers, 
E-102 
basic principles for rational 
numbers, F-16 
basic principles for whole 
numbers, E-8 
of decimals, F-46 
of integers, E-100 
in modulo 4, H-78 
of rational numbers, F-16 
of whole numbers, E-6 
Multiplicative inverse, F-20 


Negative integers, E-90 
Negative rational numbers, F-6 
Nephroid, G—87 
Nonrepeating decimal, H-66 
Null vector, H-84, H-87 
Number 
bases, E-4, E-10, E-18 
composite, E-64 
cube, E-10 
geometric, E-82, E-83 
input, E-50 
irrational, H-54 
output, E-50 
partitions of, E-45 
perfect, E-63 
prime, E-64 
rational, F-6 
real, H-68 
square, E-82 
triangular, E-83 
whole, E-8 
Number line 
and absolute value, E-114 
and integers, E-91 
rational, F-4 
real, H-68 
Number theory, E-68 
Numeral(s), E-2 
Babylonian, E-2 
base-ten, E-4 
Egyptian, E-2 
Hindu-Arabic, E-3 
Mayan, E-3 
mixed, F-12 
mixed decimal, F-58 
Roman, E-2 
Numerator, F-2 


Oblique circular cone, G-78 
Oblique circular cylinder, G-78 
Octic mathematical system, H-83 
One principle 
for multiplication of integers, 
E-102 
for multiplication of rational 
numbers, F-17 
for multiplication of whole 
numbers, E-8 


Open sentences, E-36 
Operation *, H-80 
Opposite, E-90 
Opposites principle 
for addition of integers, E-94 
for rational numbers, F-6 
Ordered pair, E-118 
graphing integers, E-118 
Order principle, see 
Commutative principle 
Outcome, H-4 
Output, E-52 


Palindrome, E-17 
Parallel 

lines, G-22, G-56 

planes, G-24 
Parallelepiped, G-25 
Parallelogram(s), area of, G-34 
Partitions, E-45 
Pentominos, G-72 
Percent, F-80 

of increase and decrease, F-90 

large and small, F-88 

types of percent problems, 

F-85, F-87 

Perfect number, E-63 
Perimeter, G-31 
Period, E-4 
Permutation, H-14 
Perpendicular 

lines, G-22 

planes, G-24 
Physics, using ratio and 

proportion in, F-74 

Pi (7), G-82 
Place value 

decimals, F-—40 

whole numbers, E-4 
Planes 

parallel, G-24 

perpendicular, G-24 
Points 

corresponding, G-12 

of tangency, G-74 
Polygon(s) 

angles of, G—40 

perimeter, G—31 

similar, G-58 
Population, H-42 
Positive integers, E-90 


Powers and roots, table of, H-60 
Powers of ten, E-10 


Powers of two, E-18 
Precision in measurement, F-51 
Prime(s), E-64 
factorization, E-68 
relatively, E-71 
a short table of, E-66 
twin, E-67 
Principles, see 
Basic principles 
Prism(s), G-—25, G-50 


oblique, G-50 
right, G-—50 
volume of, G—50 
Probability, H-2 
combinations in, H-18 
counting principles, H-16 
equally likely outcomes, H-4 
“or’ and “and” in, H-22 
permutations, H-14 
sample spaces, H-14 
Product, E-6 
Proper fraction, F-3 
Proportion, F—70 
Puzzle 
Dissection, F-96 
Topological, E-60 
Translation, E-88 
Pyramid, G-50 
triangular, E-51 
volume of, G—50 
Pythagorean Theorem, G-42, 
H-52 


Quadrants, E-118 
Quotient, E-6 


Radical sign, H-53 
Radius, G-74 
Random sample, H-42 
Range, F-30 
of a set, H-30 
Ratio(s), F-68 
comparing, F-68 
equivalent, F-68 
Golden, H-67 
and proportion in measure, 
F-72 
and proportion in physics, F-74 
and scale drawings, F-76 
simplest-terms, F-68 
trigonometric, G-66, G-68 
and units of measure, F-72 
Rational number(s), F-6 
addition of, F-10 
approximations of, F—56 
basic principles for, F-16 
comparing, F-26 
division of, F-24 
multiplication of, F-16 
names for, F-6 
negative, F-6 
positive, F-6 
set of, F-6 
subtraction of, F-14 
Real number(s), H-68 
and the number line, H-68 
Reciprocals, F-20 
Rectangle, area of, G-34 
Reflections, G-8 
Region, G-34 
Relative error of measurement, 
F-51 
Relatively prime numbers, E-71 
Repeating decimals, F-60, H-64 
period of, F-60 


Replacement set, E-34 
Review Exercises, E-26, E-58, 
E-86, E-124, F-34, F-64, 
F-92, G-26, G-52, G-70, 
G-92, H-24, H-48, H-70, H-92 
Right angle, G-—22 
Right circular cone, G-78 
Right circular cylinder, G-78 
Right prism, G—50 
Right triangle(s), G-36 
isosceles, G-17 
ratios for, G-66 
similar, G-62 
Rigid motion, G-12 
Roman numerals, E-2 
Root 
square, H-52 
cube, H-59 
Roots, table of, H-60 
Rotation image, G-6 
Rotations of a square, H-80 
combinations of, H-82 
combining with flips, H-82 
Rounding, E-12 


Sample(s), H-42 
biased, H-—42 
random, H-42 
Sample space, H-4 
Scale drawings, F-76 
Scientific notation, F-48 
Second, G-28 
Segments 
congruent, G-12 
unit, G-30 
Sequences, E-80 
term of, E-80 
Set(s), E-30 
disjoint, E-32 
element of, E-30 
empty, E-30 
of equivalent fractions, F-3 
finite, E-30 
infinite, E-30 
of integers, E-90 
intersection of, E-32 
replacement, E-34 
solution, E-36, E-56 
union of, E-32 
Side-Angle-Side Theorem, G-18 
Side-Side-Side Theorem, G-16 
Sieve of Eratosthenes, E-65 
Significant digits, F-50 
Similar 
polygons, G-58 
right triangles, G-62 
triangles, G-60 
Simple polygon, G-58 
Sine, G-66 
Slide (translation), E-2 
Slide rule, F-54 
Slant height, G-88 
Solid(s), volume of, G-46 
Solution set, E-36, E-56, E-110 


Specific gravity, F-63 
Spheres, G-76 

surface area of, G-90 

volume of, G-90 
Spherical cap, G-76 
Spherical triangle, G-77 
Spiral, G-87 

square root, H-72 
Springs and masses, F-74 
Spring scale, F-74 
Square 

flips of, H-82 

rotations of, H-80 
Square numbers, E-82 
Square roots, H-52 

approximation of, H-58, H-60 

spiral, H-72 

table of, H-60 
Statistics 

descriptive, H-28 through 

H-41 inferential, H—42 
Stylus, E-2 


Subset, E-30 
Substitute, F—33 
Subtraction 
of decimals, F—42 
of integers, E-96 
of rational numbers, F—10 
of whole numbers, E-—6 


Sum(s), E-6 

angle, G—38, G—40 

vector, H—86 
Supplementary angle, G—39 
Surface area, G—37 
Switches, H-88 

in parallel, H—90 

in series, H-88 
Symmetry, line of, G-9 


Table 

of measure, S—33 

of powers and roots, H-60 

of trigonometric ratios, G—68 
Tangent 3 

of a circle, G-74 

of a right triangle, G—66 
Temperature, Celsius, F-44 
Term (of a sequence), E-80 
Terminating decimal, F—60 
Tetromino, F—5 
Theorem, G-16 
Toothpick graphs, H—50 
Toothpick patterns, E-128 
Topological puzzle, E-60 
Translation (slide), G—2 
Translation puzzle, F—88 
Transversals, G—22, G—56 
Trapezoid, G—37 

area of, G—37 
Tree diagrams, H-10 
Tree, factor, E-68 
Triangles 

angles of, G-14 


S-47 


area of, G-36 

congruent, G—14 

corresponding parts of, G-14 

equilateral, G—9 

isosceles, G-17 

right, G-36 

similar, G—60 

similar right, G—62 

spherical, G-77 
Triangular numbers, E—83 
Triangular patterns, F—36 
Triangular prism, G—50 
Triangular pyramid, E—51 
Trigonometric ratios, G—66 

table of, G-68 
Twin primes, E—67 


Union and intersection of events, 
H-22 

Union of sets, E-32 

Unique Factorization Theorem, 
E-68 


S-48 


Units(s) 
angle, G—38 
cube, G—46 
segment, G—30 
Unit fraction principle, F—16 


Variables, E-34 
Vectors, H-84 
magnitude of, H-84 
null, H—84, H—-87 
Venn diagram, E-31 
Vertex, of an angle, G—38 
Vertical angles, G—39 
Voltage, F-78 
Volume, G—46 
of a cone, G—88 
of a cylinder, G—88 
of a prism, G—50 
of a pyramid, G—50 
of a rectangular solid, G—46 
of a sphere, G—90 


Watts, F—22 

Whole numbers, E-2 
addition of, E-6 
associative principle for, E-8 
commutative principle for, E-8 
distributive principle for, E-8 
division of, E-6 
multiplication of, E-8 
one principle for, E-8 
subtraction of, E-6 
zero principle for, E-8 


x-axis, y-axis, E-118 


Zero principle 
for addition of integers, E-94 
for addition of rational numbers, 
F-6 
for the addition of whole num- 
bers, E-8 
Zero vector, H—84 





UNIT E: MODULE 1 


E-3 USING THE IDEAS 


1.A 34 B 122 C 12304 D 230123 E 1020262 
F 2200306 2.A 7 B35 C 43 D 620 3.A 27 
B 1616 C 2877 4.A5 B6 C4 D110 E11 
F9 G60 H 40 1600 J 400 K 1100 L 900 
M 1159 N 178 O 1970 
5.A PPANNAIIIN B HHAAAAT\ 
C CCXLVII 6. MMMCLXXIx 

Think 1776 


E-5 USING THE IDEAS 


1.B 900 C 4000 D 600000 E 5000000 
2.A 874 B 3691 C 28437 D 100101 E 67080 
F 3700000 3.A 6000000000000 000 
B 73000000000 C 276000000 000 000 000 000 000 000 
D 1000000 000 000 000 000 000 000 000 000 000 
E 439000 000 000 000 000 000000000000 F 89000000 
4. 1000000 000 000 

Think 61 


E-7 USING THE IDEAS 


1.A14 B13 C 25 D 80 E 200 F 1300 G8 
Dale? eOR KES Ee is8s ‘(Messe NG72y 0,08 Pat 
Sa Rio 82,A 9) B77 C Se DIOS E 7% Fs 90 
502 H 10 163 3.A 729 B779 C 786 

1265 E 1295 F 1303 G 563 H 513 I 507 

J 317 K 277 L 269 

Think A,C,D,F 


E-9 SOME SPECIAL FUNCTION MACHINE RULES 


1.A 24 B120 C 200 2.A 18 B 34 C 90 
3.A 6 B20 C 28 4.A 110 B 82 C 200 
5.A 11 B30 C 800 6.A 21 B45 C 39 
7. cubeachadd 

Think 1. 4,15 2. 5,24 3.6,35 4. 10,99 
5. 20,399 6. 100, 9999 
E-11 USING THE IDEAS 

1) Av/2e B35) Ci22>) DeI10*7 E6o "F105 <G 52 
H 97" 145952, A 3) Bi2 \Ci6e D7 3E 19. FSO 
G 1000 3.A 1000 B 100000 C 1000000 
D 100000000 E 1000000000 F 1000000000000 
G10 4.A 10* B 10° C 10° D 10* E 10’ F 108 
G 10° H=102 (ff 10's 5. A 102) B #0? .C 10! 
Dai02 6. AN2 9 Bis C49 72D 6) A (2210) -(74110°) 
—B (4-102) + (7-10") + (3:10°) C (5-102) + (7:10°) 
D (9-103) + (6-102) + (2-101) + (5-10°) E (8-104) + 


H 
Q 
G 
D 


(7-103) + (3-10') + (4-109) F (4-108) + (6-105) + (3-104) + 


(2-103) + (4-102) + (7-101) 
Think 21000 


E-13 USING THE IDEAS 


1.A 6000 B 6000 2.A 2857460 B 2857500 
C 2857000 D 2860000 E 2900000 3.A 437000 
B 2084000 C 1639000 D 31000 4.A 9976000 
B 10000000 5.A 6100 B 6000 6.A 8500000 
B 9000000 

Think 639 


E-15 USING THE IDEAS 


1.A 600 B 700 C 80 D70 E700 F 4000 
G 500 H 300 190 J 8000 K 400 2.A 900 
B 6300 C 4800 D 30 E 500 F 24000 G 900 
H 18000 1! 230 J 10000 K 280000 3.A 1400 
B 1100 C 400 D 2400 E 200 F 49000 G 9000 
H 200 1! 100000 J 1000 K 11000 L 18000 4. 5 
5. $20000000000 6.A 10 B 2 C USSR 


E-17 USING THE IDEAS 


1.A 525 B 2442 C 881188 D 69696 E 15851 
F 43911934 2.A 1089 B 1089 C 1089 D 1089 
3.A 4416 B 4416 C 215418 D 215418 4.A 52 








B 3713,R90 C 839 11 
5.A 5837 B 4007 Cra.476 D 76)836 
+ 9678 — 2989 999 76 
15515 1018 4284 76 
4284 76 
4284 ro 
475524 


E-19 USING THE IDEAS 


1.A 1000110 B 1101111 © 0110001 D 1010011 
E 1111010 F 1100010 2.A 102 B39 C85 D 59 
EV449 5205 S2AT65) Bo3e C795 ee Dei jamenoG 
F117 4.A 111 B1101 C 11010 D 11110 
E 101010 F 110010 G 0111101 H 1000011 
1 1001001 J 1010000 K 1100100 L 1111101 


E-21 USING THE IDEAS 

1.A twos, 1x 2' 8B sixteens,1 x 24 
C sixty-fours,1x 2° 2.A1B2 C7 D4 E5 
FromGrcte Hii 2a eS ime dane Ketel Sees elie anos 
16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192 4.A 14 
B8 C 28 D116 E31 F 32 G119 H 170 
5ST Aclicy  B 10157 .C. 11000, _D 1011710,,, 
6. A 10011100, B 101110100... C 1000011011, 
D 1010101100, E 1110000100, F 1111111111.) 
G 10011111111... H 11000110000, 

Think A 23 B 133 C 225 D 511 E 433 


E-23 USING THE IDEAS 
1.A 41 B black 2. 111110 3. 000001 
4. 011111, 100000 


5. eet T ©, 


ame te LOL CG Oo) 





E-25 USING THE IDEAS 


1.411 B 101 C110 D 10010 E 10110 
FRO erAn Om BO eieG al D110) Eottoil |r iit 


3.A 11 BO C100 D 1000 E 10000 F 1001 UNIT E: MODULE 2 
G 1111 H 110001 111000 J 10101 K 100011 
L 11110 4.A 101 B11 ©1011 D 1000 5.A 10 E-31 USING THE IDEAS 


Bi C10 D11 E11 F1110 G 100 H 100 11 1.A infinite B infinite C finite D finite 


Think 2.A true B false C false D false E true F false 
G true H false I true J false 3. ©, {2, 4, 6}, {2} 
+: Ou le 2 SohA: 96 6500.0 . Oxo Dra Pet ae BES 
$$ $$ $$ {4}, {6}, {2, 4}, {2, 6}, {4,6} 4.16 5. BCA:CCA: 
0 Oe Ro oe (oe eee ee CcB 6-Q cM CEN NGM 7 J cL 8 wee 
4.12 87047575 665 7 78ss' Speer Think 18 
2) pen eS Tee Ol Bie! a Oe,” Da EAOEUD E-33 USING THE IDEAS 
33554 ONG G7 Seco oD sie Opies 2 1.A {1,3,5, 6, 7,9) 12) “B™{3, ot 
4%4%6 "67 8 9 D_ ewhot 1oRes C isais eee Be U2 I Ey a a 
C 13,4°5.6°7,6.9 3,45} EO F {7 

p PO “eS eae) eee 3.A {7} B {3,4,5,7,8,9} CS 
6 “6° "7" Oaer DE Goll 12°19 gi4aets aire peaaiiel eit pees F104. 2i37405 7) 
a NY en er G {7} H {3,4,5,7,8,9} 1 {3, 4,5,6,7} J 13, 4,5} 

10.11 12°18 14 i5e46 AE a mf 
seme each D lie ee Nae K {3, 4,5, 77 lard 587 een een ee 
8 6S Dae 10) 11s12) 13/14) 415 BoM, Geeenor 

14 15 16 17 18 

9029. UE 0a eee ie 5.A {4,8,12,16,...} B {6, 12, 18, 24,...} 
DeDe EL 10M 25 13 M14GHS BIGRI7G18 Big C (12, 24, 36,...} D common multiples of 4 and 6 
ESE 40" 1112, 10) 14 15h 16ei17 16219 "N1D Think 


if 2. 

XO Adami? Ac a4 GS imbano ome a ed eis) 
6 .ofo Pte PF oaeetc. Ho Homo) to foto CH) <6”) 
170292 63 34) 25 Pelee COM DEE Se 
20 “2 "4 '6. 8 MDEHIO @2 W416 ms wD 
c) = S G8) WO. Wey is. TW a) 2}. AS} 248) E-35 USING THE IDEAS 
450) 4558 S10 44016520 «24408. 30) 34 138 1.10, Wg 2m 2a, 6, 5n4— 3 244. 10, 16a Anal 
Se Fae ry eat eee Ege eee eS B54 C3 D49 E29 F2 G8 H6 5.8 
5 O° 5) DO 1Se18821 26 2E t34Rs0m4e) 47 

6::1,.3,7,13521 7, Ae4;9316 Bia LoniS 
CO Or Ome Gm 2Om2 Om COM SG 404 Om OUm OO Think 207°, then pattern repeats 
7...0°'°7'/12° 19 2462E 936 © 41% 48.163) 5D)65 E-37 USING THE IDEAS 
8 0 8 14 20 28 34 40 48 54 60 68 74 1A8 B5 C3 D1 
9 0 9 16 23 30 39 46 53 60 69 76 83 E {0,1,2,3,4,5,6,7,8,9,10} F10 G7 HO 
SA Ga GAR Dein oe Ee eee ee 1 {0,°9, 2) 3,4) 586, 7,6, 9810} 2.1K {0 a, 2 3¢ 
O70) (Deep 3404225005). 68, 7.6 184.02 ieee Sea ee 
aa ee ee ee ee B {6,7,8,9} C {0,1,2,3,4,5} D {5,6,7,8,9} 
E 0 E 1D 29 38 47 56 65 4983 7927,DA E@ F {6,7,8,9} G {0,1,2,3, 4,5, 6} 

H {0,1,2,3,4} 1 {6,7,8,9} 3. A,C,D,F,G,H,Kare 

eneralizations 4. A, C, D, F, G, H, K 

E-26 REVIEWING THE IDEAS alee a 
Think 6 


1.A 110213 B 1668 C 1464 2.A 3000000000 
B 748000000 3. first 3 on left. 4. 53 — 27 =n 
5. 234=9=y 6.A commutative (+) B one 
C commutative (x) D associative(+) E zero 


E-39 USING THE IDEAS 
WACO, 0) Bi 2i, 7) "Coins Di618ea eo e> 


F137 2.A4 

7.A 63 B45 C102 D2? 8.0 9.A 10° B 2’ rio RA 4, BS ONO Oo ae 
H7 190 $10 K12 L42 M24 N19 O'8 

C 10* D8? E75 F 10! 10.A 7463500 
P12 3.A 8,4 B 20,5 C 20,10 D186 E 14,7 

B 7463000 C 7000000 11.B 12. 500 00 lds danse Baldi: ce DLE 

13.A 18481 B 5638 C 399280 D 247,R14 ; 

14. 10100 ‘15.A 101 B 1100 C 10011 D 11101 

E 100000 F 1000010 16.A6 B11 C8 D 27 E-A1gU SING THE PEAS 

E15 F 43 17A 1010 B 1001 C 100011 D 1001 1. A 0/15 B) 1425 C 0/2 8D 1149 E 0, took. 
G'8,6 HO,0 1:3,14 J 10,7 K 15.12 aoe 
2A8.85 C5 D2 E7 F6 G5 OM Ganiet 


Think 
4728 


3524 
6953 + gg99) 22367 
9999 | 6875 
= 3046 
24726 


E-43 USING THE IDEAS 


1.A 12x B11x C 6x D12x E 7x F 8x Gx 
Hoox I 18x J) 21x 3K 23x LE Sx 2.A 3x B 3x 
C 2x D 6x E 9x F 4x G 8x H 8 I 3x J 4x 
K 10x LO 3.B 4x C 8x D 7x E 2x F 8x Gx 
Hx I|6x¥ Jx Kx 4.A 45 B90 C63 D 48 
Esi20 Sral40Gid4 H6O) 10 JOR K.5) LE e2 


Think SfO{MY~EMLATETHTFEUANS 


E-45 USING THE IDEAS 


(SAGO SC Ce ae Daiwa eo 4 Thee 3) Gp20) 4. 
Higoy wd = 4s" 27 AN20" BY4 | C45" D75. (EPS. Eee 
G H5 12 3A3 B3 C4 D6 E5 F3 
G Lehto wit 


3 

5 

Think 11,15 

E-47 USING THE IDEAS 
1A (x +10)4=56 B6y—8=10 C 5z+z=18 
AGA AB oe Clse 3408. 45 13 95. 139565 156 7. 7 
A 3 


2s 
8. 3 B Beth19; Tina14 9. Dave 18; Chuck 15 


Think 





1 PORES 


E-49 USING THE IDEAS 

1.A A ={0, 1, 2,3, 4,5, 6, 7}; B = {6, 7, 8, 9, 10} 
A‘ B= 16,7}, B.C = {3, 45,6, 7,.8,.9,.10}; 

D = (Opie 37475) 6) 798); Cort =4S, 47596) 77 8} 
CE ={0/1, 2); F ={6. 9) 10}; © F ={0, 1,2, 8,9, 10} 
D G = {6, 7,8, 9, 10}; H = {2}; 

G UH = {2,6,7,8,9,10} 2.A 2<x<10 

B 12<x<19 eae Diaioxbe Ey x9 
Fx2>=3 3.A {6,7,8,9} B {3,4,5, 6} 

C {0,1,2,8,9,10} D {7,8,9, 10} 

E {0,1,2,3,4} F {6, 7, 8,9, 10} 

4.A {24, 25, 26, 27, 28, 29,30} B {4,5,6,..., 18, 19} 
c ise 4999, 5000, fo D sh 2, 3} 

E {101, 102,...,998,999} FO 

G {244, 245, . -. , 341, 342} H Bt, 578,..«. 674, 615} 


| (27, 28,..., 80, 81} 5.A {9, 10, 1 

2 OF esc, 4. owe uap. Cat, ie i D {13} 
3,4,5,6,7,8,9} F {14} G {8,9, 10, 11, 12} 

i ( 1 set of whole numbers 


E-51 USING THE IDEAS 


1.A81 B9 CO 2.A 42 B72 C 216 3.A 39 
B54 C69 4.A 18 B 100 C 448 D900 5.A 3 


B4 C9 D99 6A9 B17 C33 D 65 
Tene 
Think 55 
E-53 USING THE IDEAS 
Avs. Bae Gols 






























O-HHwEeHAeIUAYS=, 











2nAnO ee B25 Clia Ered 






































O-PoOe Herr mnL15G 


337A 0) Bo5. C8 7D 9 JE 8) F.5 G0 














































































































O- HOE yecrs 








































































































Think 4 


E-55 USING THE IDEAS 





Think Chris: 3: Juanita: 6 
E-57 USING THE IDEAS 






































ib RRC chs sO) 


Aye 


3. 5, 10; 4, 8; 3,6 







































































cre "2 ONO rHq- 0 


+ 





dol el isi steal -| 0 


CE on Oh ae 
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CaGEBLESLe 
RERSSlesoe 
SREP eoB 
BSBERSERSOe 
BESESZEREL 
RESSECReOe 
HEBEL ERESae 
BSBESEESAS 
SEEGERLESEF 




















Y 
a a Caued 
4 : ries 
~ ? 
le] : oases 
S| F pEues 
cd : Pile 1 
; SAH 
a 2 EREGB 
ial oh lol eel ae i fe IS tly 
RREEERTSE DH R457 | | 


E-58 REVIEWING THE IDEAS 


1.A yes Byes C no Dyes 2.A true 8B false 

C true Dtrue E false 3.A {1, 2,3, 4,6, 8} 

Be(2e4h *C {1/2} 3,4) 9p {4 3} E*{1,2, 3)'4,6, 8} 
7) 



























































F 
@Qs) 
5.6 6.50 7.A {9} B {8} C {0,1,2, 3} 
D {8,9,10} 8 yes 9A7 B3 10.A11 BQ 
112A;11,.4) 8.4, 5: 12. 8x + 9-= 334132314; 7 
15. A {6,7} ~B {0, 1910}, C104) 2:8,.4,6.7,.8,9910} 
D{3,4)5)6,7,8}" 16,A 3 B4 Ci” D 12 
16. errr 17. 

jARREeM 

eee 

rs i 

q Iai 

damaca 

[eine | 

§ | clasbialeel| 

od A int Gilad 

34H + 

a t4> 

t + + 

Tate 
18. 








UNIT E: MODULE 3 
E-63 USING THE IDEAS 


1.A 84 B42 C 28 D21 E14 F 12 
Bem ee dO 12 1472264204 S64, ooo 
DIARI ac ron OnLancon7ZOl, Bil,2.3' 6.11), 22,33, 06 
C 1, 2,3, 4, 6, 8, 12, 16, 24, 48 
Daiige Gon Onl, 15%725,1090) 50,175,150 C. 12) 3,5, Onze 
10, 12, 14, 15, 20, 21, 28, 30, 35, 42, 60, 70, 84, 140, 210, 


420 6.A yes Bono C yes D yes Eno F yes 
TaApe Oe 496m 6.260) 10010 nGOn 1 Oe Alt, Guna lopelo, 
21 Op 00. 91 OO mMIOne/oN4005 11305.) Be 12535 5)0, 7, 
10M Ap talon 21a 22,30) 33, 00, 427057 00470.9774 1 OO smtimO) 
154, 165, 210, 231, 330, 385, 462, 770, 1155, 2310 

Think no 


E-65 USING THE IDEAS 
2.4 3.A3 B6—-3,2 C9 D5 4.B:-25 
E-67 USING THE IDEAS 


A729 3B 179.9C 379) D 479192) noe 17359) 315-93; 
279 3.A 64 B89 C5 D120 E 198 F 167 
4. 13,113 5. 101, 401,601, 701,1201 6.A 3and5;5 
and 7; 11 and 13; 17 and 19; 29 and 31; 41 and 43; 59 and 
61; 71 and 73 B 1019 and 1021; 1031 and 1033; 1049 and 
1051; 1061 and 1063; 1091 and 1093 C 1217 — 2 = 1215; 
5.243 = 1215 and 1217 + 23=:12193225:53 =1219) 7283; 5; 
T8200) fal le SS ANI, 239 Olee4) BOOAGNGG, LOlme oie 
143. B No, 121 and 143 are not prime 10. 17, 19, 23, 29, 
37, 47, 59, 73, 89, 107, 127, 149, 173, 199, 227, 257, 289, 323, 
359, 397; No, 289 and 323 are not prime numbers. 

Think 1, 4, 9, 16, 25, 36, 49; perfect squares 


E-69 USING THE IDEAS 


ibd 3S Bey [eS Ges PY (8 Ox SCR I 
ASS a5) EBY2ex 2S eeCe 2] <1 Das Xel'3 
Bsc ly sels) [a Ae Sy Sa7e Wee sore Ei} 
PG OSG 2 Eee [OES MOO MUMe 2 COO 
2 SC She 1 ee LEI 5G eS BS VATZ XS 7 a7, 
SexXicea de CG ees pa2ex.o) (DE25x 2ES x 13 
2062 Sa ee Raexs < Deo Oe Galle 2ae2 eas 
CYS SSD SS TP SC Ry Se Ae Oe 7 
SOS eC ae Ke OE Xe Gea aS 
2x5 7X7 47A723:3 B 23-32 C 2-53 D 34 
23-33 F 10° G 23-3:5 H 24-3 | 22-33 J 22-112 
25-32 L 32-52 M 32-72. N 22-32-17 O 32-112 
Bis) C9 7D 12 Ee Fes 
(Eret2..24)e°B I132 3.5, 610.15, oc) 
20; 25; 50, 100} “Dp” {1, 2, 3, 4)6, 8) 9) 12, 
E {1, 2, 4, 5, 8, 10, 20, 25, 40, 50, 100, 120, 
125, 250, 500, 1000} F {1, 7, 11, 13, 77, 91, 143, 1001} 
Think 


OFPXAMreCIMAAIMDN 


, 


2,3, 4 
4,5, 10 
6, 72} 


1. 2. 


E-71 USING THE IDEAS 


Cea UC NCEE ag B {1,2,3,6,9, 18} 
Cyipec cree © 3 Ail ae: Seah Pug aan 
B {1,2,3,6,9, 18, 27,54} C {1,2,3,6,9,18} D 18 
a B2 C7 01564 F 10 G7 /H 24 
l17 J 10, 4.A 5 6B 6 aC 3.) 0024 Fala areca 
G 


i 
22 5.A relatively prime B 3 C relatively prime 
D relatively prime €E relatively prime F 3 G relatively 
prime H relatively prime 13 J13 6.A15 B2 
G14 DiCCesET SOU Eeolo 

Think 3 


E-73 USING THE IDEAS 

1, A 1498B 23) Ceca Dp? 27a) EecS i Fac4 a Gau6 

H 37 1 tis 219" K 56° £213" 3. A017 ByO g4eno; 
ih Gey. HL ALP als) 

Think yes 


20 


E-75 USING THE IDEAS 


1A 6,12, 18, 24, 30, 36, 42, 48,54,60,66 B 20, 40, 60 
C60 D60 2.A 12 B30 C 36 D30 E 56 
F 40 G40 H80 142 J120 3.A 60 B12 
C°36°°D 60 B24. F 12°'G 120° H 180° "142 
J60 K 36 L120 4.A 28 B100 C 210 D 72 
E 165 F180 G 108 H 432 

Think 1. 20 hrs 2. 1200 km 


E-77 USING THE IDEAS 

1.A 12, 20, 24, 30, 48,70 8B 15, 20, 30, 35, 70 
C 20,30,70 2.A true 8B false C true D true 
3.A 6,yes B5,no C 12,yes D 18,yes_ E 3, yes 
FU 16snomiGre7avesm 14 Ane, Cre Fe Ghineo. AyD eG 
Halt) KGL GT ARS Sc /meBae <3 1S GroeGoo 
Di 33CSea oe EsGreo ee aoe~ 307, 


E-79 USING THE IDEAS 


1A BAECS FAG MAU m2 wAN BD SEN ENG iineminGie 
3.A yes Byes C yes 4. A,B,D, 5. A,D,E,G,/ 
6. ¢) ESFAG.H 

Think 2520 


E-81 USING THE IDEAS 


1.A 11, 13,15 B 10000; 100000; 1000000 
Cr32504 26m Decay ez sle ne AnLonlon23 
BelOpi521eeCalO425 13cOmeD mlilpal Oy 271 
Sis o aS nln 4 ea Onin On mon ARCO MO ninc al 
Cn(n+1) Dn? 6.A 34,55, 89, 144 
B (n — 2)"term + (n — 1)" term 

Think 2, 4, 8, 15, 26, 64 


E-82 SQUARE NUMBERS 

1. 16, 25,36,49 2.14+3+4+5+7= 16; 
14+34+54+74+9=25:1+3+5+7+9+11=36 
3.A9 B16 C25 D 36 E100 F 2500 4.A D:1 
+2494+44+34241=42°6:14+24+3+4+5+4+3+ 
24+1=57; B1+2+3+44+5+6+7+8+7+6+5+ 
44+34+24+1=82 C14+2+3+44+5+6+7+8+9+ 
10+9+8+7+64+5+4+34+2+1=10? 5.A 6 
B 7- C 9 


E-83 TRIANGULAR NUMBERS 

1. 10, 15, 21,28 2. 15; 21, 28,766745,55566e76501" 
105 3. 15=1424+34+445;21=147+24+3+4+7+5-+6:; 
28 =14+24+34+4454+6+7,36 =14+2+3+4+5+6 
+7+8 4.A 10+ 15 = 25; 15 + 21 = 36; 21 + 28 = 49 
B 45+ 55=100 5. 28; 55; 210; 5050; 500500 


E-85 USING THE IDEAS 

1.A 22 B76 C148 D 244 E 313 F 2998 
2.A yes Bno C yes D yes Eno Fno G no 
Hno Ino J yes 3.A {1,4,7,28} B {1,4, 16} 
C {1,10}. D {1,34} —E 41,7; 10, 70} 
F {1,4,19,76} G {1,25} H {1,4, 10, 25, 100} 
1 {1,4,13,52} J {1,7,13,91} 4.A yes B yes 
C yes Dno Eno F yes 5.4 6.A 4-4 B 4:22 
C 7:10 D13-4 E7-7 7. 10-10; 4-25 


E-86 REVIEWING THE IDEAS 

1.A {1,2,3,6,9, 18} B {1,2,3,5,6, 10, 15, 30} 
72.11.22) 8D 17275: (Daca 

2,4,8,16} F {1,2,4,7, 14, 28} 
3, 5,15, 25,75} H {1, 2, 4, 8, 16, 32, 64, 128} 
3.97 469 © 52A 2 =< 3° B12) oe Cree 


4 9x 3x%5x7 FF 225055611 G22 74 


E 

X53 £22632. S26 TA 199 C 4ige Es2omer 61 
7 
I 


Oe) 


3. 7 AS8) (Be5@ Ci 3a LD ‘ame 22) Eni oe) Gee 
3 24 8.A 21 B37 C 43 D 47 9.A 6, 12, 
18, 24, 30, 36, 42, 48,54,60 B 10, 20, 30, 40, 50, 60, 70, 80, 
90,100 C 30,60,90,120 D 30 10.A 24 B 40 

C 36 D 42 E60 F 20) Gi 77aeHecGmlp3-25- 
U2 72 Ke 2273-5) E7212 al eee 2 Bees 

C 120 D105 E 36 F60 G60 H 54 | 180 
12. A 54, 66, 70,222 B 54,66,111,222 C 54, 66, 222 
D 65,70 13.A yes Bno C yes Dono 14. ifsum of 
digits is divisible by9 15. B,C,D 16.A 26, 31, 36, 41 
B 81, 243, 729, 2187 17. 5,8,11,14 18. triangular; 
prime; none; square; triangular ; 


c {1 
E {1 
ot 
2. 

De 
H 2 
H 7 
H 1 


UNIT E: MODULE 4 


E-91 USING THE IDEAS 


15A>—37 BI—7, C.—10)) De 100 SE 4 TE 8 Gai 
99 | 89,376 D —10000 K 1000000 
—10000001 2. —87 3. —86 4.A positive 
negative C negative D negative E positive 
negative G negative H positive 1! negative 

J zero 5.A negative B positive C negative 

D positive E zero 6. —392 


E-93 USING THE IDEAS 


1 Ano Bt0 9G 3 Da—30) ES 25 25 A oe 
Ce— 7/08 De 20 Es C00 37 An So sO Ime 
re Sl ef, efeaal Ink S45) - i) fe} » a} =e 
4,.A 18 Bl—/ (C33 D 37 (Ex4e5Fe2ce GeoesHeo 
12 5.A -10 B —-10° C $5.00 D 22km south 


E-95 USING THE IDEAS 


1.A0,0 B9,9 C0,0 DO,0 2.A 4,4 B5,5 
=47—-4° 1D 5-5) E —2)-2) Fei Galea 
959) 1 103-109 9J) —5, —5 (KK >6)—=s bso) Ss 





TOF. 








Cc 
H 





STARE OrenGe 25, D5—3 Eva EsoveGisin Hed 
b 1 7e A) CP =O Sle 2 Moms aNi=1) 0-7 
Per QMit Ris (S sas. i1pes508.U'— 26) V 200 
WG Xe OSands AGS a BP 14. Gale DEO EES 
Eee oA eS) 1ieeCu Om Da On Els Fe 20 
Giclee He—208 6. Ag. eBa— oe. CODE 8. E.9 
Fa 2a Ge—OesHe ae lio 

Think 








E-97 USING THE IDEAS 

Agee Bee GeO IDE saree Sere 4G a6 
He 10 Gard) 10a Ke —9) 2 5 Med N 5 
OF Sa PE ieee OF 40 RS) 4 0) 2.AP 5.6 
BtS) ae GalO wh eel Oise Ota ie Ou Om Fao 
aEEN Wi 41S © 12 Ml@- =f. i =10 ~ fe 7 
Bele or Kl a6) 4c AblO; B —15 
Ce21e Di ilheete 4 el 4 Gol Oa 2408 18 
Ue ON Oop mle Sop eo. A Om BGG aC 

Think D: 30;£:55 2. 204 


E-99 USING THE IDEAS 


Un/N Sli, ee & (8) ele (2 =r Ne I oleh iy 
Hig 4a Jibs Kos Leer ATS Be aO CS 














yah) j= 240) = =e fey S10 Ia =S Tht ew 
K =143" 1 = 22) 33A0—5 7B.5 Ct—6h D2 E =4 
Fe eG Senda lo 16. Sakae Eei2. 47k 4 
BilcmCiSe DE OES — 48°F os Gia 40s 


Think CheckAO bag. IfA thenAA, and OO, AO, AA. If O 
then AO, AA, OO. 


E-101 USING THE IDEAS 

1.B 5--3=-15 C -5--3=15 D ~-10-4=-40 
E 10--4=-40 F -10--4=40 G 15-2=30 
H -15--4=60 112--5=-60 2.A -12 B -16 


Cr8 4D) 10. — 2429 & 16 FG 70 Has 9 1p —49 
Je —-90n Ke 40 10m 32Al 12) BB oac 45 D0 
Ee ae Pe Oe Ge 12 He 2 oO re pO 


L4 M8 N 12 
Think 





eeeseneas 


E-103 USING THE IDEAS 

INANIOIO MN Be—87—8 Ce—-245— 249) D886786 
PS 2) =P We Slee) (Stay Ses eee 
Ea 265 One Ra Og 2) Ama Ope l6 ‘ 
B=3) —3) 1G 845-84" D 277-27 9 E3847 384 
Eten 40, 2450 1H 660) 2-360. 
4A, 0,0, 0; 0)—=12, BO; 0; 0;10;—110) © 0;0;,0; 0; 0 
5.A —72 B .—42 C 45 DO E —-161 F —448 





G 686 H 1200 1-972 J —2436 K 2813 LO 
M —920 N —4800 O 62000 P 10000 QO 

R -125 S$ 256 T —360 6.A negative B positive 
C zero 


E-105 USING THE IDEAS 

(Aa-o8 Bra 1C — 1) )D —l5esER0R Fao eG a3 
He 8) 1 Os 86m Ke Ie sayM —8 aN e2 
Op—2 42.8 4¢ CG =6 «<D =l@ Ex3s F =5e Ge9 
Hew Os Je—-8 Kei) EL —6 (Mi —24) 38A.—3 
B —624.C.2 =D =4 pEe—7+ Fe—7 »Gea=4. H &4 
1-3 J —1 4.A positive B negative C positive 


Think b=9,a=10 
E-107 USING THE IDEAS 


Uee\ ail [s} te ey eye TS ey PET SiO) 1 
Ce 26a D Sas Es0mes Ao —1/. Bo) Ca alomsD mio 
EeO5a4; AgoesBeomGe26) Do 26 E25 5. Al8 Bil 
C 645 D276 —2.6.A.-2 B4 C64 D3 
2 hh S 1 sc (oe =i 13 27 Ip ae 








G 25) H —467b-35.8:A —5 B =92 C6 D —=4 
E14 F-1 G-4 
Think 


E-109 USING THE IDEAS 

15A2 B4 C7 D985 2. Ay JB¥> Ce 
eae Pea Ge tHe) lard F< Ke Le 
Age RRO ORC Ble Ow 1G 

PA Dee = the = ol CeO SE ah oleh =} 
—8, —9,—-10,8,9,10 4.A less B greater C less 
greater E less 


Think 








D 
3. 
D 
H 
D 





E-111 USING THE IDEAS 
1.A {=2, =1,0,1,2,3,4} B {=4, =3, —2, -1,0, 1} 











c {—2,-1,0,1} D {-4, -3, 4} 

E {-2,-1,0,1,2,3,4} F {-4, -3, -2,-1,0,1} 
2.A {-3, —2,—1,0,1} B.4-3, —2} 

C [Soi 071- 2 ore Sy DN 3, —2, 1) 

E {-3,-2,-1,0} F {-3,-2,-1} G {1,2,3, 4,5} 
H {-3,-2,-1} 1 {-1,0,1,2,3,4,5} J {2} 
K 40,1,.2). L401). M {=2, 3,4,.5' 

N {-3, -2,2,3,4,5} O {-3,3, 4,5} 

P {jo} @ {-2, -3} @ 3.A {8,9, 10} 

B 

D 

E 

F 

G 

H 


J {-2, -1,0, 1, 2} 

K {-2, —3, -4, -5, -6, —7, -8, —9, -10} 

L {-3, 4, —4,5, —5, 6, -6, 7, —7, 8, —8, 9, -9, 10, —10} 
Think 19x 3=55+2 








E-113 USING THE IDEAS 


TAP SH 2720053) 36 ll Cmmbe4 eer eno 4.0 
C156, 2) 2.6 92, A531 Be5 Cais) De2e E47 aeF.4 
Gude HeGel 6) J@cO 3. Ao) Bro GC ow DFS. E Ss 
F19 G9 H4 4.A3,-3 B8,-8 C 4,-4 
D 102108 E.5)—5 =F 3) — 5) G4) -2) His, —3 
5.A —-7 B5 C-3 D2 E -2 F -i3 

Think label coinsA, B,C, D,E,F,x,y,z 
Weigh 1 

A ase DEF Weigh 2 Weigh 3 

A 
yaaa > 3 aoe Z heavy 
s 

. ~ x light 

BF ys light 

at ~ 2H Blight 

hk > +y y heavy 

3S —s x heevy 

B sé Weigh 2 Weigh 3 

DEF nat ey = Sk F neavy 
~ Sixt lignt 
A 
ARK Bey ae AS E heavy 
a ‘ 
eats) Beas atts 
Cc nor oe 3 ara 0 Ntovy 
similar‘to B 


E-115 USING THE IDEAS 


1.48 B12 C8 D12 E15 F2 G49 
H 1000914 J04. K.15..1311)'2.A.0,12 .B.0,8 
C0,-4 DO,-18 E1,11 F1,7 G -1,-3 
H -1,-19 3A= B> C= D> E= F> 
4.A {-10, -9,9,10} B {-3, —2, -1,0, 1, 2,3} 
C {0, 1, 2, 3, 4} 
D {-10, —9, -8, —7, —6, —5, —4, -3, 9, 10} 

Think 1. B 2. A: $8800; B: $8900 3. A: $16 400; 
B:$16600 4. A 


E-117 USING THE IDEAS 

(eA s—3 BPs. Ce 5 Da ome — 10 SFa4 
2, Ay—9)—o0 B =6,—3) CGC —4,—1\, 335A 10,5 
Bi-6)— 26) G8) — 49D 326) E34 1554. A 2 
Ba 4 5 CeO Da Om bao. eos Goo BA oes laa 
SU O4 pee OO Oe 

Think INTEGERS; ADDITION 





E-119 USING THE IDEAS 









































0 





a 











chai theta 
BP MPR PF PEEL Bie hep hie Fl 


























| | Ty fel | Tol 
EREFC ECG 
SHER BEES 

















5) ls Gy 7 
5. Answers will vary. 
lly =Xer 2 
























































+ © 




















































































































E-123 USING THE IDEAS 
-4, 3, -3, 2,1, -1 


iP 





























































































































































































































—12, —6, —4, —3, -2 


C253, 4,05 lie, 











87471, 05 15.4; 9; 16 











E-121 USING THE IDEAS 
TASS al Upon ow 7, 
























































BREN 
Barhoe 






































ees 
el eer . 



































AlLALALA 
ximimi{mym 


MA T 


E-124 REVIEWING THE IDEAS 

12A%5) BSC 12502) zero Se Alo Be 7 CGr—3l 
4.A2 B-2 C10 D0 5.A 16 (zero) 
B -9(one) C —8(opposite) D 17 (commutative + ) 
E 8 (associative + ) F 2 (distributive) 
G -20 (associative x ) 6.A 42 B -42 C 42 
7.A-9 B-6 C8 DO 8.A {-5, -4, -3, -2} 


BeiOuipers. 4:5)" °C f=1.0.4 72) Dataro r= 5) 
9A9 B9 10.A 13 -B 27.C.6e DIS (E:3,1 
Fi2) 61 1RA 7622.6) —6,20°C'3, 5) Diise4 

E -8, -5 














































































































145A. 5 pealegl 









































B 0, —3, —4, —3 
15.Ab Ba Cb Db 


E-126 CUMULATIVE REVIEW 

1.A MDCCCXCIIl B 1617 2. 74 3.A 10° B 27 
C 10? D1 4.A 5004039 B (7-107) + (8:10) + 
(4:105) + (6-104) + (3-10) + (0-102) + (9-10') +7 
5.A 747000 B 750000 C 700000 6. 32000 
7. 700 8.A 1176 B 8424 C 631896 D 1795, R4 
9.A 101 B 11001 C 1001101 10.A 1111 B 110 
C1111 B14 JA.) 35.7.0) 8B 10.2s4s0- eu Co 
12,8 13522 440Ar (4) B 40, 1 2731 6 Ca, 4, 5} 
D {3,4,5} 15.A 7x B 15x C 12x D 10x 
16. 6x -4=26 17.5 18.A {15, 16, 17, 18} 
B {3,5 Cris 679\uIDi 1, 3) 1 19,A 2 tei 4a 
13, 17, 19, 23,29 B 4,6, 8, 9, 10, 12, 14, 15, 16, 18 
20.A2x7x7 B2x3x17 ©C5x5x5x5 
21.A 2B 10) 225 A-406 1B, 105...23,.Ai3,5 
B 2,3, SA10t Ca2-S4u43) 5.9244 ey ato on Os 
25.A 46 B -97 C 1000 26.A 18 B -8 
27: A 6) Bl—13 C12) D. 25. 28) Ay aoe Bee 
C0 29.A-5 B-9 C50 D-3 30:A3 
B-6 C -225 D-4 
31.A°=1, =8,10, 07 B)—2; 10, 0 or 3, 40. 32.A0 
B. a) Ci<) Dieeen 334 Au) 4, 6} 
B {-4, -2,0,2,4,6} c {-4,-2} pb {-4, -2} 
34.44 B12 C68 D68 EO F1 35.A 0,7 
B 4)5-36rAL2 4pSe6h768 
B 


































-y& -R-4 ) 2 
¢ -B-3 A D 





UNIT F: MODULE 1 
F-3 USING THE IDEAS 


i) 


] 


2 G 4 
C proper D improper 


NIN 
IO 


| 


5.A 33 B 2 sate Digg VE. oa—F 
s A impropee B proper 

E proper F improper 

Think 622 


F-5 USING THE IDEAS 

1 Avis | Be Ce ye D) 4a bee 20A8 45 45.ves 

B 24,24, yes C 120,150,no 3.A yes Bono C yes 
Dyes E yes F no G yes H yes 4.A 3 B15 
Cee Deo eel eerie Geeoo eh. OO lp 2 J) G6 
Kalco 1125 
Think 














1A ae BC 4) Dea Cis 2. 0 SAS 
Bo_> Cis. Ds.) E.=t Ft Gi =?4i A 3 Bs 
C-Y DZ EY F -§ G-2 H -13 s J 0 
Ke Oe Mame NEON Ole oe a eo ces 
6.A negative B positive C zero 

Think 19 units minimum 

F-9 USING THE IDEAS 

iPA@ eben Cats DE ES 2A 1-3B..FaCse 
Dei eelerosA Peeoea a C P- DQ EQ FQ 
45 A5S Biv Cels DIS -ES FR GY Hu UR 
UPS Krome lad 

Think 3 

F-11 USING THE IDEAS 

1.A Ba C-; D—3, Eenel aniGa, 

H -18 | -¢ J# K¥® L-¥ 2.A -+ Bi 

C -%7 D-# E# F# G-3% H-$ I1-% JO 
Kop Les Ase Bit Cys D0. Et) Fi-i 
Ges Hail “45A0 B =1 -C:—-}-D-—=-Et 
Bp watieetidae Lvs Jt UK 27) Li ge M -e 
N 3 oO ==) 160 Q 5 R 100 

Think A4 B5 C5 D5 


F-13 USING THE IDEAS 
TAY 3, 4; 7- Ba4,913- C —30, 7, —23 





Dio, 420,29 pena B= Ce DPE 
Bet Gees leg, Jigs Ke) Ug) Me 
NY Of P -% 3.A 1012 B 2133 C46 D 534 
E 683 F 733 G 184% H 119775 4.A 27 B 183 
C 12; D 15% 

Think 





F-15 USING THE IDEAS 

1.A1 B-¢ C2 D-1 E1 F 

-2 J 1} K -1} L} M#& N-1 
1 











—_ 
. 





F-17 USING THE IDEAS 

IAs Biss) Cr) Di ESpeEneeGao His 
2A%# Bi? CO D1 E4 3.1 4A one B one 
C commutative x D associative x 

E commutative x F distributive 5.A -—} B —+ 
C -? D -% E -3 F —-% 6. additive; inverse 
7A3 B? CH Di 8BA-i B-+b CH D —-1 
9A-} B-4+ Cr Dt E -wo Fw 


F-19 USING THE IDEAS 








Think Start at 5 (49 lots) 


F-21 USING THE IDEAS 


1.A% B-3 C$ DH E-! Fi G1 H=* 
it Ja Kip L-100 2A Bi CZ D? 
ERG h-2eGhit-Hi6- 13 JiAe\K oye Log sae 
B-+ C8 D—-2} E -23 F 44 4.A3 B® 
Ch Dee ea Fass 


Think 1. yes 2. yes for A and B but not for C 


F-22 ELECTRICAL ENERGY 


ie SOl2e icp moe. 4: 4ie) 5: 2) 6.92) 87-2 10,000 
8. 138 9.A $11.70 B 1i¢ C $65.70 D 50.4¢ 


F-23 IMPROVING COMPUTATIONAL SKILLS 


1.A 45 B 20; C 2203 D100 E 19935 F 
G ints H18 13% JH 2AK BH CH 
D -64 E 3% F 8 G 8i H 75 I 45 
3.Ax% Be C®% D173 E 20 Ns 
H 1833 1100 J 883 

Think At} BO C3 D4 


F-25 USING THE IDEAS 


aI uw 


17 Avs ees mG See Ee—2 OF —2 3G HS 
[See PLING Tee ee oleae [a Ser Se ey = 
Heese leer vetee Katee 3. A os. Bale © 13 
Dee ee wate oe Gi 2a) 24 64,A2, B 25. C 3 


D7 E 1, Fi>t G =t Hz 
C1% D1 Els F 43 
Think 17 


5.A 1 B 1% 


F-27 USING THE IDEAS 

1: Ale) Bal2s Ce—SeeD 75s) El— 15 reco G a7 
Ho7 7 RAS 7a 2A 445 <0 Ba049) 

Ci 24-29; =D 28).007— E1405 120 = 

F719) 20% e30Ac< 9 Be Ce Di Ee Fe 


GS (He lee eK = eS Mea Ne 
O> P> 4A -3<x<$ B-¥<x<0 

C -i<x<% 

5. 


























F-29 USING THE IDEAS 


. 1. $72.67 2. $135 3. $9 4.A $4.80 B $4.72 
5. 16 6. 60km/h 7. 1000 8.9 9.3} 
Think A $16 B A: $2: B:$2:C:$2 


F-31 USING THE IDEAS 
Us =2) =23 























hal Coal 













































BRERGh 
SAGES 2a 
ooo claae |_| 
217) : 
as 
ee Perens 
“D4 -3 -b- Ly) 
| fl 














| Aa| 
a 
yes! 









































































































































B 2-H AI DZES E74 | 
BAN eSsoe 
Cag RES. et ie 

SURKUCELLERL 





RBEBORSSeoREr 




















Tole 
























































Ses2292>5 
PEE 
ree al tT 














An 
te [age >) 




















C4 0 













































































































































































CHEE 
GELS 20k 
279 18 














F-34 REVIEWING THE IDEAS 


1.A-3 B# CF D0 2A Oo BY C+i DS 
Es F-? 3.A-} B-1 C$ D1? E-i F2 
4.A4 B-% C$ D-} £3} F-1} G1 
H-1} 1-9 5.A 1} B-1h C-6 D-2 E} 
F-} G-? H$ 6A? B-} C1} D1? E 2 
F-} G-4 H-1%} 1 -$ 7.A16 BY C} Di} 
E3 F31 G+} H} 8Ai Bi C-% D -} 
E -1} F-1} 9. -3<x<} 10. $99 11. 34,0, -3 



















12. 










































































13. Answers may vary. Some pairs are: (—1, 13), (2, 11), 
(Gil RED el 507A snes 


14. 
















































































UNIT F: MODULE 2 


F-39 USING THE IDEAS 


1.A 1/10? B 1/104 C 1/108 D 1/1014 E 1/62 
Bells 7% Haz Ia J 1/85 2.4 10-3 B 10-4 
Cv7e5 DNS NE? 10°) £FR10-7" 'G: 1073 H' 10-4 
liao algo: 3A 10 4BRI10-° C1072) =D 4102 
EoiOZ GF g08 4G aOR He 10549 e108 20.).108 
4.A 38 B wis C 3; D 1% E 8072 F 
G 12% H 310% 5. 73 6.C 


Think a a’ 
6 


F-41 USING THE IDEAS 


1. A hundreds, 3 x 10? B hundredths, 6 x 10-2 
C thousandths, 7x 10-3 2.B 0.7 C 0.19 D 0.239 
E09 F003 G 0.743 H 0.6197 10.39 J 0.007 
K 0.0291 L 0.009 3.B 7.142 C 56.375 D 475.3 
E 25.07 F 27.046 G 62.0539 H 3.0007 4.A 3-10° + 
1:10-1 + 4:10°2 + 7-:10-3 B 2-102 + 9-107 + 8:10° + 
4:10 + 2-107 C 6-10>' + 1-10-4 + 2:10°3 + 9: 10-4 
D.6:102 +7:10% 5:5A 23:1 B 8:03 C 965.81 
D 700.03 6.A 0.7 B 0.70 C 0.700 7. 0.750; 0.7500 
8.A 72.4385 B 8.020 C 0.074 

hinkeeAg ebeces Gs 10.0) 7 Eo a Fs 


F-43 USING THE IDEAS 


1.A 111.01 B 1.541 C 1661.62 D 58.966 
E 0.222 2.A 145 B 5.09 C 0.038 D 22.8 
E 6.217 3.A 7.985 B 10.802 C 21.222 D 20.276 
4.A 13.96 B 46.166 C 24.103 D 23.064 
5.A 2.558 B 12.483 C 3.85 D 99.1224 6.A 5.6 


B -1.191 C -15.9 D 0.0656 E —0.26 F —0.94 
G 2.17 H —4.25 


F-44 CELSIUS TEMPERATURES 

1. AAC” B 22°C) 2:513:8)) 3.93.6)845 105:6 
5. 146.1 6. 47.8 7. —273.16°C 8. 194.66 9. no 
10. 11.8 


F-45 SPEED RECORDS 


ils WeKebye 7 Cele) se Aesaiie) Ui WR Ge i.e, 
Grn ean O24 


F-47 USING THE IDEAS 

1.A hundredths B thousandths C hundred 
thousandths 2.A 127.8 B 3.78 C 22.26 D 1.625 
E 5250 F 14.744 G 27.82 H 4.7124 1 77.89012 
3, 90¢ 45 1-2 Cima OlsSmn Goce en 1008 
8. 300000 km/s 9.A —1.68 B —0.24 C 2.24 
D —0.793 E —2.56 F 0.504 G —3.1714 H —0.0684 
| 0.36519 

Think 1 


F-49 USING THE IDEAS 

1 Ap Baca Cem cee com OMG om a6 
10) PEIN Ze Oe (5) Tay oe (hl sx aE 
D 3.029 x 10°?km E 4.0 x 104 F 4.44 x 10° 
G 8.7 x 109 H 3.0 x 1024 3.A 7000 B 0.062 
C 0.00000545 D 90300000 E 6.43 
F 0.000000000005 G 11000000000 H 0.0000000337 
4.A 0.02 B 0.35 C 0.000064 D 0.000053 
E 0.000045 F 0.00000025 G 0.0000000106 
H 0.000000000000000003 5.A 3.0 x 107 B 2.0 x 1028 
C 20061054 DeS:6) alOn ee Or m08 Fa Oh< 1102 
Gr42 a0 G05 10s ae Ie Oleg 105¢ 


F-51 USING THE IDEAS 


1A2B3 C2 D3 E4 F5 2.A 500cm 
B 0.00005mm C 50000000 yr D 50000 kg 
C 0.00000005cm FSmi G 5000m 
H 50000000000 km <1 0.005cm 3.A x35 B ta 
Cau Das 4A (3.2 + .05)x 10? B 2.14 x 10% 
C 4.0 x 108 


F-53 USING THE IDEAS 


1.A38 B057 C0063 D 3.56 E 0.0023 
F 0.00015 G 5.294 H0.74 2.A 35.7 B38 C 6.4 
D 0.062 £041 F7.7 G17 H 0.036 3. 125 
4405 Salo le On l92ne(an04.S) (6.180) 9 Be 2 
Bea 0one Ge 00m DE0.2) E) 0055 Fa30 

Think 1.3 2,7 3.3 4.3 


F-55 USING THE IDEAS 


1.A 36x 107 B6x10* C 44x10! D9gx 107 
EMG x05 See rGe< 10-2 (Guia 1054 
H 382x104 1 28 x 1052 2. Ar23 Bei aCrsl4 
D 04 E%G:258) (F C0087) 335A 109) B 107 4CM0%4 
D6: 1025 3 Six 108 Ra2 a0o me Gi4< 103 
H2x10% 12x10? 4.A 2x10? B 2x 109 
CS3xX 10" DiSeslOs BE2e 02 REI oe a One 

G 1°¢10° 5 Hi 2) ies x 102) 5A 0:002) Br500)5¢ 14 


D 0.27 6SA.8%<.1052 (B 8ilix< 10! — Cx6.4e1 07 
D 1:6 X 10713 EBPS:2 >a 10a FOO agora 0: 


F-57 USING THE IDEAS 

1.A 0.4;0.6;1.5 B 0.43; 0.62; 1.52 C 0.435; 0.622; 
1.516 2.A 083 B081 C043 D0.73 E 0.55 
3.A 0.500 BO.778 C 0.583 D 0.657 E 0.146 
4.A 0.607 B 0.583 C 0.582 D0632 5.AD BC 
6.A 0.750 B 0.688 C 0.500 D 0.438 E 0.375 


F-59 USING THE IDEAS 


1.A 0.063% B 0.01} C 0.34% 2.A 0.52, 0.583, 
0.583 B 0.83, 0.833, 0.8333 C 1.33, 1.333, 1.3333 
D 0.93, 0.933, 0.937; E 0.24, 0.2133, 0.2168 F 0.135, 
0.1835,0.185% 3.Aa Bs Cy D§ ER FH 
4.A 0.233, 0.231%, 0.2343, 0.23433, 0.234373, 0.234375 
B 0.3%, 0.3533, 0.3582, 0.3584 C 0.1%, 0.18%, 0.1873, 
0.1875 D 0.6%, 0.612,0.616 E 0.93,0.973,0.975 F 0.44, 
0.48%, 0.4873, 0.4875 

Think 15 


F-61 USING THE IDEAS 
1.403 B07 € 015 D/0.324 E 0560 F 0971 
0.024 H 0.3715 10.0426 J 0.507 K 0.62 L 0.1 
.A 5.263 B0.74 C 3.28 D 526.14 E 73.46 

77.7713 G 56.6615 H 0.04321 1 0.76243 
A03 B06 C01 DO3 E08 F 0.09 
0.27 J 0.01 K 0.02 LO. 
0 
{ 
6 
0 
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F-62 COMPUTING WITH REPEATING DECIMALS 


1.A 0.666... B 0.8787...;1.902993 2.A 0.444. 
BeOS 4o er Ge O0nOne 3. A 0.666 . 
B 0.3232... C 1.332 4. Since the divicer is 17 and if it 


repeats, it should do so after 17 places. 5.A 0.9999... 
B 0.9999 . 

Think 3 = 0.074 
F-63 SPECIFIC GRAVITY 

1.A 19300 B 35.2 C798 D 78.6 E 311.65 


F 9000 G 90000 H 1000 2.A 13g B 1300g 
3. 499.2kg 4.13.55 5. 51.8 


F-64 REVIEWING THE IDEAS 


1.4 10° B 107 C103 2. 8400.56 3. 5.102 + 
6.10' + 3 x 10° + 8.102 + 1.1073 4.A hundreds 

B hundredths 5.A 25.98 B 173.876 C 0.1665 

6.A 3.72 B 4.71 C 5.47 D 96.921 7. 9.405 

8.A 8.75 B 4080 C 9.715 D 0.0215 E 0.156 

F 199.71 9.A 900000 B 6300 C 0.053 

D 0.00000388 10.A 25x 103 B 4.5 x 104 

C 59x 10-2 D 3.1x 10-4 11. 3.9x 105 12. 5 x 102 
13.A 0.14 B14 C14 D 0.00014 E 0.14 

F 140000 14.A 0.25 B 1.25 C 560 D -9.1 
15.A 48x10 B21 ©C48x107 D4x10 

16.A 0.313 B 0.267 C 0.889 17. 0.634 18.A 0.75 
B 0.304 19.A 0.83 B05 C 0.285714 








UNIT F: MODULE 3 
F-69 USING THE IDEAS 


1.A 4to8;5to10;6to12 B 12:8: 15:10; 18:12 

C 12 to 16; 15 to 20;18to 24 D 49, 23,38 E 8:20;10:25: 
12230" FR 4g3 48-32" 275A 6 B 15  Cr20 D9 E 50 
Eo21m GeiSeeHi On t60m Jelsees An 225 Bl5:4 
C7:4 D14:17 E£E2:13 4A? B# CH DF 
Ex 5.A064 BO065 C029 D129 E 0.22 

6. 39 


Think 





F-71 USING THE IDEAS 

1.A3:3=1:9359=9 B 5:12 = 3-20; 60 = 60 
C 6:10 = 4:15;60=60 D 3:28 =7-12; 84 = 84 
E 5-60 = 3:100; 300 = 300 F 90-27 = 30°81; 
2430 = 2430 2.A 18 B30 C16 D110 E9 F5 
Galo His lieu 7 K 24 221, 3. A $1.1 
C 175km D750 4. 26km 5.A 3 
D 73 6.A) 24, Bi 12 C6" Deis 


F-72 RATIO AND UNITS OF MEASURE 


1.A 700 B 7000 C 19000 D3 E2 F 3 
G 3.2 H3 120000 J4 K 200 L 45 M 900 
N 30 O 300 P06 Q 200 R 25200 2.A 60,2 
B 7,200 C 60,50 3.A3s Bw C xm DZ E 


F-73 SPORTS RATIOS 

1.A7% B 0482 2.0625 3.0544 4. 1.95 
5. 2.20 6.A 0.841 B 0.159 7. 0.574 8. 0.730 
9.0318 10.A % 3% Cw 


F-75 USING THE IDEAS 


14a leet 34 4:25) 4. %0:0 2D. 24 6. 0:8 
WA 25mm Bee o mm oC 100mm, ~DLS0 mm 623 
times 


F-77 USING THE IDEAS 
1.3.12m 2. 492m 3. about47m 4.A 0.013 mm 
B 0.006mm_ 5. 1:25000000 


Think \ ‘ : 
a 


F-78 RATIOS AND ELECTRICITY 
1.36 2.A16 B625 C50 D140 3. 14.4 
4.0.17 5. 31.5 


F-79 EXPANSION OF METALS 
1.5.6 2. 0.0156 3.066 4. 0.021 5. 20.75 


F-81 USING THE IDEAS 


1.A 19% B 26% C 4% D 150% E 0.5% 
F 100% G 65% H 24% 2.A 5% B 4% C 23% 
D 33% E 33% F 22% G 2.3% H 37.1% I 2% 
J 0.75% 3.A 40,133 B 200,663 C 500, 413 


D 100,12; 4.A 58% B 72% C 83% D 75% 

E 69% F 6% G 154% H 88% 157% J 96% 

5.A 58.3% B 7.8% 3 24.1% D 362% E 23.9% 

F 0.7% 6.5% 7.A 3 is 73% not 75% B 4 
Think 23421314 or 41312432 


F-83 USING THE IDEAS 


1. 10°785; 01015" 2: 0/87 "35 32% "4.971% —5.7°3219% 


6. 4% 7. 2% 8. 538% 9. 95% 10. 81% 11. 0.085 
12. 2.2% 


F-85 USING THE IDEAS 


1. 90% 2. 80% 3. 40% 4. 75% 5. 25% 6. 75% 
7. 10% 8. 25% 9. 80% 10. 663% 11. 583% 
12. 14% 13.A 20% B 333% C 63% 

Think 89, 98 & 99 


F-87 USING THE IDEAS 

1.A $4.50 B $13.50 2.A $5.50 B $5.78 
3.A yes Bono 4. $112.63 5. B_ 6. Erton’s: $12: 
Sampson’s: $12 7. $129.60 8.A $126 B $3.60 less 


F-89 USING THE IDEAS 

1.A 0.005 B 2.74 C 0.003 D8 E 0.007 
F 0.0025 G 0.0001 H 21 135 J 0.002 K 0.0005 
L 0.00125 2.0.007m 3.06cm 4.1.6 5. $12,000 
6. 95400 7. $1308 8. 0.0001% 


F-91 USING THE IDEAS 

1A 6,%,7% B 8, 7%, 10.3% C9, a, 113% D 5, %, 
7% 2.A6 B 43% 3.A 32 B 225% 4. 6.6% 
5. 58.3% 6. 16% 


F-92 REVIEWING THE IDEAS 

IedO; Galo s8acOe 2 Agile 45 Bisitos (C2 tos 
3. 16,9 4. 3:4=9:12 5. product of the extremes 
GATS IB C6 sDi25) E 8) E16 ow. 60} km 
8. 0.009mm 9.4cm 10.C 11.5 12.A 11% 
B 8% C 12% D 4% 13.A 4% B 8% 
C 20% Di% 14.A 60% B 17% C 663% 
D 125% E 0.2% F 2.25% 15. 85% 16. $44 
17. $1.00 18. 25% 19. $960 20. 97% 


F-94 CUMULATIVE REVIEW 


1. 37.5% or? 2. 19,45 39 #% 3 








2) 1B 24) 3 3.A3 B-i 4.A% 
Bi As So Agee Bb 9. CxS ID 64 T67A0—2 5B 1 — 
C< D> 7.A 144 B18 C 53% D 3 
8. A commutative + B commutative + C one 
D distributive 9.A% B24 C1 Ds: 10.A 13 
Bz C-9 Dno 11.A7% B-? C 1? D -% 
12.A -i Bs 4% D —-* 13. $3.32 14. $5200 
15.A 0.47 B0O32 C04 Da es E 0.163 





.2857142 16..A% By Cw D 2 E 16;50 
20 I7.A 77.906 B 43.821 18.A 7.3 x 10° 

Sra Ot CESi2 x<a0es D BBX TOL 19 Aw 632 
.8038 C.64 D 3.9 


20.A 71 B82 C 2160 D0.217 E 6.39 
F 0.0554 21.A 868 B 5.53 C 20.978 D 0.0216 


22.A 8.14 B 62.8 C 9600 D 0.0283 23.A 19230 
B 2610.41 C 27 D 0.0719 24.A 28 B 1.8 

C 1200 D 27000 25.A 4 B6 C 500 26. 3:2 
272A 16 Bas SCr7a) DD) 64 .ESSe roe 2a oto g 
29.A 75% B 70% C 33% D 53% E 110% 

F 16% 30. 84% 31. 2% 32. $9.80 33.A $4.56 

B $80.51 34. 7.1% 35. $500 36. 0.06 


UNIT G: MODULE 1 


G-3 USING THE IDEAS 
1. 











































































































2.A triangle B segment C quadrilateral 
(3. A) DER B DF EVE 4s Ax) Zea axa y ez 
5. Same except for its opposite direction. 


G-5 USING THE IDEAS 


1A f ze a a al 
aoseeee 




















































































































4. yes 5.A right1,down1 B left4,up5 C left 2, 
down7 OD right4,up4 E down3 F right2 6.C no 


G-7 USING THE IDEAS 
1.A yes Bono C yes Dyes E yes F yes 
2.A F,G,H 8B 45° clockwise 



















































B foo an 
Ph Dial | 
cane 
a enue 
COPS 
PST 
eA oS 
Sumiawn 
rat at eae 
Flake tel J 

Cc 
anna 
es 
47 05E AB 


G-9 USING THE IDEAS 


1. A-H,S-Q,T-L,M-E 4.C no Dyes 5.A 4 B 2 
6.A 3 B2 CO _ D uncountable 


G-13 USING THE IDEAS 


1.ADF BFE CDE DvD EF FE 
2. A Hi = MN; lJ =~NO; JK =~OL:KH=LM B // =N: 
lJ =10;/K =/L;fH=iM 3.Al' BJLA'AC C yes 
D /A"A'B'= /A'AB’ 4.A RSTU & EFGD 
B RSTU & MLKJ C RSTU & YXWZ 
5. A RS = EF, ST = FG: TU = GD, UR = DE: 
ZR = ZE, 4S = ZF; LT = 2G, LU = ZD; RSTU =EFGD 
B RS =ML, ST = ZK; TU =KJ, UR =JM: ZR = ZM, 
4S = ZL; ZT = ZK, 24U =ZJ; RSTU =MLKJ .C RS = YX, 
ST =XW; TU =WZ, UR =ZY; ZR =ZY, 4S =X: 
ZT = ZW, LU = ZZ: RSTU = YXWZ 


G-15 USING THE IDEAS 
1A D'E® BFE”. C DFS Di/D's Ewes Ber 
2.A MK BKL CML DiM EvVK FUL 
G AMKL 3. RS = XW: RT = XY; ST = WY: 7R =X: 
LS =/W;/T=ZY 4.A AABD =~ ACBD 
B AEFH = AGFH C AJKL = ALMJ 
D AWXY = AVZY E APOS =~ AQOR 
F ADGH = AHED 
Think 27 


G-17 USING THE IDEAS 


1.A DEF,IHG BI CH DG 2.A UW, 
B /U=/Y;/V=/X;/W=/Z 3.ASQ:SQ=S 
SP =SR;PQ =RQ; ASPQ=ASRQ_ B MQ; MQ =MQ, 
MP =MN; PQ =NQ; APMQ=ANMQ_ C SU; SU =SU, 
SR =ST; RU =TU; ASRU = ASTU 

D DB; DB =DB,AD =CD; AB =CD, AB = BC: AD =BC: 
AADB = ACDB_ 4. AD =AD; AB = DC: BD =CA: 
AABD = ADCA_  5.A yes,SSS_ B yes 


G-19 USING THE IDEAS 

1.A AABC =AFDE BSAS C FD,/F,/D 
2.A CD BAC C22 DCAB:SAS 3.A SAS 
B SSS CSSS D SAS 











~< 
< 


Zz 


Think 
AACD = AAED: AABG = AAFG; ABGC = AFGE; 
AGCD = AGED; ABCE = AFEC; AACG = AAEG; 
AACF = AAEB 
G-21 USING THE IDEAS 


1.A SUT,ASA BS CTS,SU 2.A /HJ B 2X,YX, 
Zl 3.A SSS B ASA C SAS DASA 
4. A translation B reflection C rotation D translation 


Think 


Step 3 


> Step 3 





G-23 USING THE IDEAS 


3iyes 425 M17. 5,S||7T 6. AC 
Think the second car 


G-25 USING THE IDEAS 

1.46 BCEGA C yes 2.A yes 8B rectangle 
3.A AED and BFC B AEFB and DEFC 
4.A triangular B hexagonal 


G-26 REVIEWING THE IDEAS 

1.A Z BXY 2. Answers will vary, however, the final 
image should be ‘‘left 2 and down 2” from the original 
position. 3.A clockwise BE C AEDF 


4. D 


A 5. RST 6. 2 
C [os 


8. true 9.A AMNP=AQRS (SAS) 

B AH/IJ=AGFE (ASA) C AABD=ACDB (SSS) 
10. PIM 11.A 21, 28,25 B 24, 246, 27 

12.A ABC and DEF 6B rectangles 


= 


UNIT G: MODULE 2 


G-31 USING THE IDEAS 
1.A (AB) = 4; (CD) = 2; (EF) =2 B I(AB) = 4; 
) 


(CD) = 24; (EF) = 13 C 8 2.A (GH) = 0.8; I(lJ) = 0.7; 
(KL) =0.4 B19 3.A 26 B36 C54 D 19.54 
A4by2 B4by1} C4.2by1.7 5.A 12 B11 


4. 
C 11.8 
G-33 USING THE IDEAS 


1.A (AB) =9;1(CD) =7; (EF) =3 B 9,7.5,3.5 
88,74,33 2.A5 B3 C1.2 D 2000 E 1600 
227 G 470 H 1500 135.8 J025 K1 L1 
.A 1.52 B 5.48 C 27.6 D366 E34 4.A 250 
38 C 300 D5 5.A 10.8 B91 C 0.086 


G-35 USING THE IDEAS 

1.A 345 B612 C 0.0567 2. 20.68 3. $247.75 
4.A 322 B 23.04 C 851 5.A 23.4 B 40.32 
6.A 423.36 B 1747.36 C 1324 

Think 8 


G-37 USING THE IDEAS 


1.A.60 B12 C81 2.A69 B 49.8 C 7.9625 
3.A 28 B20 C 48 4. 5325 5.A 96 B 1182 
C 71.04 

Think 16, yes 


G-39 USING THE IDEAS 

1.A 153°7’' B 26°53’ C 74°10’ 2. 19°41’ 
3. 54°21'45" 4.A 30° B 180° C 150° D 150° 
E*yes 5..132°40' 6./A 57°13" B 56°53) 
7. A 110°55'50" B 147°12’4" C 180° D 126°40'13” 
8. A 59°14'9" B 51°42’20" C 88°48'49" D 35°45’8” 


G-41 USING THE IDEAS 
1,-A 50° B 23° C 145° D 45° 2.A 90° B 80° 
CEA Dien 0329s F640 Gado 4: 
H 83°55’30" 3. 60° 4. 42° 5. 144° 6. 123° 
7.A 540° B 108° 8.A 720° B 120° 9.A 1440° 
B 144° 10. MZH = 87°30'; MZG = 43°45’; MZI = 48°45’ 
Think 180° 


G-43 USING THE IDEAS 

oT N Ch NS Leva We 7 CE hl Bad 25 
6.) 18 7 200 $826.25 9) 74-41) 61025223549 
wile SYR sss, Jf 
G-45 USING THE IDEAS 

12 Ans 5s Belo mCal/ 2.A 4a Bale a2 
3.10cm 4. 24 5.500 6.A 24 B20 C 36 
7 Ave Ope. B) 0.5e Caco es Do 9 SE piGe JE 10 


G-47 USING THE IDEAS 


1A 15) Beveoe Clo a2; Atodr.oe B279 
C 27.225 D 0.875 E35 F 93.75 G 840 
3.A 1620 B 1.62 4. 24 5. 81 

Think 6 


G-49 USING THE IDEAS 

1.A 560 B 24 C 600 2.A 8 8B 1.1529 
C 4.35132 3.A 560g B 24g C 600g 4.A 8 
B1529 6G14535132005., 1000 6G: Gas 7 AgcOlicm: 
B 32cm? 

Think mm 


G-51 USING THE IDEAS 

1.A 84 B 38 C 89.46 D 95.472 2.A 20 
B 190 C18 3. 2592276m? 4.A 49.5 B 113850 
5. 2500cm? 6.A 320 B 1408 


G-52 REVIEWING THE IDEAS 

1.A 3.7 B0.37 C 0.037 2.A 55 B 80 3.A 75 
B 53.94 C 11.3 D 20 4. 166.6667m 5.A 49.4 
B 0.8075 6.A 72°29'36" B 71°37'42" 7. 52°45’ 
Sip23 2 9.7000 10, 13° 11.25 mY ~ 12. 3000 
13.A 02kg B1£L 14. 14.4 15.A 480 B 480 
C 160 


UNIT G: MODULE 3 


G-57 USING THE IDEAS 


1.A yes Byes 2.A7 B6 C9 3.A6 B65 
G6 4.5A 4 9Bi4:5 CoS DeSs Exo SF 4:55 5,Ag3 
B Gm Gros SmeDe7co 
G-59 USING THE IDEAS 

1. (DE) = 6; (EF) = 15; (DF) =12 2.A yes B yes 
C yes 3. yes 4. 60° 5::m7P = 27°;mZQ)= 90°; 
mZR =63° 6. 141 x96 7. 60 8. 3to4 

Think 
1: 2. 3. 


G-61 USING THE IDEAS 

1. MZR = 35°; m/S = 120°; m/7T =25° 2.6 3.5 
es) Ge a Gh Se ot ase Che Ge eee Ok ls 
11. 15m 12. 192m 13. 0:9 


G-63 USING THE IDEAS 


1. AMN 2. wy, 3. b/f=clg=d/h 4.4} B} 
5.A 4 Bé 6.3 7. I(a) = 20; /(b) = 15; l(c) = 
ld) =5 8. 14.86m 


'G-65 USING THE IDEAS 


1.4035 B0O34 C095 2.A 0.5 B 60° 3.A 1 
B 45° 4.A 095 B0O35 C27 5.5 6. 4.55 
7.3.8 8.A 70° B 4.1m 


G-67 USING THE IDEAS 


1.A 855 B123 2.A 18.75 B 35.29 3.A 0.42 
B 038 C092 4.A 0.225 B0220 5.A5 B 0.6 
C 0.8 D 0.75 


G-69 USING THE TRIGONOMETRIC TABLE 


1.A 407 B 1.036 C0574 D 0.602 E 6.314 
F 0.454 G 0.035 H 0.574 2.A 75° B 27° C 70° 
D 4° 3. 90° 4.A 4.07 B 17.42 C532 D 9.96 
5.A 37° B 67° C 44° D 56° 6. 3° 7. 2355.6km 


G-70 REVIEWING THE IDEAS 

1. Be Ze SA DSP IR = ORL = 7A 
B JK andPQ;KL andQR;JL andPR 4. 43 5. /S 
6. § 7. AandE,C ancD,BandF 8.A sin Bos 
C tan 9. 37° 10.A 0.454 B 0.788 C 0.344 
D0:326 E lil FF 0:993 117A-702 9B) 92°C 30? 
D 60° 12. x = 23.8; y = 49.1 


DO 


UNIT G: MODULE 4 


G-75 USING THE IDEAS 


ime 
1.A 1cm Bchord C ACD 2.A interior B on 
C exterior 3. 10, 15, 21, 28, 36,45 4.A OB 8B no 
C yes 


G-77 USING THE IDEAS 
1.A circle B radius C Anywhere on the sphere 


2. no 3. interior to sphere 4.A hemisphere 
B sphericalcap 5.A OB Bono C yes 6.A 90° 
B sum = 180° 


G-79 USING THE IDEAS 
1.A 28cm B 22cm 2.AA6cm;B6cm;C 6cm; 
D6cm BA CD 3.AD BF CE 


4.A B Ga 
Think Tosee the circular shape, view fromA. To see the 
triangular shape, view from B. A 


G-81 USING THE IDEAS 


1. to 4. Constructions left to the student. 5. 3.14 
Think 


“a 
i 


G-83 USING THE IDEAS 

1.A 25.12 B 47.1 C 19.468 D 376.8 E 2.23 
F 4.08 G 3.14dm H/7.54 2. 265 3.A 31.4 
B 42.7 C 232.36 D 5.02 4. 40000 5.A 37.68 
B12 6.A 490 B 245 7. 3.140868 


G-85 USING THE IDEAS 

1.A 153.86 B 314 C 452 D0.015 2.5 3.A 16,. 
50.24, 200.96 B 2.5, 15.7,19.625 C 2,4,1256 D 10, 
62.8, 314 E 2.25,4.5,15.90 F 0.24, 0.75, 0.045 
4.A 1017.36 B 278.64 5. 169.18 


G-86 CIRCUMFERENCE AND AREA PROBLEMS 


1.A 11.304 B 5.652 C 5.652 D 10.1736 
E 5.0868 ~ 2. 571.48g 3.9.8 4. 400 5. 9555.3 
6. 14.6 7.A 3.5325, 6.28, 9.81 


G-89 USING THE IDEAS 


1.A 113.04, 1130.4, 376.8 B 452.16, 2712.96, 452.16 
C1256; 7513607536" 5D 09785,,0nl96N Ole Ea2Obnateas 
148.7 2.56 3.A 10, 113.04, 37.68, 301.44,188.4 B 2, 
4.52, 7.54, 2.41, 7.54 C 12, 78.5, 31.4, 314, 204.1 
4. 196m? 5.A 616 B same 


G-91 USING THE IDEAS 

1.A 113.04, 113.04 B 904.32, 452.16 C 6202.7, 
1632.3 D 2143.6, 803.8 E 4.19,1256 2.A 4082g 
3.A 514457600 B 363207060 C 1097509500000 
4.A 37503959 B 21602280000 km? 5. 4.19 
6. A 7234.56 cm? B 6589.44 cm? C 1808.6 cm? 
D 1647.36 cm? 7. (3:7-r3/a-r?2-h) = (3/2) =3% 8. 8x, 4x 
9. 27x, 9x 


G-92 REVIEWING THE IDEAS 2s 

1.A AB BOC CO OD BCD, or ABC 2. great 
circle 3.B 4. 3.14 5.C=ador2zar 6. 77.24 
7. 2.8 8. wr? 9. 117.6 10. 125.6 11. 784 12. 4.46 


13.A 6cm B 28.26 C45 14.519 15. 1.73 
16. 305.3 17.A 38.8 B 55.4 
G-94-95 CUMULATIVE REVIEW 


Ub AVS, 2).VSk(=2 2), GAZ, 1) PA VeM EROS} 
c"(5, 4) 








an 































































































4.A /Y BXZ_ 5. Cand D (ASA); B and F (SSS); 
AandE (SAS) 6. /3,/5,/7 7.A A =9.87;P =13.6 
BA=24:P=24 CA=106.P=15 D A= 930.59; 
P=28.8 8. m/1 = 114°: m3 = 24°: m/4 = 66°: 

mz5 = 90°; m26.=.662-+9.A-110° B«70° C.50° 
10.417 B16C10 DO5 11.A 1134 B 105 
i2, 1coUe33.64 914, ¢.=6:h =.5.1.. 15. A 45 3 
CH 1651697 17044104618) 31.4) 19. 113.04 
20.A 785 B 314 C 471 21.A 96 B 75.36 
22.A 33.5 B 50.24 


UNIT H: MODULE 1 


H-3 USING THE IDEAS 

1. A 50 black; 30 orange; 20 white B 500, 0.5; 300, 0.3 
200-0:2) 2; A750 -B 05,05 SIA 69 Bz 4.A 3 
B4 C20 OD 100 


Think 47° 443 47 
89 59 29 





71 Sol 


H-5 USING ule IDEAS 

1.A% Bid,..., iC-47D 144) 2.1 
sia tise aaet pate 16 df, 12} Byes Cy) 
4.A 25 BA:38;B:%;C:2 C A:72;B:24;C:4 


H-7 USING THE IDEAS 


WPA BemeCe zie D {1,2,3,4},1 E 2,0 
23As wba Cue (Dei Et 9.A4 Bi Ci D4 
E} F% 4.B P({2,4,6,8})=4 C P({4,8}) =3 
D P({1,2,4}) =4 E P({1,4,9}) =3 

F P({2,3,5,7}) =$ G P({1,2,3, 6}) =$ 

H Aes = 4) TYP (17485 9") ae 

J P({1, 2,3, 4,5,6+)=% K P({1, 2, 3, 4,5, 6, 7}) =3 
Hse’ Cae M P({2, 4, 6}) =4 

N P({1, 2, 4}) =4 

H-9 USING THE IDEAS 


1. A {(H,H), (H, 7), (T,H), (7, 7)} B4 2.4 {(H,7)} 


B a Ge c 2 Tyla) 
(H,H), (H, 7), (T,H)} E {(H,7), (7, H)} 


F {(H,H),(7,T) 3A Bt C3 D2 ES Fh 
4.A (D,3) B {(A, 1), (A, 2), (A, 3), (B, 1), (B, 2), (B, 3), 
(C, 1), (C, 2), (C, 3), (D, 1), (D, 2), (D,3)} -12 Cx 
SAs Bt} Cy Di EX Fi Gu HE 


H-11 USING THE IDEAS 
1A} B} Ci Di EX Fu Gi HE It 


Py Care 


»/\s 4/\ 
w 
si \s\s i, 

NHN kLwWKWELWEK 
3.Az Bi Ci De ER Fa 
4 ts : As 

BLACK coleurép 


soln 
i] 
|— 
QO 
olb 
1e] 
Sp 
mo 
Sp 
nN 
ho 
9) 
Ni 
= 
Se 


5. A 


H-13 USING THE IDEAS 


1.A 7 3m 


yeahs 


BrGae2e65 3.24 9456055) 1209,6:.720 
Think 10:16¢, 31¢, 36¢, 40¢, 56¢, 61¢, 65¢, 76¢, 80¢, 85¢ 


H-15 USING THE IDEAS 
1. 5! = 120; 6! = 720; 7! = 5040; 8! = 40320; 
9! = 362880; 10! = 3628 800; 11! = 39916 800; 
12!= 479001600 2.6 3. 362880 4. 5040 5. 120 
6. 720 7.A 10! = 3628800 B 7! = 5040 
C 11!=39916800 D5 E 20 F6 G9g90 H 60 
15 J 7!=5040 K 41!=24 L6!=720 M72 N5 
Think ETTF 


H-17 USING THE IDEAS 
1:A5 B4 C20 2.60 3. 116280 4.8 5.A9 
B10 C90 7. 900 8. 15600 


H-19 USING THE IDEAS 


156i 254 Sh AT4 ss Bel a4 cles 5 245 665A 53 
B 15: PG SreDs120r"7. 15. 98e22100 
Think 6 


H-21 USING THE IDEAS 
A (V,S), (V, 8), (§,8) B2 C%# D4} 2.A 20 


B2 Cy 3.A10 By 4A 45 B10 C# D# 
E 3 

H-23 USING THE IDEAS 

1.A E: {2, 4, 6}, P(E ) = # F: {1, 2, 3}, (F) =4 

B EnF={2};P(EnF)=} CE uF ={1,2,3,4, 6}; 
P(EUF)=2 Di 2A% BY Ch Dw 3.A 153, 


3% BR Cates D B=%s 
E {2,3,4,5,6,7,8} FR G {4,5} H& I 


H-24 REVIEWING THE IDEAS 
1. 75 2.A 4 8B about 10 white; about 30 red 


3.A {4,5,6} B {1,234} Calzeaiehwps(2ca 5} 
4A} B%# C} D} 
5. 

ea 

aA vee 

LAN INE ae ls 

ABCAEC ABC 

AALSSL 24% 
6A Bi Cy Dt} Ex Fx 7. 24 8. 72 
9. 6 Bi20, C'S: 10, 10 814. A 247 B 6.0736 
D120 12.A E = {(B, 1), (8, 2), (8B, 3)}, P(E) =3 
B F = {(A, 2), (B, 2), (C, 2), (D, 2)}, P(F) =4 Cy D4 


UNIT H: MODULE 2 


H-29 USING THE IDEAS 
1.8 2.A 56.25 B 400 C 36 D9 E625 F1 
3.A10s B 25m 4.9m 5.A 25cm B75 C 37 


H-31 USING THE IDEAS 

1.A 5140000000km B 1700888800 km C Saturn 
2.A 412,442 B 137.3, 147.3; Mary C Linda 47; 
Mary 40 3.A 30 B 81.4 4.A 19.3 B 47.4 5. 92 


' H-33 USING THE IDEAS 

1. 77 2. 40, 59, 65, 65, 65, 67, 68, 72, 76, 80, 100 
B67 3.A 12 B12 4.A 7.4 B 7.96 C mean by 
0.56 5. 4230 6.A 23 B 31.75 

Think yes 


H-35 USING THE IDEAS 
1.13 2. 38 3.A 2and5 B2and5 4.A $2-4 

























B 
/e 
it 
22 A 
10 \ 
Rg / f_| 
iG oe 
wig | “hs 
& L AM Of ff 
Md fi 
0 ve Va 
Think 


H-37 USING THE IDEAS 
1.A.45. B 1, 4:7,10,9,6%5,3' ¢C: 222%'D 6.66 


2. 













































































H-39 USING THE IDEAS 

1.A A: 26;B:22 BA:27;:B:245 C A: 25.5: B:22 
DA: 1.5;B:2.5 2.A 1600: 0.5 billion; 1700: 0.8 billion: 
1800: 1 billion; 1900: 1.5 billion; 1950: 3 billion 
B 4.5 billion C 10billion 3.A —10°C B 11°C 


ee aT a baue Boe 
ie a an 

aap 

7 





















H-41 USING THE IDEAS 
1. A basketball, %; other, %; tennis, 7%; golf, so; baseball, 

30; football, 4 B basketball, 40%; other, 13.3%; tennis, 

8.3%; golf, 3.3%; baseball, 15%; football, 20% 

2.A $3.00 B $2.40 C 10%; $1.20 3. 437 by bus; 235 

walk; 100 ride bicycles; 68 by car. 4. 





Think 
A-B 





H-43 USING THE IDEAS 
1.A 13.8% B 15.884 C 10801 2.A bias 
B unbias C bias D bias E bias F unbias 


3. A yes B undecided votes D A: 5960000, 4760000; 


B: 5000000, 3800000; C: 1440000, 240000 


H-45 USING THE IDEAS 


1.A180 B64 C6 D1 Eno 2. 0.2882634 
3.A 73% B 876 C 324 


H-48 REVIEWING THE IDEAS 
I, sic 12.A18 B e674 C 88.5 3.A71 B1 






















































































6. 
























































7.A 15% B 72° 8. under 20: 12000; 20-39: 7500; 
40-60: 6000; over 60: 4500. 9.A no Bono 
10. 625000 11. 59 


UNIT H: MODULE 3 


H-53 USING THE IDEAS 


1.AV3 B-V3 CVIi7 D -Vi7 E positive, 6 
F negative,6 G positive,7 H -V47 In 2.A 2 
B5 C6 D115 E100 F 225 3.AV9 BV7 
CV DVI6 EVI7 FV1I9 GV63 H V64 
4. 7 =V49; 8 = V64; 9 = V81; 10 = V'100 


H-55 USING THE IDEAS 





4dOev 100V 10, —V 108 2a ive 17, V17, —Vi7  3...26, 


V26, V26, -V26 4. 3,V3,V3, -V3 5. 6, V6, V6, -V6 


H-57 USING THE IDEAS 
TFAGS 4B eoOnaGw 2 plome2, Aloe Bids Cec 


DFA ME; Se FeGeGih GHAB! INKED SKAOP EEG 
MaMOaIN PROTO PIN? QUA AIR Ja 32A%2:8;42.9 
Ba/-2:) 7.3 ClO: 61017, 8A Age8. 'Ba7.26 Cr0:6 
Sencar io econ aes 1782p lavosme Ome Ome ee. O) 
Dees 247 21280) 22237 7. 5,6: 598, 5.420 oO noLog: 
5.385, 5.386 8. 9, 10; 9.3, 9.4; 9.32, 9.33; 9.327, 9.328 


H-59 USING THE IDEAS 

1 Awzon Bao aC 8:5. D OSs Es6.7 SF ose Gror 
HelsSee2-As4:1 3B 9.45 iC 12-8) Ds4 Geek) 3k 
F209 =Grsi3h Hila 10'4 J) 1908 3..Ay 9:27, 
Ba2496 RG 361m Di4:36. E*5.65.1F 7.27 1G.231 
HpS4776 180.63) SJ 1k02 4. Bm SeAG2 SB al0e Cre 
D5 E —1 6.A 67; 667; 6667; 66667 

Think 1. 3:4 2. 7:6 3. engine 8 cm; dining car 12 
cm; caboose 6 cm 


H-61 USING THE IDEAS 


1.A 2.449 B 7.746 C 3.606 D 11.402 E 4.243 
F 13.416 G 3.317 H 10.488 114 J13 2.A 2.828 
B 4.472 C 3.464 3.B 11 C150 D90 E 15 
F15 G 3.162 H11 4.A 2121 B 1.225 C 3.240 
D 4.183 E 2.915 F 4.278 G 4.405 H 4.025 
13.688 J 3.847 5.5.39 6. 4.47 


H-63 USING THE IDEAS 


1.A3.16 B 424 C 5.385 2.95 3.104 4. yes 
5. 1.97 6. 6km 


H-65 USING THE IDEAS 
1.A 0.6,1 B 0.2857142,7' C 0.6250, 1 























D 0.384615,6 E 0.83,1 F 0.037,3 G 0.81, 2 

2.B 4.4 C 3.83 D7.07 E 842.842 3.A 4.444 

B 4G. AVAL 4. & Boy (CE 

5. A 74.074074 .. . B74 CH 6A BH C 24 
D ; 35 E 335 F 390 G Te H na I 33 J 599 

7.A 0.1 B02 C0.01 D002 E 0.001 F 0.002 
8. A 3, 4 B 3 , 5 C oy 3 D 35, or) E a5) ie 35; a 

G ads 5 H 99; 35 I 39 33 J 35, $3 K oo5; a5 L 999) T11 
M 5 oy PS 7o5 999 

H-67 USING THE IDEAS 


1.A rational B rational C irrational D rational 
E irrational F rational G rational H irrational 
2.A 4.414 B 2.828 C 0.414 D 2.828 E 0.2828 
F 0.9023 G 0.7072 H 0.707 3.A 31.4 B 12.56 
GCG) 28/26 D 0'32) E 0.02) F 9:86) (G"1758) H 19/63 
4. 1.62 


Think A 733 B 3.1415928 


H-69 USING THE IDEAS 

1.A rational 8B irrational C irrational D rational 
2A, 6 SBeCeeCeen &DI24) ES12) iFa105 
3A 2°3=6 B3°5=15 C 2:7=14 D 7-5=35 
4.V6 5. 2.449 B 2.449 6.AV15 BV14 C V35 
DV2i EV55 FV143 GV187 HV51 113 7.6 


H-70 REVIEWING THE IDEAS 


1.AV5 B-\V5 C positive,13 D negative, 13 
2.V10 3. -—6and-7 4.A 3,4 B5,6 C 18,19 
SAS) BS C18 D4 E16 F133 6.A 3.6 


B 7:28) 57,)4:0 (Souci or Ato Fr BelO 6 Cr52) ED! 7 
10. 8.1 11. 0.857142 12. 33 13.8B irrational 14. 14 
15. 6.71) 165 33> 175°4:863) 918: 116.97 





UNIT H: MODULE 4 


H-75 USING THE IDEAS 

1oAlS Bae Cece DIOR Exeter oe GOL tH 1 eed 
J12.A8 B-24 C9 D —-28 E -40 F 30 
G -—44 H —-60 3.A true B true C false D true 
E true F-false) 435A) Beee CO) D Se7Ea FAO 
G1 HO" | sao) Av Om Bal (Ce2D:. 3 96) A se BO 
C3) D2 EO) Fes Ge2aH ad 


H-77 USING THE IDEAS 





Think The ratio of the areas. 


H-81 USING THE IDEAS 

qTand 20a es SU Baus Ao LC Riek A 
Jefe ls I SEIN US Tei lay tee uh ls Ap 
GuU SHA Usa AUS BeOS Crd DE ECR 
FR GL HL 5. associativity 6. / times any 
element is thatelement. 7.A/ BL CU DR 
8. yes, /and/, L andR, R andL, U and U 


U 
R 


H-83 USING THE IDEAS 
1AH*sH=!| BRYxY¥P=U CUrk=fh 


DBxU=f 





ey 


. | 5. not commutative in flip section of octic system; 
Rx H=SHwhileHxR=WQ 6. loxl=l,U*U =I, 
L#R=l,H®H=1, VeV SL Baehe= hetAes 
Civ DV SES ReS Ee Re Sy esmnO ay 


H-85 USING THE IDEAS 
1.A (=3,4). (Beis =the or 
D V41 
E 2 
g 



































| 
iz 
| 
: 
a 
a . 
2.A (5.1) B (th the Crs, ile aD orale ea) 
F (0,4) 3. (-7,3) 4. (0,0) 5.A (0,0) B (0,0) 
C yes 6.A (-6,5) Byes 7.A (-1,4) B (1, —5) 
C (3,1) D (3,1) 8. yes 9. (—8, —11) 


Think 65 = 12 + 82 = 42 + 72; 85 = 22 + 92 = 62 + 72; 


125 = 22 + 112 = 52 + 102 


H-89 USING THE IDEAS 


1 
@[o |i 
a fo |e 
ERE 
2.A0 BO CO D1 3.Aclosed B 1 (%)1=1 
4.A open BO@1=0 5.Ano B open CO 
6A0 BO CO D1 7.001=0,1@0=0 
8. yes 
H-91 USING THE IDEAS 


4.A 2(eg.FandE) 6. 7(eg.D,€E, J) 


H-92 REVIEWING THE IDEAS 





R Pew Daas Ee we Fel se 5A 3) BD 
Di ges EU. 66. Asic.4). Bs 6C (—3 —4) 
2) 45-215, 2) 92 (<6, C) 410: 14,4) 

parallel B series 12. yes 13.A0 B1 C1 
Dw "E 0" Faas “Hy 

H 


NS 
am 


3.3 4.A 3 $60.05, 4, 20 











es rae pie A Bess GC Of DA 
10.A 39 B163 11.88 12.A4 B6 CO 
13.A 2H,1T B 3H C 24 

14. 





= sam i 

ee TTT ANT 

see BE 4B 1ae8 
pet tet pe 


ete) Alle [atest | 
| Pol |-b TT a | EP, ace bi TL al at hl | 
Shoe BES eeEees Ltt ttt fed J 




















15.A 40% B 72° 16.A 10600 B 9400 
1722 V2 RIB 14 

















RRBEM 
LTT ya Tt tT Preto [pu 


20.A 3,4 B6,7 C9,10 D 24,25 21.A 69 
Brc0\5 fC(758 22.505 23. Ala Bits OCes 
24. A repeating B non-repeating 25.A 15 B 14 
C105 D6 26.A 3.65 B 3.16 C 0.82 D 1.58 
21aAs0 © Bal) £28) A108 B 0) 29:8UEcL = Rumson 
Si 96) 32 55(2—6))  3350C 


SUPPLEMENTARY EXERCISES 


S-2 SET 1 


(Aloe BGG. 2°88 D 954 E10 rss) 2Aet Oe 
B 10* C 105 D105 E 10° F 107 G 105 HH, 10° 


3.A 10? B 10' C 103 D 105 E 10° F102 G 108 
H 1 4.A (3-10) +8 B (6-102) + (2-10) +1 

C (8-102) + 2 D (1-103) + (2-102) + (5-10) +9 

E (210%) + (3-10) +5 F (8-103)+1 G (1-104) + 
(4-103) + af 10) +5 H (8-104) + (1-103) + (2-102) + 
(5:10) +3 1 (6-105) + (8-104) + (7-103) + (5-102) + 
(2-4 ee J (3-108) + (5-10) 

S-2 SET 2 


1.4 70 B90 C130 D 640 E 1250 F 7510 
G 15630 H 48110 1 200010 J 555560 2.A 400 
B 600 C 1300 D 6800 E 9100 F 17900 
G 24000 H 105100 1! 843700 J 503500 3.A 1000 
B 3000 C 6000 D 16000 E 21000 F 135000 
G 458000 H 756000 4.A 5607380 B 5607400 
C 5607000 D 5610000 E 5600000 F 6000000 


S-3 SET 3 


1.A 400 B 1300 C 30 D 400 E 500 F 6000 
G 42000 2.A 800 B 500 C 5400 D 30 E 18000 
F 9800 G 1900 H 4 1 600000 J 23000 
K 450000 L 6000000 


S-3 SET 4 


1.A 89 B92 C 207 D 844 E 2204 F 18932 
G 204 H 208 11500 J 1516 K 9814 L 88087 
2.A 196 B 262 C 247 D 3885 E 1266 F 700 
G 1565 H 6862 | 367 J 19461 K 41070 L 6950 
M 11097 N 79594 O 77274 P 896218 
Q 1590423 R 13090851 


S-4 SET 5 


1.A 33 B33 C 47 D 162 E 686 F 449 
G 1229 H 991 159 J 555 K 3194 L 9409 
2.A 66 B 81 C178 D 284 E 625 F 628 G 99 
H 6961 I 8890 J 898 K 49908 L 28587 
M 27000 N 66005 O 96081 P 90000 Q 99000 
R 99900 S 318207 T 689 


S-4 SET 6 
1.A 312 B 584 C 783 D 516 E 3192 F 4515 
G 3152 H 27654 1 72720 J 37533 K 185295 
L 636321 2.A 972 B 1742 C1012 D 8855 
E 11000 F 45980 G 82800 H 429786 I 349932 
J 270000 K 853576 L 4507125 3.A 35979 
B 204240 C 292521 D 431210 E 175910 
F 858945 G 369342 H 1780731 | 4269687 
J 5252065 K 5771500 L 4066540 


S-5 SET 7 
1.A 14,R4 815 GersR5. Dr64"E*37,;Ri 
F 63,R3 G 167 H 83,R4 1137 J 253, R4 
K 476,R1 L 4999,R1 M 4287,R4 N 5706, R1 
O 8785,R4 2.A 4,R15 B 8,R12 C 4, R28 
D 29,R2 E 83,R4 F 34,R11 G 28,R3 H 122, R50 
198,R62 J 2700 K 876,R22 L 823, R88 
3.A 22,R2 B 8,R31 C9,R1 D 13, R380 
—E 9,R270 F 9,R821 G 46,R5 H 68, R11 
1 83,R39 J 143,R4 K 112,R268 L 295, R285 


S-5 SET 8 


Vo WEChSe 7A I Eilisy Tepe eye sal 
Felt Galo SHS Gea One 00R3, And Be lien Gu0 
D6 E3 


S-6 SET 9 
1A7B4C9D9E6F4G5 H9 17 
J 2 K'Q0 L562 A 10nire a4) *B 410) 

C {0,1,2,3,4,5,6} D {8,9, 10} 
E13.4-5.6) 748) 9 OWE 0.4203, 425) GO. 12) 
H {5,6,7,8,9,10} 1 {0, 1, 2,3, 4} 

J 10,1; 2) 3,405) (Ke Oot 200405 Gh. C0. 2.3.4) 
S-6 SET 10 


1A6 B4 C49 D5 E14 F 36 G23 H5 
[35 SU RGR Ke a ese M0 RN 7 Ore 2, AxGr 2 
Bi i276 9Cal2es (DrG = E 10;2) F 2193 8Gr2035 
H 0,0 


S-7 SET 11 

Uo Oa) 13) WZ (OPO [ee lS Agth eth.) 
2,A°2 B S99CGs3™ Des E 2) F 3) 35A"5 BS 
(et je) se) ts 4h lea) te 2 tal 7 Ibs 

S-7 SET 12 


te 9226 Oc 4 OOo. 19m 6. 299 a7, Ae23 
B 10, 13 


S-8 SET 13 









Mfelatel tte neti ok: 
Satvsa43Ts 














Sausseeseen 
TESSASERacean 
reeset Tha) | 
pec tat Tt | 
i NCRBSSERa 
ig (BRS REEREH 
AUSSUBEEERo 
SO CSRRSSR88 
Ive 2eeeeEea 

















“A 
| 
la 
9 | 
i 
bh | 
te | 
S| 
qi 
S| 
B.| 
fe 
Al 


RSS Pa T See cre 
mp tt tht fa 








S-8 SET 14 

1: Al 2563565) Breese 262m Cee aces 
D 2:x 3 x 3M E.2 x 2 x2)< 35am Fi2ee 2 ean 

G Seo GES e Hi2 <8 aie li SP led ees 
Ke 1038 Ly 2s Sox IME Sees 158 N) 280 2 eal, 
0.2 <3>05 55 PP Seasilee OsspallsmeRecs 

2A 3x5 Bre x 32 (C62 0D) 2c8o Seem cr aoe 
Fe22 3 5” G 52 BH E25 a/aeale Cte earA 

J 122 x32 <7 Kr 245< 53 29 M227 1a 

N 22x (519041) Or 2o.a lie Pa2 tn See oul memo o 
Ri 2s Bee 11) S¥2 < Bisco Tee baa, 

U 293 52" Vi 2232 5 Wie eas a> 

X82 a5 eai/- i 

S- 


9 
1, Au6: BaleaG.ouD ORES Sun Fal 2m GemeerO 
2 


120 J7 K14 L10 M4 N25 O 24 P 30 
QiR1 $30 T90 2.A3_Bi10 Citi Do 
E 4 F 2) Goo) Heil) 19) Uai5 {Ke25 6 Ee SORSMisio 
N5 O03 P80 Q10 R 25 


1.410 B18 C20 D114 E 24 F 20 G 60 
H 100 | 60 J 34 K 30 L 99 M60 N 48 

O 105 P 120 Q@130 R90 S 48 T 180 2.A 30 
B30 © 60. Di 60 E#30" Foi2 3G) 28s) H sons s30 
J 120 K 70 L 30 M 24 N60 O 48 


S-10 SET 17 

15AR—1) BE ARCaS cei DFO Egy» Ee an Gae 
H4) Ie=23) J) =42 8K 20:7 E¥65) Mi —19) Ni 100 
O16 Pd Q_—198 JR —48)eSi 22 Tie —-935 
2.A 
H 





3) Bao C98 Di om eon reo aac 





2) 3) J) 97 8 Ke 60) ERO IM FOR PNe— 60 
O —120 
S-10 SET 18 

TAS = Soe. Big cee Cle Dis CEC Ese Ga 
H-=8) I-44 Je4 Ke 4 Le Sat Meo eeNeas 


OF 5eeP SOM ORO IR 2. Se lome lon ear 
Be—SaCea 98 Di 21 Es OR Sm GEOms 0) 
| 455 = 355 Kes G1 779M) SN F322 OrS3 

P =65 )Q@543 9 R28.) S96 |i) 108s. UE 22455 Vino 
W 560 X —396 


S-11 SET 19 


1. A) =20 Br24 C—60. D 48=°E)—150' + 72 
G0 Hi 535 i907 J Ou K 280) i 20 Mineo 


N 1500 O 34 P -87 Q 87 R -—870 §S 870 
T -—870 U —1600 VO W140 X —1232 Y 1350 
At ACC ie Bee! Ceca D2 E27 FF. =20 








G 90 H —800 1-180 J 144 K 400 L 400 
M 400 N —400 O 400 

S-11 SET 20 

1A 9 .Be—-35iC =6 sDe=19 .E 112 F =7% Gas 
H73 19 J1 K -3 L-—-1 M -10 N 100 O5 
P-0 -2:A>—5 59899 (C7 D =6 "EE =1 F=5 
G -3 H13 133 J3 K -5 L 59 M 40 N 100 
OF SUR P22 O73 Ro? S201 6 Us 
S-12 SET 21 

InArom Bole G Sa Die E42 )F20 G Ga tHe 
2 aCe aK 2k 6a 24Ae8 BSacC 2  Ds3ir rE a0 
Pol GoveeH @ ldlSenl i647 Kae36, 24 elk = 11-29 
SAG B= C= De] EE = sks 

S-12 SET 22 


17Ae i (ees S eam 16.10 pe2eAm— Os 3 
Be2OsORiGe oy Dro sine Ee Op 4a os Ano 
BS 9Ce— 39 SDF se EO FE 2G 3 eHe.9 
V=9 d=] it = 1b =6 
S-13 SET 23 
1. Many are possible—Sample answers: 
6 


2 13 
Cri Diss 0 F 
! 21 











BIO Dlr 
NIH NIH 
blo Ol& 


wl wr 


an ol 





ao ale 
alo 
= EA 
IP alan 
i= 


ed 
alo 
n 
ae * 
als 





Db! 
NW Nim 
| 

wi 

aI Wo 





Co 


jo) 
4 


<0" 
fo soho 


| 


o 
0} 

Blo 
ae 
on *K 
ce 

ol 
oN 


wip SIE oj Sho aig 
Nia Nit by 
ale 
< 
Sh 


MW CruUurt2aiao 
m 
x O 
Ca 
UV 
ale 
O = 
ulin 
Ps) 
on 
Mv 
ols 


ah 

ow 

wn 

m 

Sl sl 

S 

Oo = 29 

mio 


_ 
> 
=} 
(e) 


yes Cno Dno 2.A-4#—B_4 C= 
—_ fF = G44) HY Wa = Ke Ls 
# OF 3.A 12) B 24°@ 21 D3 E4 
81 H 80 1 39 J 125 
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S-15 SET 28 
1.A 15 Bst (C4 Di, Ex F -14 1G 63 HG 











la: J-m K eee Miyz SN —22) O 23 
2.414 B10§3 Cw% Dy E? F 24 G —53 
Int =<} ae) AS Cr ea a are 
O -6 

S-16 SET 29 


tle WS PS Sl SE SAO 4% rele 5 reer palin 
a; = 


S-16 SET 30 

1.A 7.93 B 12.791 C 246.85 D 9.007 E 6.746 
F 251.248 G 39.375 L 70.7105 1! 862.943 
J 62.0379 K 2.7409 L 410.563 2.A 2.58 B 6.36 
C 10;98 (D 027% 7 E 29735 5) F 42081 SG58342 
H 12.665 1 25.34. J 457 K 5.818 L 281.32 
M 21.28 N 43463 O 651.67 P 4506.029 3.A 1.26 
Bo3-Ge Go =13:43" De 32085 5E 1.555) 03166 
G 4.83 H —0.0524 114.95 J 84.55 K 4.95 
L 43.704 


S-17 SET 31 


ieAmeSia2 Bel 28m Ce3.01 =) Dais6:91m Es220592 
F 1.544 G 25.976 H 5.369 | 13.086 J 0.90611 
K 171.038 L 1.36279 M 13.3668 N 195.038 
O 33.8355 P 414.15136 Q 0.32812 R 3688.626 
S 12.04924 T 0.418573 2.A —-0.27 B —-12.6 
B =Pish py [a seeelsis) [a lshstsley (chp 10h 
H —848.16 1 29.96856 J —48824 K —1767.633 
L 3523.455 M —53.049651 N —0.07425 O 202.4891 


S-17 SET 32 
AS anlO2 0B opal O2Ge 6 Sc l0> sD 2exa 10: 
Eras a0; ecron 10> eG 69) Oona Hind Ona OLE 
[| Oey se qt dh 7 RMSE AK BS Seno 
L 8.49 x 10° M 1.4x 107! N 7.0 x 10° 
ORS OF a Om en Pa/e02e Ono Ona Og> 
Ga x10 Seo «Or I BOOZ s< Ww 
2.A 42000 B 561 C 3700000 D 92.2 E 405000 
F 3200000000 G 9.55 H 107000000 1! 90050 
J 35400000 K0O6 L 0.008 M 0.15 N 0.034 
O 0.000691 P 0.00000007 Q 0.00000000044 
R 0.0000039 $ 0.000000801 T 0.00000000001392 


S-18 SET 33 

hi ee Eee te Ge jeeskey 1S Shenk (2 10).c2 
G 0.2535384 H 0.93 163.4 J361 K65 L 0.37 
M 235 N 0.36 00.99 P0114 2.A 0.82 B 5.15 
C 0.345 D 1.05 E 0.062 F 1155 G40 H 4 
132.28 J 460 K 0.15 L135 M 45 N 0.55 
065 P41 Q0.73 R053 $ 34 T 7.5110963 


S-18 SET 34 

UW i\ See 13 Beh 1O® (We ae 
a) Bieri [Se ae) se ee ie a er ANF se aie 
H 15x10" 135x102 J 2.7 10? K 2.4 x 40° 
(oy a Oe Mire See Ne3o, OF4'5 10s 2A 
B 200 C 20 D 15000 E03 F 200 G50 
HieiZ0C Oo e20" Keer O73 


S-19 SET 35 


1, A 055 8B 0153) C0533" 2.A10.88 B 0.38 
C 0.11 D036 E039 F 087 3.A 0.688 B 0.889 


C.0988s DiOsiin RETO Smear 30.074 


S-19 SET 36 
{RA G24 Bi 455 Cr20 sD om eee ee pes 2 G6 
H 15° 2;A $1.29" BY 305C 18455 D 91> E 160);km 


S-20 SET 37 


1.A 12cm B 24cm C15cm D 22.5¢cm 
2. 279km 3. 18cm 4. 4cmby7.5cm 
S-20 SET 38 

17 ACON 6 BeOSsae CeO DEO 09S Es 0 OSmmre Or, 
GeO He OO O02 ONS ©) 0am En O04 
M 0.015 N 0.333 2.A 38% B 65% C 20% D 3% 
E 150% F 15% G 130% H 205% 19.3% J 550% 
K 1630% L 17.8% M 1.7% N 30.9% 3.A % B23 
Cc Dw Ei Fu Gas H io o Jes Ka 
L#% M5; Ns 4.A 59% B3% C1% D 75% 
E 34% F 28% G 36% H 56% I 39% J 42% 
K 71% L 30% M 60% N 93% 
S-21 SET 39 


1.A $3.15 B $1260 2. 80% 3.A $169 B $481 
4.A $9.30 B $164.30 5. $45600 6. A by $1 


S-21 SET 40 

ey ear Msc Ko Oh Ais 1S Wks lz eh 
G 0.003 H 0.007 10.005 J 0.0035 K 0.0006 
L 0.00125 2.A 1950 B 1700 C 2720 D 6300 
E 2250 F 72240 G45 H 494 1256 J 1.2 
Kee 25 Gre Seca Alien sOLO0 orm 


S$-22 SET 41 
1.A3 B13 C5000 D15000 E4 F 0.74 


G 4600 H 400 10.53 J 100 K10 L1 M 0.001 
N 0.0001 O03 2.A98 B15 C82 D 10.8 
S-22 SET 42 

1.A 14.82 B 16.17 C 16% D 20865 E 27.0375 
2.A 9.03 B 5.225 C 2161.08 D 2709.63 E 5.2768 


S-23 SET 43 

1.A49 B 154 C 563 D 928.05 2.A 6975 
B 208 C 18% D 43.26 3.A 10.66 B75 C 175.5 
D 1995 


S-23 SET 44 

qv ANG5:43/56) Se Beer 48/220 C E99 14 Sis DEOS:8:, 
Epic0:42 0 eee oi2ol oc ame GEO mer ml Goon 110, 
2. A 22°26'6" B 27°23'47" C 50°44'11" D 27°20'47" 
E 61°45'38” F 24°54” G 25°48'49" H 46°7'13" 
S-24 SET 45 

1Am Om Beco Cal Deise2sA. 245) By 20m Ci 
iD) Ay eh 2 12) 2G (Ge Go (a) ely IS ea Le Ao) 
G 30 H 3.3 1 3.2 
S- 


24 SET 46 

1.A 180 B 75.516 C 884.4 D 1155000 E 297.1 
2.A 57.55 B 105 C 42.02 D 10.04 
S-25 SET 47 

1.A 11.66 B 441 C 3725 D 8450 2.A 287 
B 700 C 1916.7 D 13 
$-25 SET 48 

1A3@B% C328 p 74ESS Ponecs 
H0.45 2.A4 B12 C9 D5 E48 F 30 


Jka Gain 


G 3.9 H 4 
S-26 SET 49 


1.AE Beld C EDF 2.A RS/RQ =TU/UV 
B/P=/V C ASRQ=ATUV 3.A2% Bi 4A 3 
B 4 
$-26 SET 50 

1.A 5.84 B988 2.A 14.74 B 16.28 3. t = 19.05; 
x=25 4.A 053 B 0.47 C 0.88 


S-27 SET 51 

1.A 15.7 B 10.04 C 43.96 D 72.2 E 973.4 
F 5.02 G 543 H28 2.A 25.1 B 21.98 C 138.2 
D 2763 E 329.7 F 52.1 G 2.20 H 38.62 
S-27 SET 52 

1.A 113.04 B 176.6 C 1256 D 452.2 E 7.07 
F 30.2 G 32.2 H 0.50 2.A 379.94 B 632.06 
3.A 520.96 B 298.98 
S-28 SET 53 

1.A 863.5 B 1161.8 C 368.95 D 6280 E 6782.4 
F 156.9 G 23.25 2.A 150.7 B 942 C 211.95 
D 196.25 E 100480 F 4.57 G 1.21 
S-28 SET 54 
12A 2 .BS \Ci5 (2;An BY iCigy ORmEsrAy, 
B 2) Cy Dt Fs F 4. Ge Hai 
S-29 SET 55 

1.A 24 B 720 C5040 D 48 E720 F 120 
2.24 3.120 4. 40320 5. 362880 6.A7! B 10 
C76 D4! E4! F7! G9! H65-4 16 
S-29 SET 56 

1A 6 B6 °C 36 2.24 "3, 15 p4.ebo 5 .AgG 
B20 C21 D56 E35 F 84 
S-30 SET 57 


1/Ay} .BY -C-Y,0> Di {ih273,.556h3 2 AMa BE 


Ci Dg 3A2 B? C1 

S-30 SET 58 

1.A 27 B67 C 241 D120 E 218 F 4539 
2.A 51 B 313 C 140 D 697 E 1291 F 88 G 55 
H 53 

S-31 SET 59 


1.A49 B86 C125 D 40 E 1350 F10 G 19 
HSsis:5 115555 O76 25 One Se 254 Amol 
B 55.7 C mean 
S-31 SET 60 

As 2. 2-3 3. 16-20 


S-32 SET 61 


ATARI OF NB 2723%o) C) 63:690, S25A27°Ce. Be22-€ 
C 4 3.A $150 B $90 4.A 30% B 15% 


S-32 SET 62 

ISAS 13 Be23eG 2)” Di 16 ESA Fave Geos 
Va SOOM BO Og Ke OO Le O4 mn Mino OmmINEG.3 
4 P61 Q68 R38 S$ 05708765 T 043 
3./) B48 .C 8:3' (D 1225RE420 5ea rR 22.0 
2.4% H 95:40) 54:8 JS: Sak Soll 6 SMe 72 
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